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Abstract

In this research, first of all, we generalize the Wilcoxon signed-rank
test for the one-sample problem using score function. Then we derive the
asymptotic normality of the generalized statistics using the large sam-
ple approximation theorem. For this, we apply the Liapounov central
limit theorem. Then we compare the efficiency among the generalized
signed-rank tests with various forms of the score function through a
simulation study. Finally, we discuss the interesting features of median
and comment briefly on the resampling methods for the derivation of
the null distributions for any given nonparametric statistics.
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1 Introduction

In almost all statistical communities, as a location parameter, the mean has
been used in quite exclusive way for the inference of a population or popula-
tions. However the fact that the Cauchy distribution does not have its mean is
famous and makes it difficult to apply the Z- or T -test for the inference with
the mean for the theoretic reason since it may yield quite absurd results. For
this reason, one may apply a nonparametric test such as the sign (cf. Randles
and Wolfe, 1979) or Wilcoxon signed-rank test (cf. Wilcoxon, 1945) whose
testing object is not the mean but median for the one-sample problem. In this
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respect, one may well consider that median may be more suitable for a loca-
tion parameter of a population than the mean when the information about the
underlying distribution is ambiguous. However in reality, the use of median
has been limited for the statistical inferences with various reasons which will
be discussed in later section.

As nonparametric testing procedures based on median for the one-sample
problem, the sign and Wilcoxon signed-rank tests have been proposed up to
now. The sign test requires only the continuity for the underlying distributions
while the Wilcoxon signed-rank one does the additional requirement of the
symmetry about median with the continuity. One may consider that the sign
statistic assigns equal weight for all observations while the signed-rank one
does different weight according as the distance from a hypothesized median
for each observation.

For the two-sample case, under the location translation model, the Wilcoxon
rank sum test has been famous and applied to many statistical problems since
it requires only the continuity of the underlying distributions. However Park
(2015) has noted that the location translation parameter can be regarded as
a median of the distribution of the difference between two random variables
which satisfy the location translation assumption and generalized the rank
sum statistic by re- expressing it into a type of signed-rank statistic with this
notice.

For obtaining the null distribution of nonparametric statistics, one may use
the permutation principle (cf. Good, 2000 and Pesarin and Salmaso, 2010) for
the small sample case. Then it is usual to derive the asymptotic normality
with large sample approximation theorem for the large sample case. However
nowadays, it has become popular to obtain the null distributions using the
permutation principle even for the large sample case by with the Monte-Carlo
approach with the rapid developments of computer capacity and its related
softwares. Also we will discuss more about this in later section.

In this study, first of all, we consider to unify the two nonparametric statis-
tics for the one-sample problem and then propose a generalization of them by
introducing score functions. The rest of this paper will be organized in the
following order. In the next section, we consider to re-express the two non-
parametric statistics with score function and derive the asymptotic normality
using the large sample approximation theorem. Then we compare the perfor-
mance of our proposed test with the existing ones with the two types of score
functions through a simulation study in Section 3 with applying the permu-
tation principle. Finally we discuss some interesting features related with the
nonparametric one sample testing procedure in Section 4.
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2 Generalization with score function

Suppose that X1, · · · , Xn be a random sample from a population with the
continuous distribution function F which has a median θ. With the data
set, suppose that we are interested in testing H0 : θ = θ0, where θ0 is a
pre-specified value. Then the sign and Wilcoxon signed-rank tests have been
the most successful and widely applied nonparametric procedures with the
following statistics,

B =
n∑
i=1

I(Xi > θ0),

and

W+ =
n∑
i=1

R+
i I(Xi > θ0),

where I(·) is the indicate function and R+
i , the rank of |Xi − θ0| among

|X1 − θ0|, · · · , |Xn − θ0|.

Let φ(R+
i ) be a score function which is defined on the ranks R+

i ’s and may
have non-negative values. Then one may propose a generalized signed-rank
statistic W (φ) as

W (φ) =
n∑
i=1

φ(R+
i )I(Xi > θ0),

for testing H0 : θ = θ0. We note that if φ(R+
i ) = 1 for all i, then W (φ) = B and

φ(R+
i ) = R+

i , W (φ) = W+. In this study, we may not require any restriction
to choose the score function φ(R+

i ) except the case that φ(R+
i ) = c for all i,

where c is any constant. However the values of φ(R+
i ) should be either non-

increasing or non-decreasing. This means that we may allow that the order
of φ(R+

i ) can be reversal order of R+
i . However for the practical purposes, we

may consider that the values of φ(R+
i ) should be confined only to be positive.

