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Abstract

A vertex of degree i is called i-vertex. An i-vertex in a plane graph
is called i(k∆)-vertex if it is incident with exactly k faces of size three.
An edge uv is an edge of type (i(k∆), j) if u is an i(k∆)-vertex and v is a
j-vertex. In this paper, we show that every 3-polytope with minimum
degree five contains an edge of one of the following types: (5(5∆), 6),
(5(5∆), 5) and (5(4∆), 5). Moreover, for each of the considered edge types
there are 3-polytopes with minimum degree five whose set of types of
edges contains just the selected edge type.
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1 Introduction

A graph which can be embedded in the plane is called planar graph; a fixed
embedding of a planar graph is called plane graph. A normal plane map is
a plane graph in which loops and multiple edges are allowed, but the degree
and size of each vertex and face is at least three, respectively. A vertex (face)
of degree (size) i is called i-vertex (i-face). An i+-vertex (i+-face) is a vertex
(face) of degree (size) at least i. An i(k∆)-vertex is an i-vertex incident with
exactly k faces of size three. An edge uv is an edge of type (i(k∆), j) if u is
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an i(k∆)-vertex and v is a j-vertex. Let e = uv be an edge in a 3-connected
(not necessarily planar) graph G. Let G/e denote the graph obtained from
G by identifying the vertices u and v into a new vertex w, and removing the
arising loop and multiple edges (in order to obtain a simple graph). If G/e is
a 3-connected graph, then we say that the edge e is contractible. As proved
by Steinitz [6], the 3-connected plane graphs are planar representations of
the convex three-dimensional polytopes, so called 3-polytopes. Clearly, every
3-connected plane graph is a normal plane map.

Already in 1904, Wernicke [7] proved that every normal plane map with
minimum degree five has a 5-vertex adjacent to a 5-vertex or a 6-vertex. This
result was strengthened by Franklin [2] to the existence of a 5-vertex with
two neighbors of degree at most six. Dvořák and Škrekovki [3] proved that
every 3-connected planar graph contains a contractible edge such that the sum
of degrees of its incident vertices is at most 13. Moreover, if the graph does
not contain 3-vertices, then this sum is at most 11. Borodin [1] proved that
each normal plane map contains a 3-face such that the sum of degrees of its
incident vertices is at most 17, the bound 17 being sharp. Hudák and Madaras
[4] improved Borodin’s result, they showed that each 3-connected plane graph
with minimum degree five contains a 3-face such that the sum of degrees of its
incident vertices is at most 17 and the sum of sizes of three its adjacent faces is
at most 13. Lebesgue [5] proved that every normal plane map with minimum
degree five has a 5-vertex incident with at least four 3-faces. In this paper we
show that every 3-connected plane graph with minimum degree five contains
a 5-vertex v adjacent to a 5-vertex or a 6-vertex such that v is incident with
at least four 3-faces.

2 Results
Theorem 2.1 Every 3-connected plane graph with minimum degree five

contains an edge of one of the following types: (5(5∆), 6), (5(5∆), 5) and (5(4∆), 5).
Moreover, for each of the considered edge types there are 3-connected plane
graphs with minimum degree five whose set of types of edges contains just the
selected edge type.

Proof By putting a 5-vertex into each face of the dodecahedron, we obtain
a 3-polytope which contains only (5(5∆), 6) edge from the list; the icosahedron
contains only (5(5∆), 5) edges; the snub dodecahedron contains only (5(4∆), 5)
edges (see Figure 1 for illustration).

Now suppose that G is a counterexample to Theorem 2.1 with the fewest
vertices. Clearly, G is connected. Let V , E and F denote the vertex set, edge
set and face set of G, respectively. Euler’s formula |V | − |E| + |F | = 2 for G
can be rewritten as 2 · 2|E| − 10|V |+ 3 · 2|E| − 10|F | = −20.
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Figure 1: 3-connected plane graphs with minimum degree five whose set of
types of edges contains only one type from the list (5(5∆), 6), (5(5∆), 5) and
(5(4∆), 5).

