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Abstract 

 

   We present a computational tool that can serve as a key element of theoretical 

framework for testing numerical techniques used to assess the impact of different 

types of observations on the prediction of data-driven dynamical systems. The 

developed instrument combines a multiscale low order chaotic dynamical system 

together with an adjoint model embedded into a system.  
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1 Introduction 
 

   Mathematical models used in physics, earth sciences, biology, astrophysics, 

engineering disciplines, and social sciences to explore different aspects of the 

natural world are fairly often based on nonlinear partial differential equations 

(PDEs), which formally can be written as follows: 

 

 𝜕𝑡𝜑(𝑟, 𝑡) = ℒ(𝜑(𝑟, 𝑡), 𝛽(𝑟, 𝑡)),  𝜑(𝑟, 0) = 𝜑0(𝑟)            (1) 

 

Here 𝜑(𝑟, 𝑡) ∈ 𝑄(𝐷𝑡) is the state vector of a system, where 𝑄(𝐷𝑡) is the real 

space (can be finite or infinite) of sufficiently smooth state functions satisfying 

some problem-specific boundary conditions at the boundary 𝜕𝐷  of the spatial 

domain 𝐷; 𝐷𝑡 = 𝐷 × [0, 𝑇]  is a bounded space-time domain in which the system 

is considered; 𝑟 ∈ 𝐷 ⊂ ℝ3 is a vector of special variables, 𝑡 ∈ [0, 𝑇] ⊂ 𝒯 is the  
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time, ℒ is a nonlinear partial differential operator, 𝜑0 is a given vector-valued 

function defining the initial state of a system, and 𝛽 ∈ 𝑃(𝐷𝑡) is the parameter 

vector, where 𝑃(𝐷𝑡) is the domain of admissible parameters.  

   In practice, PDEs (1) are solved numerically. For this reason the set of PDEs (1) 

are discretised on the model space-time grid, taking the following compact form: 

  

𝑥𝑘+1 =ℳ𝑘,𝑘+1(𝑥𝑘) + 𝜂𝑘,    𝑘 = 0,… , 𝐾 − 1             (2) 

 

where 𝑥𝑘 ∈ ℝ
𝑛 is the n-dimensional state vector representing the complete set of 

variables that determine the internal state of a system under consideration at time 

𝑡𝑘 , ℳ𝑘,𝑘+1: ℝ
𝑛 → ℝ𝑛  is a discrete nonlinear operator describing the forward 

propagation of the state variables from time 𝑡𝑘  to time 𝑡𝑘+1 , 𝜂𝑘 ∈ ℝ
𝑛  is the 

model errors. It is usually assumed that the model (2) is “perfect” (𝜂𝑘 = 0), i.e. 

given the initial condition 𝑥0, equations (2) uniquely specify the orbit of dynamical 

system in its phase space. Note that the operator ℳ contains a set of parameters 

that describe boundary conditions, external forcing functions that drive the system, 

grid model configuration, etc.  

   In many applications to simulate and predict the long-time behaviour of 

dynamical system (2) it is highly desirable to use observational data, if they are 

available, in order to adjust a model simulated orbit to new observations. Dynamic 

data-driven simulation approach, which is closely related to the concept of 

Dynamic Data-Driven Application System [1], employs data assimilation (DA) 

[2-4] to integrate real-time observations into a running model to achieve the 

required trajectory correction (Fig. 1). Data assimilation allows estimating the 

updated initial conditions by combining newly received observational data together 

with certain prior information referred to as the background. This prior information 

represents simulation results (trajectory of the system in its phase space) produced 

by the model without tacking new observations into account.      