Then the testing rule would reject H0 : θ = θ0 for some large values of W (φ)
in favor of H1 : θ > θ0. Then in order to complete the test, we need the null
distribution of W (φ). For the small sample case, it would be possible to obtain
the null distribution of W (φ) using the permutation principle. However for the
large sample case, it is customary to consider the limiting distribution using
the large sample approximation theorem. For this, first of all, we need the
following result.

Lemma 1 (Liapounov Central Limit Theorem) For each n, let Y1, · · · , Yn
denote a sequence of n independent random variables where Yi has mean µi
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and finite positive variance σ2
i for each i, i = 1, · · · , n. If there exist a δ > 0

such that

lim
n→∞

∑n
i=1E

{
|Yi − µi|2+δ

}
(
∑n
i=1 σ

2
i )

1+δ = 0,

then ∑n
i=1(Yi − µi)

(
∑n
i=1 σ

2
i )

1/2

converges in distribution to a standard normal random variable.

For the proof of Lemma 1, you may refer to Randles and Wolfe (1979).
In order to apply Lemma 1 for the asymptotic normality, we define a sum of
random variables such that

U =
n∑
i=1

Ui,

where U1, · · · , Un are mutually stochastically independent with

Pr {Ui = φ(i)} = Pr {Ui = 0} = 1/2, i = 1, · · · , n.
We note that W (φ) and U are equal in distribution under H0 : θ = θ0 (cf.
Randles and Wolfe, 1979). Then we may obtain the null expectation (E0) and
variance (V0) of W (φ) in the following way.

E0(W (φ)) = E0(U) =
1

2

n∑
j=1

φ(j) =
n

2
φ̄,

where φ̄ = (1/n)
∑n
j=1 φ(j). Since

E0(U
2) =

1

2

n∑
j=1

φ2(φ) +
1

4

∑∑
1≤i 6=j≤n

φ(i)φ(j)

=
1

4

n∑
j=1

φ2(φ) +
1

4

n∑
i=1

n∑
j=1

φ(i)φ(j)

=
1

4

n∑
j=1

φ2(φ) +
n2

4
φ̄2,

we have that

V0(W (φ)) =
1

4

n∑
j=1

φ2(j).

Then we obtain the following result.
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Theorem 2.1 Under H0 : θ = θ0

W (φ)− E0(W (φ))√
V0(W (φ))

converges in distribution to a standard normal random variable.

Proof. Since W (φ) and U are equal in distribution under H0 : θ = θ0, it
is enough to prove Theorem using U with invoking Lemma 1. For this, first
of all, we choose δ = 1 in Lemma 1. First of all, we note that for each j,
j = 1, · · · , n, we have ∣∣∣∣∣Uj − φ(j)

2

∣∣∣∣∣
3

=
φ3(j)

8
.

Then we have that

n∑
j=1

E0


∣∣∣∣∣Uj − φ(j)

2

∣∣∣∣∣
3
 =

n∑
j=1

φ3(j)

8

and

V 2(W (φ)) =
1

16

 n∑
j=1

φ2(j)

2

=
1

16
φ4(j) +

1

16

∑∑
i 6=j
φ2(i)φ2(j).

Thus with the fact that U1, · · · , Un are mutually stochastically independent by
invoking to Lemma 1, we obtain the result.

Then one may carry out the testing procedure for testing H0 : θ = θ0 with
the asymptotic manner by applying Theorem by obtaining asymptotic p-value.
Also we note that one may obtain the exact distribution function by applying
the permutation principle for the small sample case. Because of the amount of
computational burden, it is customary to apply the permutation principle with
the Monte-Carlo approach. In the next section, we investigate the performance
of our generalization of signed-rank test by comparing the empirical powers
with those of the sign and Wilcoxon signed rank ones through a simulation
study with applying the permutation principle with the Monte-Carlo approach.

3 An example and simulation study

In this section, first of all, we illustrate our test procedure with an example.
The following data set is a part of dog anesthesia data (cf. Westfall and
Young, 1993). The present data gauged the time interval between heartbeats
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Table 1: Dog data
Dog # Halothane Absent Difference

CO2 High CO2 Low
1 426 609 -183
2 253 236 17
3 359 433 -74
4 432 431 1
5 405 426 -21
6 324 438 -114
7 310 312 -2
8 326 326 0
9 375 447 -72
10 286 286 0
11 349 382 -33
12 429 410 19
13 348 377 -29
14 412 473 -61
15 347 326 21
16 434 458 -24
17 364 367 -3
18 420 395 25
19 397 556 -159

in milliseconds for two cases such as the density of CO2 is high and low when
halothane is absent for 19 dogs. Main concern is that there is any difference
between the two cases for the density of CO2 is high and low. Since this data
may be considered the paired data, we can apply the one sample nonparametric
test procedure for this data.

