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Abstract

This paper addresses the numerical approximation of linear, steady,
one-dimensional, constant coefficient singular perturbation problems of
reaction-diffusion type which exhibit rapid oscillations. Since the dif-
fusion and reaction terms are of like sign, this is a special case of the
Helmholtz equation of wave propagation [2]. Herein, an original deriva-
tion of the trigonometrically fitted discretization [9], second-order ac-
curate uniformly in the small parameter, due to Miller [8] is presented.
It is then shown how to apply the Mehrstellenverfahren technique of L.
Collatz [3] to produce formal fourth-order accuracy. This is then the
springboard to schemes of uniform fourth-order and formal sixth-order
accuracy. These new schemes provide the natural generalizations of
those previously developed for problems exhibiting boundary layers [6].
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1 Introduction

A singular perturbation problem is said to be of reaction-diffusion type if
the order of the problem is reduced by two when the small parameter is set
to zero [11]. This is to be distinguished from a convection-diffusion problem
[10] where the corresponding reduction in order is only one. Depending on
the relative signs of the diffusion and reaction terms, the solution to such a
reaction-diffusion equation may either exhibit highly oscillatory behavior (the
subject of the present paper) or develop boundary layers [6].

While the most general of such problems are nonlinear, transient and mul-
tidimensional, this paper focuses on the linear, steady-state, one-dimensional
version with constant coefficients. The variable coefficient problem is the sub-
ject of [7]. Within these confines, we present new methods of numerical ap-
proximation that are uniformly fourth-order accurate and formally sixth-order
accurate. This will be achieved by coupling the method of exponential fitting
[4] with the Mehrstellenverfahren technique of L. Collatz [3].

In the development that follows, the focus will be on the highly oscillatory
case. We begin by examining the local truncation error of central differencing
as applied to this problem as well as that of Miller’s scheme [8]. It is then
shown how to apply the Mehrstellenverfahren technique (Hermitian method)
of L. Collatz [3] to produce formal fourth-order accuracy. These considerations
reveal that the respective local truncation errors predict the known asymptotic
behaviors of these varied methods.

Motivated by this observation, we next provide a new derivation of Miller’s
scheme for the case of constant coefficients. The approach taken herein amounts
to the annihilation of all objectionable terms (i.e. terms that grow with de-
creasing ε) in the local truncation error. Moreover, this approach indicates how
to achieve uniform fourth-order accuracy in the small parameter ε for constant
coefficients by combining exponential fitting with Mehrstellenverfahren. This
then provides the springboard to a scheme of formal sixth-order accuracy.

Finally, we turn to a comparison of central differencing, Miller’s scheme,
Mehrstellenverfahren as well as our new schemes on a constant coefficient
highly oscillatory problem with known exact solution. These results, which
constitute the extension of the previously studied boundary layer schemes [6]
to the highly oscillatory problem, are indeed very encouraging.

2 Reaction-Diffusion Equation

The subject of our investigation is the steady, one-dimensional, reaction-
diffusion equation with constant coefficients. The corresponding self-adjoint
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two-point boundary value problem may be cast in the form

ε · u′′(x) + c · u(x) = f(x); u(0) = uL, u(1) = uR, (1)

where we assume that 0 < |ε| � 1 (ε 6= c/(kπ)2; k = 1, . . .) and c > 0.
Physically, ε is the diffusion coefficient while c is the reaction coefficient. Since
ε is a small parameter, we have here a singular perturbation problem. When
(as herein) ε > 0, rapid oscillations may develop while, for ε < 0, the solution
may develop boundary layers [6].

In what follows, all functions appearing (especially, the source term f(x))
are assumed to possess sufficient smoothness to justify any operations to which
we may subject them. Also, we define the parameter z := h

√
c/ε, which

measures the strength of reaction relative to diffusion when scaled by the
mesh width h := 1/N of Figure 1. For the problems of primary interest in
this study, we have |z| � 1. Lastly, in the ensuing derivations, we will restrict
ourselves to ε > 0 (highly oscillatory case) where singular perturbation theory
[1, p. 500] reveals that

u(x; ε) = c1 sin (
√
c/ε · x) + c2 cos (

√
c/ε · x) + f(x)/c+O(

√
ε).

Thus, the rapid variation of the solution is no longer restricted to narrow
boundary layers, but instead occurs throughout the entire interval where we
have u = O(1), u′ = O(1/

√
ε), and u′′ = O(1/ε).