   Observational data can be obtained by different technical measurement systems 

distributed irregularly in space and time. This raises at least two questions: (1) what 

is the impact of each individual type of observations on the simulation accuracy; 

and (2) how we can design an optimal observing network to provide a reliable 

prediction of the evolution of dynamical system under consideration. Several 

techniques have been developed to estimate the impact of observations obtained via 

various measurement instruments on the forecast quality and to develop an optimal 

and cost-effective observing system (e.g. [5-8]). However, all of these methods 

need sizable computational resources. For simplified low-dimensional models the 

computational cost is insignificant hence these models can be vied as testing tools 

to mimic the behaviour of complex systems and, in particular, to explore the 

forecast sensitivity with respect to observations.  
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Figure 1: The scheme of model’s orbit adjustment to new observations 

 

   In this study we will consider a simplified cost-effective computational tool, 

which can be used not only for assessing the impact of observations on the forecast, 

but also for trajectory corrections, if it is required. To incorporate real time 

observational data into a running numerical model we will apply the method 

suggested in [5], which makes use the adjoint model employed within variational 

assimilation system. This method allows estimating the impact of all types of 

observations simultaneously within one numerical experiment, which is very 

important for high-dimensional dynamical systems. The developed research 

computational tool combines a simplified coupled chaotic dynamical system 

together with an adjoint model embedded into a system. So, this instrument may 

serve as a key element of theoretical and computational framework for the study of 

various numerical algorithms and methods, which can be used to evaluate the 

impact of observations on the predicted trajectory of nonlinear dynamical systems.  

 

2 Essentials of variational data assimilation 
 

   To estimate the updated initial conditions and then to adjust the background 

trajectory of a system to new observations, variational DA combines three sources 

of observations: sparse observations, an a priori estimate of the system state (the 

“background”), and numerical model that is a mathematical expression of laws 

governing the evolution of the system under consideration. Mathematically, 

variational DA is formulated as an optimization problem, in which the initial 

condition plays the role of control vector and model equations are considered as 

constraints. One of the most advanced and widely used DA methods is four 

dimensional variational (4D-Var) data assimilation [3, 4, 9]. In 4D-Var, an 

optimal initial state 𝑥0
𝑎 (“analysis”) is obtained by minimizing the cost function: 

 

ℐ(𝑥0) =
1

2
‖𝑥0 − 𝑥0

𝑏‖
B0
−1

2

⏟        
ℐ𝑏

+
1

2
∑ ‖ℋ𝑘(𝑥𝑘) − 𝑦𝑘

o‖
R𝑘
−1
2𝐾

𝑘=0⏟                
ℐo

           (3) 
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𝑥0
𝑎 = argminℐ(𝑥0)                      (4) 

 

Here ‖∙‖A is the generalized inner product with respect to the A matrix metric; 

ℐ𝑏 quantifies the deviation of the solution from the background state 𝑥0
𝑏 at the 

initial time;  ℐo measures the discrepancy between the forecast trajectory and the  

observations 𝑦𝑘
o ∈ ℝ𝑚 , which are taken at times 𝑡0 , 𝑡1 ,…,  𝑡𝐾  inside the 

assimilation window; ℋ𝑘: ℝ
𝑛 → ℝ𝑚 is the non-linear observation operator that 

maps the discrete model state 𝑥𝑘 = ℳ0,𝑘(𝑥0) to the observation space at time 

𝑡𝑘 ; B0 ∈ ℝ
𝑛×𝑛  and R𝑘 ∈ ℝ

𝑚×𝑚  are respectively the background- and the 

observation-error covariance matrices. It is usually assumed that the background 

and observation errors (𝜖0
𝑏 and 𝜖𝑘

o respectively) are random, unbiased, serially 

uncorrelated and normally distributed:   

 

𝜖0
𝑏~𝒩(0, B0),   〈𝜖0

𝑏〉 = 0 

 

𝜖𝑘
o~𝒩(0, R𝑘), 〈𝜖𝑘

o〉 = 0, 〈𝜖𝑘
o𝜖𝑙
oT〉 = 0 if 𝑘 ≠ 𝑙   

 

When ℋ is linear (denoted by H, i.e. H= ℋ′), the nonlinear optimization problem 

with strong constraints (4) can be transformed to a linear quadratic problem, whose 

unique solution is given by the best linear unbiased estimator, which in vector form 

can be written as 𝑥𝑎 = 𝑥𝑏 + Kd, where K = (B−1 + HTR−1H)−1HTR−1  is the 

Kalman gain matrix and d = 𝑦𝑜 − H(𝑥𝑏) is the innovation vector. When ℋ is 

nonlinear, the DA procedure considers a series of state variables along which the 

observation operator may be linearized. The problem (4) can be solved by one of 

the descent methods (e.g. conjugate gradient technique) to find the solution that is 

the minimum of the cost function. Such methods require the estimation of the cost 

function gradient with respect to the initial conditions: 