Then in order to test H0 : θ = 0, we considered T -, sign and signed rank
tests. Also for the signed rank test, we used the three kinds of score function
φ such as Wilcoxon, reverse and two-way. The reverse and two-way score
functions are defined as follows:

(1) φ(j) = n− j + 1 for j = 1, · · · , n (Reverse)
(2) φ = 1 for 1 ≤ n ≤ n/2 and φ = 2 for n/2 + 1 ≤ jlen (Two-way).

Reverse score function implies the reverse order of the ordinary rank system.
In other words, the rank of the largest observation allocates 1 and that of the
smallest one does n from the sample X1, · · · , Xn. In this example, we note
that n = 19. Then we have summarized the test results in Table 2.

From Table 2, we note that all the tests except sign one show some signif-
icant results when we use the significance level 0.05.
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Table 2: Test results for Dog data
Test p-value
T 0.017

Sign 0.064
Wilcoxon 0.017
Reverse 0.011

Two-way 0.020

From now on, we carry out a simulation study for the assessment of per-
formance of our proposed procedure with the T -, sign and Wilcoxon signed-
rank tests. Also for signed rank tests, we used the reverse and two-way score
functions for φ which are introduced for the example. Also for this simula-
tion study, we consider the following symmetric distributions such as normal,
Cauchy, double exponential and logistic distributions with unit variance except
Cauchy distribution We note that we only considered the symmetric distribu-
tions for this simulation study since the proposed procedure would be effective
for the symmetric ones. The parameters of Cauchy distribution are 0 and 1
for the location and scale, respectively. For the sample sizes, we chose the
following three cases: n=10, 20 and 30. All the simulations have been carried
out with 10,000 repetition with the Monte-Carlo approach. All the necessary
computations have been done using the SAS/IML with PC version. All the
results are summarized in the Tables 3 through 6.

From Tables, we note that Case (2) (Two-way) performs very well for the
double- exponential and logistic distributions. We note that for the logistic
distribution, Case (2) shows almost the same performance with the Wilcoxon
signed-rank test. Especially, we note that the Wilcoxon score is locally most
powerful when the underlying distribution is logistic. However the Case (1)
shows very poor performance for all distributions. Finally we note that the
sign test shows the superb performance when the underlying distribution is
the Cauchy.

4 Some concluding remarks

For a long time, the use of median has been confined chiefly to the testing
problems even in the nonparametric statistics. However it has been applied to
the statistical process control such as the control chart and process capability
indices. Park (2009 and 2011) compared the efficiencies with various distribu-
tions through simulation studies. The reason of the difficulty for using median
instead of the mean of population comes from the facts that the derivation of
exact distribution for sample median is difficult even though the distribution
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of the given population is known and a limiting one only can be available ef-
fectively. Also the non- uniqueness of median (in the sense of population and
sample) may be another reason for the unpopularity for median in practical
use. However since the capacity of computer facility with the development of
its softwares have been greatly enhanced, the use and application of median
have been activated very much. In passing, we note that Park (2015) proposed
a generalization of the Wilcoxon signed-rank test for the two sample problem
by noting the distribution of the difference between the random variables under
the location translation model is symmetric around its median.

The nonparametric procedure for the inference has been rapidly developed
with the pace of the development of the computer capacity and its softwares
since the exact null distributions of the corresponding nonparametric statis-
tics should be based on the permutation principle (Good, 2000, Pesarin and
Salmaso, 2010 and Hong et al., 2013) which relies on heavily a resampling
method. Also another resampling method is the bootstrap one (Efron, 1979).
The difference between the two resampling methods is as follows: the permu-
tation principle resamples without replacement while the bootstrap method
does with replacement. However it is known that the results between the
two methods are quite different. We note that the permutation test is exact
but conditional. However since we apply the permutation principle with the
Monte-Carlo approach, the results of the tests are asymptotically exact. Also
in this study, we have used the permutation principle for obtaining the null
distribution for each statistic.
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Table 3: Normal distribution
Test n θ

0.0 0.2 0.4 0.6 0.8 1.0
10 0.0492 0.1399 0.3170 0.5431 0.7525 0.8933

T 20 0.0448 0.2154 0.5297 0.8211 0.9641 0.9962
30 0.0470 0.2791 0.6862 0.9388 0.9960 0.9999
10 0.0525 0.1349 0.2717 0.4501 0.6360 0.7937

Sign 20 0.0597 0.1953 0.4351 0.6958 0.8884 0.9679
30 0.0495 0.2143 0.5247 0.8212 0.9614 0.9955
10 0.0505 0.1450 0.3183 0.5398 0.7431 0.8861

