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Abstract

In this paper, we define DIFMS and prove common fixed point theorems for

weakly compatible maps in DIFMS.
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1. Introduction

Hitzler and Seda[2] introduced the notion of dislocated metric space in which
self distance of a point need not be equal to zero in 2000. They generalized
the Banach contraction principle and studied common fixed points for maps
satisfying certain contractive conditions. Also, Panthi [5] studied common
fixed point theorem in this space. The notion of fuzzy sets was introduced by
Zadeh [10] in 1965. The fuzzy metric space with the concept of fuzzy sets was
introduced Kramosil and Michalek [4], Kaleva and Seikkala [3]. Since then
a number of fixed point theorems have been proved by different authors and
many generalizations of this theorem have been established.

Recently, Park et al. ([6], [7]) introduced the IFMS, and studied some results
using weakly compatible maps in IFMS. Also, Park [8] proved common fixed
point using type(α) compatible maps in IFMS
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In this paper, we define the DIFMS and prove common fixed point for weakly
compatible maps in DIFMS.

2. Preliminaries

Let us recall(see [9]) that a continuous t−norm is a operation ∗ : [0, 1] ×
[0, 1]→ [0, 1] which satisfies the following conditions: (a)∗ is commutative and
associative, (b)∗ is continuous, (c)a ∗ 1 = a for all a ∈ [0, 1], (d)a ∗ b ≤ c ∗ d
whenever a ≤ c and b ≤ d (a, b, c, d ∈ [0, 1]). Also, a continuous t−conorm is
a operation � : [0, 1] × [0, 1] → [0, 1] which satisfies the following conditions:
(a)� is commutative and associative, (b)� is continuous, (c)a � 0 = a for all
a ∈ [0, 1], (d)a � b ≥ c � d whenever a ≤ c and b ≤ d (a, b, c, d ∈ [0, 1]).

Definition 2.1. Let X be any nonempty set, ∗ be a continuous t−norm, � be
a continuous t−conorm and M,N : X2×[0,∞)→ [0, 1] be fuzzy sets satisfying
the following conditions; for all x, y, z ∈ X and t, s ∈ [0,∞), such that

(a)M(x, y, 0) = 0,
(b)M(x, x, t) = 1,
(c)if M(x, y, t) = 1 and M(y, x, t) = 1, then x = y,
(d)M(x, y, t) = M(y, x, t),
(e)M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s),
(f)M(x, y, ·) : (0,∞)→ [0, 1] is continuous,
(g)N(x, y, 0) = 1,
(h)N(x, x, t) = 0,
(i)if N(x, y, t) = 0 and N(y, x, t) = 0, then x = y,
(j)N(x, y, t) = N(y, x, t),
(k)N(x, y, t) �N(y, z, s) ≥ N(x, z, t+ s),
(l)N(x, y, ·) : (0,∞)→ [0, 1] is continuous.
If all conditions satisfy, then X is called an IFMS([6]). If (a),(c) to (g), (i) to

(l) satisfy, then X is said to be a dislocated intuitionistic fuzzy metric space in
which self distance of a point need not be equal to zero in the sense of George
and Veeramani[1](Shortly, DIFMS).

Note that (M,N) is called an DIFM on X. The functions M(x, y, t) and
N(x, y, t) denote the degree of nearness and the degree of non-nearness between
x and y with respect to t, respectively.

Definition 2.2. Let {xn} be a sequence of DIFMS X.
(a){xn} is convergent to a point x ∈ X, if for all t > 0,

lim
n→∞

M(xn, x, t) = 1, lim
n→∞

N(xn, x, t) = 0.

(b){xn} is called a Cauchy sequence in X if for given ε > 0, there is n0 ∈ N
such that for all m,n ≥ n0, we have M(xm, xn, t) > 1− ε and N(xm, xn, t) < ε.

(c)X is complete if every Cauchy sequence converges in X.

Definition 2.3. Let (A,B) be a pair of self-maps on DIFMS X.
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(a)(A,B) is compatible(or asymptotically commuting), if for all t > 0,

lim
n→∞

M(ABxn, BAxn, t) = 1, lim
n→∞

N(ABxn, BAxn, t) = 0

whenever {xn} ⊂ X such that limn→∞Axn = limn→∞Bxn = x for some
x ∈ X.

(b)(A,B) is said to be weakly compatible, if for x ∈ X, Ax = Bx implies
that ABx = BAx.

Remark 2.4. [6]Let X be an DIFMS. If there exists a number k ∈ (0, 1) such
that for all x, y ∈ X and t > 0,

M(x, y, kt) ≥M(x, y, t), N(x, y, kt) ≤ N(x, y, t),

then x = y.