 

∇𝑥0ℐ(𝑥0) = ∇𝑥0ℐ
𝑏(𝑥0) + ∇𝑥0ℐ

o(𝑥0) 

Here 

 

∇𝑥0ℐ
𝑏(𝑥0) = B0

−1(𝑥0 − 𝑥0
𝑏),  ∇𝑥0ℐ

o(𝑥0) = ∑ M0.𝑘
T𝐾

𝑘=0 H𝑘
TR𝑘

−1(ℋ𝑘(𝑥𝑘)  − 𝑦𝑘
o) 

 

where M0.𝑘
T  is the adjoint of the linearized model operator M0,𝑘 =ℳ′0,𝑘, and 

H𝑘
T is the adjoint of the linearized observation operator H𝑘 = ℋ′𝑘. The linear 

model operator M = ℳ′  is known as a tangent linear model (TLM). The 

performance of 4D-Var procedure depends on its key information components, 

such as the available observations 𝑦o, estimates of the matrices R𝑘 and B0, and 

the background state 𝑥0
𝑏.  

 

3 Observations impact assessment 
 

   To evaluate the impact of observations on the evolution of dynamical systems 

let us introduce the scalar response function ℛ, which is a function of the system  
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state vector at a certain verification time 𝑡𝑓 : ℛ = ℛ(𝑥𝑓) . From the Taylor 

expansion we can derive the first-order variation of ℛ at time 𝑡𝑓: 

 

   ∆ℛ ≈ 𝛿ℛ = 〈𝛿𝑥𝑓 , 𝜕ℛ 𝜕𝑥𝑓⁄ 〉 = 〈M𝛿𝑥0, 𝜕ℛ 𝜕𝑥𝑓⁄ 〉             (5) 

 

where 〈 , 〉 denotes an inner product, and the forecast variation is expressed via 

tangent linear model: 𝛿𝑥𝑓 = M𝛿𝑥0 . Let M∗  be the adjoint of M  such that 

〈M𝑥, 𝑦 〉 = 〈𝑥 , M∗𝑦 〉. Since the adjoint of a real matrix equals to its transpose then 

M∗ = MT and the equation (5) may be rewritten as 

 

    ∆ℛ ≈ 𝛿ℛ = 〈𝛿𝑥0, M
T(𝜕ℛ 𝜕𝑥𝑓⁄ )〉                     (6) 

 

and the sensitivity of response function to the initial state can be represented as 

 
𝜕ℛ

𝜕𝑥0
= MT

𝜕ℛ

𝜕𝑥𝑓
 

 

Thus, running the adjoint model backward in time with the sensitivity of ℛ at the 

verification time as input, we can calculate the sensitivity of ℛ with respect to the 

initial conditions. Generally, any differentiable scalar function that represents the 

forecast accuracy can be considered as the response function (e.g. single model 

variable or some function of model state variables).  

   The forecast error with respect to the true state 𝑥𝑡 can be measured by the total 

energy norm [3]: 

 

𝑒 = (𝑥𝑓 − 𝑥𝑡)
T𝐶(𝑥𝑓 − 𝑥𝑡)                        (7) 

 

where 𝐶 is a diagonal matrix of weighting coefficients. The sensitivity of e with 

respect to initial conditions can be expressed as  

 






0x

e
2MT𝐶(𝑥𝑓 − 𝑥𝑡)                    (8) 

 

At a certain initial time 𝑡0, there are two state estimations, namely 𝑥0
𝑎, which is 

obtained using 4D-Var, and 𝑥0
𝑏, which is obtained via previous model run. Thus 

two forecast errors, 𝑒𝑎 and 𝑒𝑏, can be defined:  

 