Using the Handshake Lemma
∑
v∈V

deg(v) = 2|E| =
∑
f∈F

deg(f) we have

2 ·
∑
v∈V

deg(v)− 10|V |+ 3 ·
∑
f∈F

deg(f)− 10|F | = −20

∑
v∈V

2 deg(v)− 10|V |+
∑
f∈F

3 deg(f)− 10|F | = −20

∑
v∈V

(2 deg(v)− 10) +
∑
f∈F

(3 deg(f)− 10) = −20 (1)

We proceed by the Discharging method. Let the initial charge of every vertex
v ∈ V be ch(v) = 2 deg(v)− 10 and let the initial charge of every face f ∈ F
be ch(f) = 3 deg(f)− 10.

Now we redistribute locally the initial charge of elements of V ∪F by a set
of rules in such a way that the total sum remains the same, i.e. −20. After
application of these rules, the initial charge is transformed to a new charge.
Finally, we show that the new charge of every element is nonnegative, yielding
that the sum of all new charges is also nonnegative, which contradict the fact
that the sum of all new charges is equal to −20.

Rule 1: Every vertex v divides all its charge equally among all incident
faces (i.e. every vertex v gives charge ch(v)

deg(v)
to each incident face).

Rule 2: After application of Rule 1, every 4+-face divides all its charge
equally among all incident 5-vertices.

Rule 3: After application of Rule 1 and Rule 2, every 5-vertex divides all
its charge equally among all incident 3-faces.

In the following, we show that the new charge of every vertex and every
face is nonnegative.
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Every vertex of G has a nonnegative initial charge since the minimum
degree of G is five. After application of Rule 1 the charge of every vertex is
equal to 0. Every 4+-face has a positive initial charge, so after application of
Rule 2 some 5-vertices have a positive charge (the other vertices have charge
zero). Therefore, after application of Rule 3 the new charge of every vertex is
nonnegative.

The initial charge of every 4+-face is at least 2. After application of Rule 1
the charge of every 4+-face cannot decrease since the initial charge of every
vertex is nonnegative. Therefore, after application of Rule 2 the charge of every
4+-face is either zero (if it is incident with a 5-vertex), or greater than its initial
charge. Rule 3 does not change the charge of any 4+-face. Consequently, every
4+-face has a nonnegative charge. So it suffices to show that every 3-face has
a nonnegative charge.

Let xyz be a 3-face in G. Its initial charge is −1.
If none of the vertices x, y, z has degree five, then the new charge of xyz is

nonnegative because it receives (by Rule 1) charge at least 3 · 1
3
= 1 from the

incident 6+-vertices (if deg(v) ≥ 6, then ch(v)
deg(v)

≥ 1
3
).

Now assume that xyz is a 3-face with deg(x) = 5. We distinguish five cases
according to the number of 3-faces incident with x.

Case 1: First assume that x is completely surrounded by 3-faces, i.e. x is a
5(5∆)-vertex. In this case the vertices adjacent to x have degree at least seven,
since otherwise G contains an edge of type (5(5∆), 5) or (5(5∆), 6). Therefore,
by Rule 1, the 3-face xyz receives charge at least 2 · 4

7
> 1 from the vertices y

and z (if deg(v) ≥ 7, then ch(v)
deg(v)

≥ 4
7
). Consequently, the new charge of xyz is

positive.

Case 2: Now assume that the number of 3-faces incident with x is four,
i.e. x is a 5(4∆)-vertex. In this case the vertices adjacent to x have degree at
least six, since otherwise G contains an edge of type (5(4∆), 5). Let f be the
4+-face incident with x. After application of Rule 1 the charge of xyz is at least
−1 + 2 · 1

3
= −1

3
and the charge of f is at least ch(f) + 2

3
(the face f receives

charge at least 2· 1
3
from the incident 6+-vertices). The vertex x receives charge

at least ch(f)+ 2
3

deg(f)−2
from f by Rule 2 (f is incident with at least two 6+-vertices).