3. Main results

Theorem 3.1. Let X be a complete DIFMS with t-norm ∗, t-conorm � defined
by α ∗ β = min{α, β}, α � β = max{α, β} Also, let A,B, S and T : X → X be
continuous maps satisfying for all x, y ∈ X, t > 0,

(a)T (X) ⊂ A(X), S(X) ⊂ B(X),
(b)(S,A) and (T,B) are weakly compatible,
(c)there exists k ∈ (0, 1) such that for all x, y ∈ X,

M(Sx, Ty, kt)

≥ min{M(Ax, Ty, 2t),M(By, Sx, t),M(Ax,By, t)},(3.1)

N(Sx, Ty, kt)

≤ max{N(Ax, Ty, 2t), N(By, Sx, t), N(Ax,By, t)}.
Then A,B, S and T have a unique common fixed point in DIFMS X.

Proof. Let x0 be an arbitrary point of DIFMS X, we can inductively construct
sequences {xn}, {yn} ⊂ X such that y2n = Bx2n+1 = Sx2n, y2n+1 = Ax2n+2 =
Tx2n+1. n = 0, 1, 2, · · · .

First, we prove that {yn} is Cauchy sequence. If y2n = y2n+1 for some n ∈ N ,
then Bx2n+1 = Tx2n+1. Therefore x2n+1 is coincidence point of B and T . Also,
if y2n+1 = y2n+2 for some n ∈ N , then Ax2n+2 = Sx2n+2. Hence x2n+2 is a
coincidence point of A and S. Assume that y2n 6= y2n+1. Then we have, from
(3.1),

M(y2n, y2n+1, kt) = M(Sx2n, Tx2n+1, kt)

≥ min{M(Ax2n, Tx2n+1, 2t),M(Bx2n+1, Sx2n, t),M(Ax2n, Bx2n+1, t)}
≥ min{M(y2n−1, y2n, t) ∗M(y2n, y2n+1, t), 1,M(y2n−1, y2n, t)},
N(y2n, y2n+1, kt) = N(Sx2n, Tx2n+1, kt)

≤ max{N(Ax2n, Tx2n+1, 2t), N(Bx2n+1, Sx2n, t), N(Ax2n, Bx2n+1, t)}
≤ max{N(y2n−1, y2n, t) �N(y2n, y2n+1, t), 0, N(y2n−1, y2n, t)}.
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which implies

M(y2n, y2n+1, kt) ≥M((y2n−1, y2n, t), N(y2n, y2n+1, kt) ≤ N((y2n−1, y2n, t).

Generally,

M(yn, yn+1, kt) ≥M((yn−1, yn, t), N(yn, yn+1, kt) ≤ N((yn−1, yn, t).

Therefore, as n→∞,

M(yn, yn+1, t) ≥M(n−1, yn,
t

k
) ≥ · · · ≥M(y0, y1,

t

kn
)→ 1,

N(yn, yn+1, t) ≤ N(n−1, yn,
t

k
) ≤ · · · ≤ N(y0, y1,

t

kn
)→ 0.

Hence for t > 0 and ε ∈ (0, 1), we can choose n0 ∈ N such that for all n ≥ n0,

M(yn, yn+1, t) > 1− ε, N(yn, yn+1, t) < ε.

Suppose that for m ∈ N and n ≥ n0,

M(yn, yn+m, t) > 1− ε, N(yn, yn+m, t) < ε.

Then

M(yn, yn+m+1, t) ≥ min{M(yn, yn+m,
t

2
),M(yn+m, yn+m+1,

t

2
)} > 1− ε,

N(yn, yn+m+1, t) ≤ max{N(yn, yn+m,
t

2
), N(yn+m, yn+m+1,

t

2
)} < ε.

Hence {yn} ⊂ X is a Cauchy sequence in a complete DIFMS. So, there exists
a point z ∈ X such that yn → z. Therefore, the subsequences Sx2n → z,
Bx2n+1 → z, Tx2n+1 → z, and Sx2n+2 → z. Since T (X) ⊂ A(X), there exists
a point u ∈ X such that Au = z. So,

M(Su, z, kt) = M(Su, Tx2n+1, kt)

≥ min{M(Au, Tx2n+1, 2t),M(Bx2n+1, Su, t),M(Au,Bx2n+1, t)}
= min{M(z, Tx2n+1, 2t),M(Bx2n+1, Su, t),M(z,Bx2n+1, t)},
N(Su, z, kt) = N(Su, Tx2n+1, kt)

≤ max{N(Au, Tx2n+1, 2t), N(Bx2n+1, Su, t), N(Au,Bx2n+1, t)}
= max{N(z, Tx2n+1, 2t), N(Bx2n+1, Su, t), N(z, Bx2n+1, t)}.

