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Abstract

The output feedback stabilization problem is discussed. It is known
that the lack of information about states does not permit to design a
control which minimizes the quadratic functional for arbitrary initial
states. In the paper, the minimax approach is considered and thereby
the discrete minimax problem is solved. The main difference between
this paper and previous works is in the presence of regular and singular
perturbations in the dynamics.
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1 Introduction

A classical solution of the linear-quadratic problem in the case of incom-
plete information about states is achieved only under sufficiently severe restric-
tions which are imposed on the object’s parameters and on the coefficients of
quadratic criterion [5, 6]. In such situation it is needed to modify the problem.

In the most popular approach, all or part of the states are replaced by their
estimates derived by some way: Kalman filter [10, 12], Luenberger observers
[4] and others. The main disadvantage here is a substantial complication of
the problem due to the increasing of the order of differential equations. Some
other approaches are strictly related to the modification of the functional, for
example, to the optimum average stabilization [6] which depends on the infor-
mation about states. The obtained solution of the modified control problem,
of course, is not optimal in the classical sense. Therefore they are often called
suboptimal (or near optimal [1]).

In the paper, we consider a modification of the quality criterion which
transforms the problem into a discrete minimax problem [2]. The main re-
sults are based on features of singularly perturbed control systems (SPCS) the
movement of which is a combination of fast and slow (dominant) modes [9].
In the time-invariant case this is due to the fact that all eigenvalues can be
divided into two groups, one of which includes eigenvalues of the order O(1)
(they correspond to the dominant modes), and the other is of the order O(1/µ),
where µ is a small parameter (they correspond to the fast modes). See [9] and
references therein. The main difference between the paper and work [7] is the
dependence on µ of all the parameters of the problem under consideration. So,
now we have both regular and singular perturbations in the dynamics.

2 Preliminary Notes

For SPCS with incomplete information, the linear-quadratic problem may
be described in the form

E(µ)ẋ = A(µ)x+B(µ)u, x(0) = x0, (1)

z(t) = C(µ)x(t) = C1(µ)x1(t), (2)

u = Kz, (3)

J(u) =
∫ ∞
0

w(x, u)dt, (4)
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w(x, u) = x∗Q(µ)x+x∗S(µ)u+u∗S∗(µ)x+u∗R(µ)u, (5)

where x∈Rn is the state vector, x = col(x1, x2); x1∈Rn1 – the slow states,
x2∈Rn2 – the fast states, n1+n2=n; E(µ) = diag(En1 , µEn2), Enk

are the unit
matrices; u∈Rr is the control vector; z∈Rm is the output vector (measure-
ments), m≤n1; t≥0 – time; µ is a small positive scalar: 0 < µ < µ̄ � 1. The
scalar µ is a singular perturbation parameter which occurs naturally due to
the presence of small parameters (parasitics) in physical systems.

It’s assumed that all matrices are time-invariant, but as a function of µ
they are expanded in powers of µ; e.g.

A(µ) = Â+
∞∑
k=1

µk

k!
Ak, A(0) = lim

µ→0
A(µ) = Â. (6)

The similar relations hold for other matrices in (1)-(5). We suppose that the
series are absolutely convergent in the domain Ω = {µ ∈ R : |µ| < µ̄}. Let in
Ω the following conditions take place:
a) form w(x, u) is positive semi-definite, R(µ) > 0;
b) block A22(µ) of matrix A is of Hurwitz type;
c) matrix C1(µ) has the maximal rank: rank(C1(µ)) = m.

It follows from (2), (3) that the control is carried out exclusively by slow
modes and, under the strict condition m < n1, information about them is
incomplete. Let K⊂Rr×m be a set of matrices K∈Rr×m such that systems (1),
(2), closed by control (3) with K∈K, is asymptotically stable. We suppose that
K 6= ∅, ∀µ ∈ (0, µ̄). Control (3) with K∈K is called an admissible control. For
any admissible control, functional (4) takes the value

J(u) = x∗0Θ(K)x0
def
= J(K).

Here the matrix Θ(K) is a solution of Lyapunov equation

Θ(A+BKC) + (A+BKC)∗Θ +W (K) = 0,

where
W (K) = Q+ SKC + (SKC)∗ + (KC)∗RKC.

It is clear, the optimizing J(K) implies that the optimal control will be a
function of the initial state x0, but this is not desirable. So it is necessary to
modify the problem under consideration by an appropriate method.

A control u0(t) = K0 z(t), K0 ∈ K is the minimax control if

J(K0) = min
K∈K

max
‖x0‖=1

x∗0Θ(K)x0.