Finally, the face xyz receives charge at least 1
4
· ch(f)+ 2

3

deg(f)−2
from x by Rule 3. So

the new charge of xyz is at least −1
3
+

ch(f)+ 2
3

4(deg(f)−2)
= −1

3
+

3 deg(f)−10+ 2
3

4 deg(f)−8
≥ 0 (it

is easy to show that 3 deg(f)−10+ 2
3

4 deg(f)−8
≥ 1

3
if deg(f) ≥ 4).

Case 3: Assume that x is incident with three 3-faces (and two 4+-faces).
If y and z are 5-vertices, then both of them are incident with at least two

4+-faces, since otherwise G contains an edge of type (5(5∆), 5) or (5(4∆), 5).
Then, by Rule 2, each of the vertices x, y, z receives charge at least 2 · 1

2
from
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the incident 4+-faces (if deg(f) ≥ 4, then ch(f)
deg(f)

≥ 1
2
). By Rule 3, the vertices

x, y, z together send to the 3-face xyz charge at least 3 · 1
3
= 1. So the new

charge of xyz is at least −1 + 1 = 0.
If y and z are 6+-vertices, then, by Rule 1, they send charge at least 2 · 1

3

to the 3-face xyz. By Rule 2, the vertex x receives charge at least 2 · 1
2
from

the incident 4+-faces. Therefore, by Rule 3, the vertex x sends to the 3-face
xyz charge at least 1

3
. So the new charge of xyz is at least −1 + 3 · 1

3
= 0.

Now, without loss of generality, assume that y is a 5-vertex and z is a
6+-vertex. Then y is incident with at least two 4+-faces, since otherwise G
contains an edge of type (5(5∆), 5) or (5(4∆), 5). By Rule 1, the 3-face xyz
receives charge at least 1

3
from z. Then, by Rule 2, x and also y receive charge

at least 2 · 1
2
from the incident 4+-faces. Finally, by Rule 3, xyz receives charge

at least 2 · 1
3
from the vertices x, y. So the new charge of xyz is at least

−1 + 3 · 1
3
= 0.

Case 4: Now assume that x is incident with two 3-faces. Consequently, x
is incident with three 4+-faces.

If y or z has degree at least six, then xyz receives charge at least 1
3
by Rule

1. Then x receives charge at least 3 · 1
2
from the incident 4+-faces by Rule 2.

Finally, xyz receives charge at least 3
4
from x by Rule 3. So the new charge of

xyz is at least −1 + 1
3
+ 3

4
> 0.

If y and z are 5-vertices, then both of them are incident with at least two
4+-faces, since otherwise G contains an edge of type (5(5∆), 5) or (5(4∆), 5).
Then, by Rule 2, the vertices x, y, z receive charge at least 3 · 1

2
, 2 · 1

2
, 2 · 1

2
from

the incident 4+-faces, respectively. By Rule 3, the vertices x, y, z send to the
3-face xyz charge at least 3

4
, 1

3
, 1

3
, respectively. So the new charge of xyz is at

least −1 + 3
4
+ 2

3
> 0.

Case 5: Finally, assume that x is incident with one 3-face. In this case
the vertex x receives charge at least 4 · 1

2
from the incident 4+-faces by Rule 2.

By Rule 3, x sends this charge to the incident 3-face xyz. Consequently, the
new charge of xyz is at least −1 + 2 = 1 > 0.

Thus we have proved that the new charge of every vertex and every face is
nonnegative, which contradicts (1) and completes the proof. �

We believe that Theorem 2.1 can be strengthen in the following way.

Conjecture 2.2 Every normal plane map with minimum degree five con-
tains an edge of one of the following types: (5(5∆), 6), (5(5∆), 5) and (5(4∆), 5).
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