Taking limit as n→∞, we get

M(Su, z, kt) ≥M(Su, z, t), N(Su, z, kt) ≤ N(Su, z, t)

Thus Su = z, that is Su = Au = z.
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Again, since S(X) ⊂ B(X), there exists a point v ∈ X such that z = Bv.
If z 6= Tv, then

M(z, Tv, kt) = M(Su, Tv, kt)

≥ min{M(Au, Tv, 2t),M(Bv, Su, t),M(Au,Bv, t)}
= min{M(z, Tv, 2t),M(z, z, t),M(z, z, t)} = M(z, Tv, t),

N(z, Tv, kt) = N(Su, Tv, kt)

≤ max{N(Au, Tv, 2t), N(Bv, Su, t), N(Au,Bv, t)}
= max{N(z, Tv, 2t), N(z, z, t), N(z, z, t)} = N(z, Tv, t),

which is a contradiction. So, we get Tv = Bv = z. Hence Su = Au = Tv =
Bv = z. Since (S,A) is weakly compatible, SAu = ASu implies Sz = Az.

Second, we prove that z is the fixed point of S. If z 6= Sz, then

M(Sz, z, kt) = M(Sz, Tv, kt)

≥ min{M(Az, Tv, 2t),M(Bv, Sz, t),M(Az,Bv, t)}
= min{M(Sz, z, 2t),M(z, Sz, t),M(Sz, z, t)} = M(Sz, z, t),

N(Sz, z, kt) = N(Sz, Tv, kt)

≤ max{N(Az, Tv, 2t), N(Bv, Sz, t), N(Az,Bv, t)}
= max{N(Sz, z, 2t), N(z, Sz, t), N(Sz, z, t)} = N(Sz, z, t)

which is a contradiction. So, we have Sz = z. Hence Az = Sz = z. Since
(T,B) is weakly compatible, TBv = BTv implies Tz = Bz. Also, we prove
that z is the fixed point of T . If z 6= Tz, then

M(z, Tz, kt) = M(Sz, Tz, kt)

≥ min{M(Az, Tz, 2t),M(Bz, Sz, t),M(Az, Sz, t)}
= min{M(z, Tz, 2t),M(Tz, z, t),M(z, z, t)} = M(z, Tz, t),

N(z, Tz, kt) = N(Sz, Tz, kt)

≤ max{N(Az, Tz, 2t), N(Bz, Sz, t), N(Az, Sz, t)}
= max{N(z, Tz, 2t), N(Tz, z, t), N(z, z, t)} = N(z, Tz, t)

which is a contradiction. So, we have z = Tz. Hence z = Tz = Bz = Az = Sz.
We know that z is the common fixed point of the self maps A,B, S and T .

Finally, we show that z is a unique common fixed point. Let z, w(z 6= w) be
two common fixed point of the self maps A,B, S and T . Then

M(z, w, kt) = M(Sz, Tw, kt)

≥ min{M(Az, Tw, 2t),M(Bw, Sz, t),M(Az,Bw, t)}
= min{M(z, w, 2t),M(w, z, t),M(z, w, t)} = M(z, w, t),

N(z, w, kt) = N(Sz, Tw, kt)

≤ max{N(Az, Tw, 2t), N(Bw, Sz, t), N(Az,Bw, t)}
= max{N(z, w, 2t), N(w, z, t), N(z, w, t)} = N(z, w, t)
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which is a contradiction. So, we get z = w. Hence z is a unique common fixed
point of the self maps A,B, S and T . this complete the proof. �

Example 3.2. Let X = [0, 1], M(x, y, t) = t
t+d(x,y)

, N(x, y, t) = d(x,y)
t+d(x,y)

. Let

A,B, S and T : X → X be defined by Ax = x, Bx = x, Tx = x
5

and Sx = 0.
Also, the maps A,B, S and T satisfies all conditions of Theorem 3.1. Then
x = 0 is the common fixed point of A,B, S and T .

Corollary 3.3. Let X be a complete DIFMS. Let S, T : X → X be continuous
maps satisfying for all x, y ∈ X, t > 0 and some 0 < k < 1,

M(Sx, Ty, t) ≥ min{M(x, Ty, 2t),M(y, Sx, t),M(x, y, t)},
N(Sx, Ty, t) ≤ max{N(x, Ty, 2t), N(y, Sx, t), N(x, y, t)}.

Then S and T have a unique common fixed point in DIFMS X.

Proof. From Theorem 3.1, we obtain the result of Corollary 3.3 as A = B = I(I
is identity map). �
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