Figure 1: Computational Grid

3 The Central Difference Scheme

If we discretize the two-point boundary value problem, Equation (1), using
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central differences, we obtain

ε · ui+1 − 2ui + ui−1
h2

+ c · ui = fi. (2)

The local truncation error of this scheme, which is easily established using
Taylor series, is given by

L.T.E. =
h2

12
· [ f ′′i︸︷︷︸

O(1)

− ciu
′′
i︸︷︷︸

O(1/ε)

] +O(h4). (3)

In order to numerically resolve any rapid oscillations that arise, we require
that h ∼

√
ε (proportional to period). Perusal of the above local truncation

error then reveals that it is effectively O(1) due to the presence of the term con-
taining u′′i . Thus, in spite of the fact that this scheme is formally second-order
accurate, it is not uniformly accurate to any degree in the small parameter ε.

4 The Miller Scheme

Miller [8] has developed a scheme for Equation (1) which is second-order
uniformly accurate for constant c. This scheme is defined as follows:

−ε · z2

2[cos z − 1]
· ui+1 − 2ui + ui−1

h2
+ c · ui = fi. (4)

The appearance of trigonometric functions in this context is referred to as
exponential fitting [9].

The local truncation error of this scheme is given by

L.T.E. =
h2

12
· [ f ′′i︸︷︷︸

O(1)

] +O(h4). (5)

Notice that, in comparison to Equation (3), the undesirable term involving u′′i
has been eliminated. Thus, the local truncation error is O(h2), independently
of ε. The Miller scheme is thereby seen to be second-order accurate, uniformly
in ε.

5 Mehrstellenverfahren

By incorporating the principal term of the local truncation error given by
Equation (5) into the Miller scheme, Equation (4), we obtain the formally
fourth-order accurate scheme:

−ε · z2

2[cos z − 1]
· ui+1 − 2ui + ui−1

h2
+ c · ui = fi +

h2

12
· f ′′i . (6)
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The inclusion of higher-order information concerning the source term f(x) is
the hallmark of the Mehrstellenverfahren technique (Hermitian method) of L.
Collatz [3].

The local truncation error of this scheme is given by

L.T.E. =
h2

24
· [ c

2

10ε
· u′′i︸︷︷︸
O(1/ε)

+
c

6
· uivi︸︷︷︸
O(1/ε2)

+
ε

15
· uvii︸︷︷︸
O(1/ε3)

] +O(h6). (7)

Observe that, for fixed ε, the principal term of the local truncation error is now
O(h4) so that this Mehrstellenverfahren scheme is formally fourth-order accu-
rate. However, with h ∼

√
ε in order to resolve the boundary layer, this leading

term is actually O(h4/ε2) = O(h2). Thus, this Mehrstellenverfahren scheme is
not uniformly fourth-order accurate in the small parameter ε. If evaluation of
f ′′(x) is either difficult or impossible, then the further approximation

f ′′i ≈
fi+1 − 2fi + fi−1

h2
(8)

may be made without loss of formal order of accuracy.

6 An Original Derivation of the Miller Scheme

Motivated by the above observed correlation between the behavior of the
local truncation error in the boundary layer and the order of uniform accuracy
of the corresponding scheme, we next present a new derivation of the Miller
scheme, Equation (4), for the case of constant c.

We begin by considering the second central difference

ε · ui+1 − 2ui + ui−1
h2

= ε ·
∞∑
n=1

2 · h
2n−2

(2n)!
· u(2n)i . (9)

Keeping only the first term in the above sum would produce the central differ-
ence approximation. Although this would be formally second-order accurate,
the neglected terms in the series have components that display excessive growth
in the boundary layer.

Specifically,

ε · h2n−2 · u(2n) = ε · h2n−2 ·
{
1

ε
·
[
f (2n−2) +

(
−
c

ε

)
· f (2n−4) + · · ·+

(
−
c

ε

)n−2
· f ′′

]
+ (−

c

ε
)n−1 · u′′

}
= [h2n−2 · f (2n−2) + · · ·+

(
−
c

ε

)n−2
· h2n−2 · f ′′︸ ︷︷ ︸

O(h2)

] +
(
−
c

ε

)n−1
· h2n−2 · (εu′′)︸ ︷︷ ︸
O(1)

, (10)

where we have used Equation (1) recursively.
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With h ∼
√
ε, detailed examination of each of the terms on the right hand

side of Equation (10) reveals that only the last one is O(1), the remaining terms
being O(h2) or higher. Hence, if we want to achieve uniform second-order ac-
curacy then we need to include all such terms when deriving an approximation
from Equation (9).