𝑒𝑎 = (𝑥𝑎
𝑓
− 𝑥𝑡)

T
𝐶(𝑥𝑎

𝑓
− 𝑥𝑡), 𝑒𝑏=(𝑥𝑏

𝑓
− 𝑥𝑡)

T
𝐶(𝑥𝑏

𝑓
− 𝑥𝑡) 

 

where 𝑥𝑎
𝑓
 and 𝑥𝑏

𝑓
 are the predicted states initiated, respectively, from 𝑥0

𝑎 and 

𝑥0
𝑏. To estimate the impact of observations on the forecast error reduction, the 

response function can be introduces as the difference between 𝑒𝑎 and 𝑒𝑏: 
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ℛ ≡
1

2
∆𝑒 =

1

2
(𝑒𝑎 − 𝑒𝑏)                     (9) 

 

The linear approximation of error reduction 𝛿𝑒 ≈ ∆𝑒 is given by [5] 
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4 Model, results and discussion 
 

   Low-order coupled chaotic system used in this study is composed of fast and 

slow models. The fast model represents the chaotic dynamical system developed 

by Lorenz to study the atmosphere [10], while the slow model, in the absence of 

coupling to the fast model, is a simple harmonic oscillator [11]. Thus, the coupled 

system can be represented by the following two sets of ordinary differential 

equations that describe:  

a) The fast model 

 

�̇� = −�̇�2 − �̇�2 − 𝑎𝑥 + 𝑎𝐹
�̇� = 𝑥𝑦 − 𝑐𝑦 − 𝑏𝑥𝑧 + 𝐺 + 𝛾𝑋
�̇� = 𝑥𝑧 − 𝑐𝑧 + 𝑏𝑥𝑦 + 𝛾𝑌

}                (11) 

 

b) The slow model 

�̇� = −𝜔𝑌 − 𝛽𝑦

�̇� = 𝜔𝑋 − 𝛽𝑧
}                    (12) 

 

where x is the intensity of the symmetric, globally averaged westerly wind current 

(equivalent to the meridional temperature gradient); y and z are the amplitudes of 

cosine and sine phases of a series of superposed large scale eddies, which 

transport heat poleward; F and G represent the thermal forcing terms due to the 

average north-south temperature contrast and the earth-sea temperature contrast, 

respectively, 𝜔 is the ocean oscillation frequency, X and Y are zonal asymmetries  

in sea surface temperature, which interact with the model atmosphere’s eddy 

fields (y and z). Note that the model proposed by Lorenz is a Galerkin truncation 

of the Navier-Stokes equations and gives the simplest approximation of the 

general circulation of the atmosphere. This model has been widely used in 

climatological studies and its properties have been explored extensively.    

System parameter values for all numerical experiments are as follows [10, 11]: 

a=0.125; b=4; c=0.5; F=8; G=0.25; β=γ=0.1; and ω=2πλ/4, where λ=0.0274.    

   The following information is required to estimate the impact of observations 

of the system’s dynamics: the “true” trajectory 𝑥𝑡 , background orbit 𝑥𝑏  and 

observations 𝑦o. The trajectory 𝑥𝑡 is obtained by integrating the equations (11) 

and (12) with the initial conditions 𝑥0
𝑡  taken on the system’s attractor. The first  
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guess orbit 𝑥𝑏 is obtained by integrating the equations (11) and (12) with the initial 

conditions 𝑥0
𝑏  defined as 𝑥0

𝑏 = 𝑥0
𝑡 + 𝛿𝑏 , where 𝛿𝑏  is a normally distributed 

random perturbation with a standard deviation of 𝜎𝑏 = 0.2, applied to all state 

variables. To take into account the background errors, the assumption B0 = 𝜎𝑏
2I is 

used, where I is the identity matrix. Observations are generated by adding 

Gaussian random noise with zero mean and specified standard deviation 𝜎o =
0.05 to the true state 𝑥𝑡. Observations are specified at every 2∆𝑡 within the 

assimilation window, which has a total time length of 50∆𝑡, where ∆𝑡 = 0.005 is 

the time step used to integrate equations (11) and (12) by fourth-order 

Runge-Kutta technique. Since observation grid and model grid are the same, 

observation operator is simply an identity mapping ℋ ≡ 1. Under the assumption 

that observation errors are the same for all variables, the observation covariance 

matrices is defined as R𝑘 = R = 𝜎o
2I. Minimization of the cost function was 

carried out using the conjugate gradient method, resulting in the analysis 𝑥0
𝑎. The 

forecast trajectory is then obtained by integrating the model equations given initial 

conditions 𝑥0
𝑎.  