Because of max‖x0‖=1 x
∗
0Θ(K)x0 = λmax(Θ), the minimax control is optimal in

the following sense
λmax(Θ(K))→ min

K∈K
. (7)
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The problem (7) is a discrete minimax problem [2]. With µ ∈ (0, µ̄) the
necessary conditions of optimality in problem (7) are of the form [5, 11]:

Θ(A+BKC) + (A+BKC)∗Θ +W (K) = 0, (8)

D(A+BKC)∗ + (A+BKC)D + v ∗ v∗ = 0, (9)

Θv = λv, (10)

RKCDC∗ + (B∗Θ+S∗)DC∗ = 0. (11)

Here D is a positive semi-definite n- matrix; λ, v are the maximum eigenvalue
and the corresponding eigenvector of matrix Θ. Notice that (11) is the equation
determining the matrix K of the desired minimax control (7). If matrix CDC∗

is nonsingular, then the matrix K is uniquely determined:

K0 = −R−1(B∗Θ+S∗)DC∗(CDC∗)−1

and the minimax control is defined by u0(t) = K0 z(t).
The introduced modification substantially changes the linear-quadratic prob-

lem and from our point of view, makes it suitable for practical use.

3 Reduced control problem

To solve the equations (8)-(11), we use the method of asymptotic represen-
tations which allows to identify leading terms of unknown quantities. As it’s
known [3], the solution of the reduced control problem plays here a pivotal
role. In the case under consideration, the reduced problem is derived from
(1)-(5) with µ = 0 and it is as follows:

ẋs(t) = Asxs(t) + Bs(t)us(t), xs(t0) = xs0, (12)

zs(t) = Cs xs(t), (13)

us(t) = Ks zs(t), (14)

Js(us) =
∫ ∞
t0

[x∗sQsxs+x
∗
sSsus+u

∗
sS
∗
sxs+u

∗
sRsus]dt. (15)

where xs ∈ Rn1 , us ∈ Rr, zs ∈ Rm are the state, the control and the output
vectors; xs0 = x10, zs(t) = z(t); Cs = Ĉ1; other matrices are of the form:

As = Â11 − Â12Â
−1
22 Â21, Bs = B̂1 − Â12Â

−1
22 B̂2,

Qs = Q̂11 − Q̂12Â
−1
22 Â21 − (Q̂12Â

−1
22 Â21)

∗ + (Â−122 Â21)
∗Q̂22Â

−1
22 Â21,

Ss = Ŝ1 − Q̂12Â
−1
22 B̂2 + (Â−122 Â21)

∗[Q̂22Â
−1
22 B̂2−Ŝ2],

Rs = R̂+(Â−122 B̂2)
∗Q̂22Â

−1
22 B̂2 − (Â−122 B̂2)

∗Ŝ2−Ŝ∗2Â−122 B̂2.
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Let
Ws(Ks)=Qs+SsKsCs+(SsKsCs)

∗+(KsCs)
∗RsKsCs.

It’s clear that Ws(Ks)>0. Denote Ks={K∈Rr×m|Reλi(As +BsKCs) < 0,
i ∈ [1 : n1]} and let Ks 6= ∅, i.e. system (12) with output (13) is stabilized
by control (14). Then there exists a minimax control uso(t) = Ksozs(t), where
the matrix Kso is defined by solving the following system:

Θs(As +BsKsCs) + (As +BsKsCs)
∗Θs +Ws(Ks) = 0, (16)

Ds(As +BsKsCs)
∗ + (As +BsKsCs)Ds + vs ∗ v∗s = 0, (17)

Θsvs = λsvs, (18)

RsKsCsDsC
∗
s + (B∗sΘs+S

∗
s )DsC

∗
s = 0, (19)

where Θs is positive definite; Ls is positive semi-definite; λs, vs are the maxi-
mum eigenvalue and corresponding eigenvector of the matrix Θs. If the matrix
CsDsC

∗
s is nonsingular, then the matrix Ks is uniquely determined:

Kso = −R−1s (B∗sΘs+S
∗
s )DsC

∗
s (CsDsC

∗
s )−1

and the minimax control is defined by the relation uso(t) = Kso zs(t). So the
necessary conditions for the reduced control problem have the form which is
analogous to the relations (8)-(11), but the reduced problem’s dimension is
lower: n1 < n and the known difficulties because of parameter µ are absent.

4 Leading terms of asymptotic representations

If all the above assumptions are hold then the solutions of equations (8)-(11)
may be represented in the following form [1, 3]:

Θ =

[
Θ̂11 µΘ̂12

µΘ̂∗12 µΘ̂22

]
+
∞∑
k=1

µk

k!

[
Θ

(k)
11 µΘ

(k)
12

µΘ
(k)∗
12 µΘ

(k)
22

]
, (20)

D =

[
D̂11 D̂12

D̂∗12 D̂22

]
+
∞∑
k=1

µk

k!

[
D

(k)
11 D

(k)
12

D
(k)∗
12 D

(k)
22

]
, (21)

λ=λ̂+
∞∑
k=1

µk

k!
λ(k), (22)

v=

[
v̂1
µv̂2

]
+
∞∑
k=1

µk

k!