Wilcoxon 20 0.0445 0.2133 0.5060 0.8014 0.9549 0.9952
30 0.0461 0.2745 0.6688 0.9302 0.9944 1.0000
10 0.0535 0.0972 0.1533 0.2508 0.3844 0.5347

Reverse 20 0.0513 0.1062 0.1966 0.3338 0.5186 0.6906
30 0.0494 0.1174 0.2466 0.4354 0.6581 0.8370
10 0.0517 0.1474 0.3044 0.5159 0.7209 0.8657

Two-way 20 0.0610 0.2247 0.5083 0.7922 0.9456 0.9923
30 0.0509 0.2575 0.6220 0.9045 0.9881 0.9997

Table 4: Cauchy distribution
Test n θ

0.0 0.2 0.4 0.6 0.8 1.0
10 0.0280 0.0526 0.0933 0.1435 0.1992 0.2579

T 20 0.0290 0.0576 0.1042 0.1591 0.2255 0.2810
30 0.0310 0.0601 0.1042 0.1605 0.2272 0.2904
10 0.0575 0.1188 0.2094 0.3184 0.4288 0.5250

Sign 20 0.0599 0.1569 0.3185 0.4977 0.6642 0.7850
30 0.0502 0.1679 0.3825 0.6144 0.7908 0.8943
10 0.0545 0.1055 0.1808 0.2675 0.3583 0.4465

Wilcoxon 20 0.0485 0.1221 0.2415 0.3845 0.5248 0.6391
30 0.0516 0.1493 0.3189 0.5089 0.6801 0.7983
10 0.0545 0.1064 0.1810 0.2656 0.3621 0.4391

Reverse 20 0.0503 0.1188 0.2438 0.3822 0.5207 0.6473
30 0.0542 0.1537 0.3250 0.5117 0.6785 0.8041
10 0.0571 0.1154 0.1973 0.2956 0.3968 0.4816

Two-way 20 0.0607 0.1518 0.2991 0.4688 0.6291 0.7452
30 0.0538 0.1651 0.3647 0.5833 0.7594 0.8669
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Table 5: Double exponential distribution
Test n θ

0.0 0.2 0.4 0.6 0.8 1.0
10 0.0478 0.1632 0.3657 0.5954 0.7762 0.8906

T 20 0.0514 0.2377 0.5711 0.8331 0.9534 0.9899
30 0.0535 0.3005 0.6983 0.9347 0.9943 0.9992
10 0.0549 0.2078 0.4267 0.6319 0.7842 0.8921

Sign 20 0.0573 0.3284 0.6771 0.8893 0.9692 0.9927
30 0.0524 0.3872 0.7972 0.9606 0.9955 0.9994
10 0.0542 0.1939 0.4124 0.6366 0.8080 0.9122

Wilcoxon 20 0.0494 0.2731 0.6386 0.8819 0.9737 0.9958
30 0.0545 0.3653 0.7923 0.9687 0.9983 0.9999
10 0.0540 0.1679 0.3067 0.4541 0.5813 0.7022

Reverse 20 0.0498 0.2208 0.4404 0.6268 0.7713 0.8725
30 0.0495 0.2881 0.5768 0.7782 0.8981 0.9570
10 0.0556 0.2023 0.4277 0.6475 0.8130 0.9154

Two-way 20 0.0598 0.3246 0.6904 0.9082 0.9801 0.9974
30 0.0564 0.3934 0.8114 0.9730 0.9984 1.0000

Table 6: Logistic distribution
Test n θ

0.0 0.2 0.4 0.6 0.8 1.0
10 0.0499 0.1502 0.3348 0.5674 0.7644 0.8963

T 20 0.0530 0.2233 0.5479 0.8336 0.9582 0.9945
30 0.0523 0.2878 0.6912 0.9382 0.9954 0.9999
10 0.0549 0.1523 0.3163 0.5226 0.7005 0.8452

Sign 20 0.0573 0.2260 0.5130 0.7889 0.9340 0.9852
30 0.0524 0.2558 0.6180 0.8923 0.9835 0.9987
10 0.0542 0.1602 0.3507 0.5771 0.7762 0.9047

Wilcoxon 20 0.0494 0.2257 0.5574 0.8444 0.9644 0.9963
30 0.0545 0.2994 0.7151 0.9520 0.9973 0.9999
10 0.0540 0.1110 0.1948 0.3291 0.4659 0.6136

Reverse 20 0.0498 0.1282 0.2591 0.4505 0.6252 0.7903
30 0.0495 0.1549 0.3279 0.5717 0.7748 0.9056
10 0.0556 0.1613 0.3476 0.5705 0.7633 0.8953

Two-way 20 0.0598 0.2503 0.5818 0.8510 0.9652 0.9959
30 0.0564 0.2952 0.7014 0.9397 0.9955 1.0000
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