   It should be emphasized that the accuracy of the adjoint-based method subject 

to limitations since the adjoint model is just the transpose of tangent linear 

approximation of the original nonlinear model. Because of linearity, the 

sensitivity of forecast to initial conditions 𝜕𝑒 𝜕𝑥0⁄  obtained via adjoint model is 

useful over a bounded time interval. For example, in weather prediction the length 

of time interval over which calculations are made is about one to two days. A 

number of numerical experiments were performed to calculate the reduction of 

energy norm defined by the equation (7) under the condition that the matrix C is 

the identity matrix. Numerical experiments show that the verification time 𝑡𝑓 at 

which the forecast error is calculated cannot exceed 4 time units. This was 

confirmed by testing the tangent linear and adjoint models using the approach 

suggested in [12]. Note that the integration length in 200 time steps corresponds to 

one non-dimensional time unit. 

 

Table 1: Initial conditions for the “true”, background and predicted trajectories 

 

State 

vector 

Model variables 

𝑥 𝑦 𝑧 𝑋 𝑌 

𝑥0
𝑡 0.4992 -0.5537 -0.9575 0.3807 -0.2554 

𝑥0
𝑏 0.9383 -0.1890 -0.7887 -0.0677 -0.3372 

𝑥0
𝑎 0.5492 -0.4937 -0.9375 0.2807 -0.2594 

 

   As an example, let us consider the results of simulations obtained with the 

initial conditions shown in Table 1. The “true” initial conditions 𝑥0
𝑡  are taken on 

the system’s attractor, which is obtained by integrating the equations (11) and (12) 

starting from 𝑡𝐷 = −10  and finishing at 𝑡0 = 0 . The background initial 

conditions 𝑥0
𝑏 are specified by adding random numbers to the “true” initial state.  

The initial conditions for the forecast are estimated in accordance with 4D-var proce- 
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dure. Calculated “true”, background and forecast trajectories with these initial 

conditions are illustrated in Fig. 2. 

 

 
      

Figure 2: “True”, background and forecast orbits over time interval [0, 10] 

    

   The forecast error reductions by virtue of observations calculated for different 

verification times 𝑡𝑓 are presented in Table 2, from which it follows that the 

shorter the forecast range the larger the error reduction or, in other words, the 

better the forecast quality. The relative observation impacts (in percentage points) 

calculated for each observation variable at 𝑡𝑓 = 3  are shown in Table 3. 

Observations of z-component provide the highest impact on the forecast error 

reduction while observations of Y-component, in contrast, the smallest impact. 

However, these estimates are valid for particular case under consideration.  

 

Table 2: Forecast error reductions for different verification time 

 

Error 

measure 

Verification times 

1 2 3 4 

𝛿𝑒 -4.59 -3.44 -2.36 -0.36 
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Table 3: Relative observation impact (in percentage points) of each observed 

variable for the verification time of 𝑡𝑓 =3 

 

Observed variables 

x y z X Y 

27.04 23.48 34.37 13.95 1.16 

 

5 Concluding remarks 
 

   The key focus of this paper has been to discuss computationally effective 

instrument that allows estimating the observation impact on the prediction of 

dynamics of nonlinear chaotic dynamical systems keeping in mind the paradigm 

of Dynamic Data-Driven Application System. Since various observations can be 

used to adjust the simulated trajectory of a system under consideration, it is very 

important to obtain the estimates what kinds of observations are more valuable 

than others. The tool discussed in this paper provides the computational 

framework for testing different numerical methods and algorithms, which then 

can be used to simulate the long-range behavior of complex dynamical systems. 
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