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Abstract

We complete the work presented in Zhang et al. [7] by proving the
purely imaginary root of the characteristic equation to be simple, and
providing a bifurcation analysis of their model under the hypothesis of
small time delays.
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1 Introduction

Zhang et al. [7] studied the following model of predator–prey interaction with
two time delays and Allee effect on prey population:

.
x = x

(
x

A+ x
− d1 − xt−τ1

)
− xy

1 + h1x
,

.
y = y

(
bxt−τ2

1 + h1xt−τ2
− d2

)
− Ey,

0 = E(py − c)−m,

(1)

where d1 > 0 and d2 > 0 denote the intrinsic mortality rate of the prey x and
predator population y , respectively; A > 0 is the Allee effect, h1 > 0 is the



2576 Luca Guerrini

handling time, b > 0 represents food utilization efficiency, E > 0 is harvesting
effort for predator, and p, c and m > 0 are positive constants. Prey dynamics
is delayed by τ1 due to crowing and τ2 is the predator time to convert the food
into its growth. From an analysis of model (1), they were able to define and
plot the stability domain of (1) with respect to the two delays. Furthermore,
the existence of periodic solutions via Hopf bifurcation with respect to the two
delays were established. In this paper, following [1]-[6], we propose to complete
their work proving the root of the characteristic polynomial of (1) to be simple,
and investigating the case of τ1 and τ2 small delays.

2 Stability and existence of Hopf bifurcation

According to Zhang et al. [7] the delayed prey predator model (1) has a
unique positive equilibrium P0 = (x0, y0, E). Changing variables u = x, v = y
and Ē = (pE0y) /(py0 − c) + E in (1), and linearizing the resulting system at
the equilibrium point, we find that the corresponding characteristic equation
reduces to the following transcendental equation

λ2 − (u4 + u12)λ+ u12u4 + (−u11λ+ u11u4) e
−λτ1 − u2u3e−λτ2 = 0, (2)

where

u1 = u11 + u12, u11 = −u0 u12 =
Au0

(A+ u0)
2 +

hu0v0

(1 + hu0)
2 ,

u2 = − u0
1 + hu0

, u3 =
bv0

(1 + hu0)
2 , u4 =

pv0E0

pv0 −m
.

In absence of delays, the equilibrium point P0 is locally asymptotically stable
if u1 + u4 < 0 and u1u4 − u2u3 > 0.

3 Case τ1 = 0 and τ2 > 0

Eq. (2) becomes

λ2 − (u1 + u4)λ+ u1u4 − u2u3e−λτ2 = 0, (3)

Lemma 3.1. Let u1u4 + u2u3 < 0. Then there exists a value of τ2, say τ20,
such that the model (1) is locally asymptotically stable for τ2 ∈ [0, τ20), unstable
for τ2 > τ20, and it undergoes a Hopf bifurcation at the equilibrium (x0, y0, E)
for τ2 = τ20.
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Proof. According to Zhang et al [7], it remains to prove that the unique purely
imaginary solution λ = iω20 (ω20 > 0) at τ2 = τ20 of the characteristic equation
(3) is a simple root. Suppose it is not simple, then the derivative of (3) with
respect to λ evaluated at λ = iω20 has to be zero. Using (3), we then derive
that λ = iω20 solves

2iω20 − (u1 + u4) + τ2 (iω20)
2 − (u1 + u4)τ2iω20 + u1u4τ2 = 0.

In particular, one gets 2 = (u1+u4)τ2, which is an absurd since u1+u4 < 0.

4 Case τ1 > 0, τ2 > 0 fixed in its stable interval

We consider Eq. (2) with τ2 in its stable interval and regard τ1 as a parameter.
Under the assumption of small delays τ1,τ2, one has e−λτ1 ∼= 1 − λτ1 and
e−λτ2 ∼= 1 − λτ2. As a result, the characteristic equation (2) is simplified and
is given by

λ2− (u4 +u12)λ+u12u4 +(−u11λ+ u11u4) (1− λτ1)−u2u3 (1− λτ2) = 0, (4)

Let λ = iω be a root of (4) with ω > 0. Substituting this into (4) and
separating real and imaginary parts yields the following equations{

ω2(1 + u11τ1) = u1u4 − u2u3,

u4 + u1 + u11u4τ1 = u2u3τ2.
(5)

Since ω2 > 0 and u1u4 − u2u3 > 0, it follows that

τ1 = τ c1 =
−(u4 + u1) + u2u3τ2

u11u4

and

ωc =

√
u1u4 − u2u3

1 + u11τ c1
,

having assumed that sign(1 +u11τ1) > 0 and [−(u4 + u1) + u2u3τ2] /u4 < 0. If
λ = iωc is not a simple root of (4) at τ1 = τ c1 , then we must have

2iωc − (u4 + u12)− u11 (1− iωcτ c1) + (u2u3 + u11iωc) τ
c
1 − u11u4τ2 = 0,

leading to 1 + u11τ
c
1 = 0, which is a contradiction. It remains to verify that

the transversality condition holds. Differentiating (4) with respect to τ1 gives(
dλ

dτ1

)−1

=
2λ− (u4 + u12)− u11(1− λτ1) + u2u3τ2

(−u11λ+ u11u4)λ
− τ1
λ
.
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Then

sign

[
dRe(λ)

dτ1

]
τ=τc1

= sign

[
Re

(
dλ

dτ1

)−1
]
τ=τc1

= sign

(
u4(1 + u11τ

c
1)

u11 (ω2
c + u24)

)
= sign

(
u4
u11

)
.

Recalling that u11 < 0, we derive that sign [dRe(λ)/dτ1]τ=τc1
< 0 if u4 > 0,

and so the crossing of the imaginary axis is from left to right as τ1 increases;
sign [dRe(λ)/dτ1]τ=τc1

> 0 if u4 < 0, and the crossing of the imaginary axis is
from right to left as τ1 increases. We can state the following result.

Theorem 4.1. Let τ1 and τ2 be small, with τ2 fixed in its stable interval.
Assume sign(1 +u11τ1) > 0 and [−(u4 + u1) + u2u3τ2] /u4 < 0. If u4 > 0, then
the equilibrium point (x0, y0, E) of system (1) is locally asymptotically stable
for τ1 ∈ [0,+∞). If u4 < 0, then there exists a value of τ1, say τ c1 , such that
the equilibrium point (x0, y0, E) of system (1) is locally asymptotically stable
for τ1 ∈ [0, τ c1) and unstable for τ1 > τ c1 . Furthermore, system (1) undergoes a
Hopf bifurcation at the equilibrium (x0, y0, E) for τ1 = τ c1 .
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