[
v
(k)
1

µv
(k)
2

]
, (23)

K = K̂ +
∞∑
k=1

µk

k!
K(k). (24)
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The coefficients of series (20)-(24) are determined by substitution of these
series in the equations (8)-(11) and by the further equating of the corresponding
coefficients with the same power of parameter µ. The leading terms are defined
from these equations after equating coefficients with µ0. Thus from (8) for
Θ̂ij, 1 ≤ i ≤ j ≤ 2 we obtain the equations:

Θ̂11(Â11+B̂1K̂Ĉ1)+(Â11+B̂1K̂Ĉ1)
∗Θ̂11+Θ̂12(Â21+B̂2K̂Ĉ1)+

(Â21+B̂2K̂Ĉ1)
∗Θ̂∗12+Q̂11+Ŝ1K̂Ĉ1+(Ŝ1K̂Ĉ1)

∗+(K̂Ĉ1)
∗R̂K̂Ĉ1=0,

Θ̂11Â12+Θ̂12Â22+(Â21+B̂2K̂Ĉ1)
∗Θ̂22+Q̂12+(Ŝ2K̂Ĉ1)

∗=0,

Θ̂22Â22+Â
∗
22Θ̂22 + Q̂22 = 0.

Because Â22 is a nonsingular matrix, the matrix Θ̂12 may be excluded from the
first equation and as a result we obtain the following equation for the leading
term Θ̂11:

Θ̂11(As+BsK̂Ĉ1)+(As+BsK̂Ĉ1)
∗Θ̂11+Ws(K̂)=0, (25)

where matrices As, Bs,Ws are defined in section 3. By the same method, from
(9) for D̂ij, 1 ≤ i ≤ j ≤ 2 we obtain the equations:

(Â11+B̂1K̂Ĉ1)D̂11+D̂11(Â11+B̂1K̂Ĉ1)
∗+Â12D̂

∗
12+D̂12Â

∗
12+v̂1v̂

∗
1 = 0,

D̂11(Â21+B̂2K̂Ĉ1)
∗+D̂12Â

∗
22 = 0,

(Â21+B̂2K̂Ĉ1)D̂12+D̂
∗
12(Â21+B̂2K̂Ĉ1)

∗+D̂22Â
∗
22+Â22D̂22=0.

Again, because of Â22 is a nonsingular matrix, the matrix D̂12 may be excluded
from the first equation and as a result we obtain the following equation for the
leading term D̂11:

(As+BsK̂Ĉ1)D̂11+D̂11(As+BsK̂Ĉ1)
∗+v̂1v̂

∗
1=0. (26)

Finally, for λ̂, v̂1, v̂2, K̂ we’ll obtain the equations

Θ̂11v̂1 = λ̂v̂1, (27)

Θ̂12v̂1 = λ̂v̂2, (28)

RsK̂Ĉ1D̂11Ĉ
∗
1+(B̂∗s Θ̂11+Ŝ

∗
s )D̂11Ĉ

∗
1=0. (29)

5 Main results

As a result, we obtain that the leading terms Θ̂, D̂, K̂, λ̂, v̂ are defined by
equations (25)-(29) which are the same ones as equations (16)-(19) in the
reduced control problem (12)-(15). Hence

Θ̂11 = Θs, D̂11 = Ds, K̂o = Ks, λ̂ = λ̂s, v̂1 = vs.
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Theorem 5.1 Let for all µ ∈ (0, µ̄) the following conditions hold: 1) the
eigenvalues of matrix A22(µ) are in the left half-plane; 2)the reduced control
system may be stabilized; 3)the quadratic form of the integrand J(u) is positive
defined. Then the minimax control problem for singulary perturbed system with
incomplete information about states is solvable and the asymptotic presenta-
tions of the desired quantities are of the following forms:

K0 = Ks + O1(µ), J(uo) = λs + O2(µ),

where Ks, λs are the solution of the reduced control problem and for O1(µ), O2(µ)
take place the inequalities ‖O1(µ)‖ ≤ c1 µ, ‖O2(µ)‖ ≤ c2 µ, ∀µ ∈ (0, µ̄). Fur-
thermore, if the reduced control problem has a unique solution then the singu-
lary perturbed control problem has also a unique solution when µ ∈ (0, µ̄).

Corollary 5.2 In the case m = n1 the minimax solution of reduced control
problem exists, it is unique and has the form

Ks = −R−1s (B∗s Θs + S∗s ) Ĉ1,

where Θs is the solution of Riccati algebraic equation [6, 11]. The case when
the reduced problem does not have the unique solution was considered in [8].

6 Conclusion

The case when only the low (dominant) state coordinates are used in the
output feedback and information about them is incomplete is discussed. Nec-
essary and sufficient conditions for the existence of minimax control form the
basis for the solution of the original and reduced control tasks. It’s shown
that the leading terms of the asymptotic representations for the controller ma-
trix gains and the functional optimal value coincide with the corresponding
values of these quantities in the reduced problem. This fact allows to inves-
tigate SPCS by modeling the control process at MATLAB and other products.
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