Thus, we make the boundary layer approximation

u(2n) ≈
(
−c
ε

)n−1
· u′′ (11)

which, when inserted into Equation (9), yields the approximation

ui+1 − 2ui + ui−1
h2

≈
∞∑
n=1

2 · h
2n−2

(2n)!
·
(
−c
ε

)n−1
· u′′i . (12)

Solving for u′′i and summing the infinite series yields

u′′i ≈
−z2

2[cos z − 1]
· ui+1 − 2ui + ui−1

h2
, (13)

which is precisely Miller’s approximation. In [6], this markedly new deriva-
tion of Miller’s scheme will provide the insight needed to generalize it, in a
straightforward fashion, to the general case of variable c. However, we now
show how to capitalize on this new perspective to achieve several enhancements
to Miller’s scheme for the case of constant c.

7 Fitted Mehrstellenverfahren

For the case of constant c, the above alternative derivation of Miller’s
scheme hints at how to achieve uniform fourth-order accuracy without expand-
ing the difference stencil. Simply include the penultimate term of Equation
(10) when making the boundary layer approximation, Equation (11). Any
attempt to eke additional accuracy from Equation (10) in this fashion would
indeed require an expansion of the difference stencil beyond three points due
to the need to approximate f ivi or higher derivatives of the source term.

The resulting modified Miller scheme for constant c is given by

−ε· z2

2[cos z − 1]
· ui+1 − 2ui + ui−1

h2
+c·ui = fi−

ε

c
·
[
1 +

z2

2[cos z − 1]

]
·f ′′i . (14)

The local truncation error of this scheme is given by

L.T.E. =
h4

360
· [ f ivi︸︷︷︸

O(1)

] +O(h6). (15)

Thus, the local truncation error is O(h4), independently of ε. The Fitted
Mehrstellenverfahren scheme is thereby seen to be fourth-order accurate, uni-
formly in ε!
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8 The New Scheme

In order to obviate the need for f ′′i in Equation (14), the further approxi-
mation

f ′′i ≈
fi+1 − 2fi + fi−1

h2
(16)

is invoked without any loss of either formal or uniform accuracy. The resulting
new scheme

−ε· z2

2[cos z − 1]
·ui+1 − 2ui + ui−1

h2
+c·ui = fi−

ε

c
·
[
1 +

z2

2[cos z − 1]

]
·fi+1 − 2fi + fi−1

h2
.

(17)

will be referred to as the McCartin scheme in what follows.
The local truncation error of this scheme is given by

L.T.E. = − h4

240
· [ f ivi︸︷︷︸

O(1)

] +O(h6). (18)

Thus, the local truncation error is once again O(h4), independently of ε. The
McCartin scheme is likewise also seen to be fourth-order accurate, uniformly
in ε!

9 The Blended Scheme

Comparison of the principal parts of the local truncation errors of the
Fitted Mehrstellenverfahren scheme, Equation (15), and the McCartin scheme,
Equation (18), leads to the surprising conclusion that an appropriate linear
combination of these two schemes will yield a blended scheme which is formally
sixth-order accurate. Specifically,

3

5
· L.T.E.Fitted Mehrstellenverfahren +

2

5
· L.T.E.McCartin = O(h6). (19)

The resulting new scheme

−ε z2

2[cos z − 1]

ui+1 − 2ui + ui−1
h2

+cui = fi−
ε

c

[
1 +

z2

2[cos z − 1]

]
3h2f ′′i + 2(fi+1 − 2fi + fi−1)

5h2
.

(20)

will be referred to as the Blended McCartin scheme in what follows.
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10 Highly Oscillatory Test Problem

We now present the results of some numerical experiments aimed at demon-
strating the efficacy of the new schemes developed above. First, we present a
model problem for which we know the exact solution. Then, this test problem
is used to compare our schemes with those commonly used in the literature
for the highly oscillatory case. These new schemes provide greatly improved
results in all instances examined.
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Figure 2: Buildup of Oscillations (solid=u(x; ε), dashed=u0(x))

The constant coefficient two-point boundary value problem,

ε · u′′ + c · u = eαx sin (βx); u(0) = uL, u(1) = uR, (21)

where α2 + (β −
√
c/ε)2 6= 0, possesses the analytical solution determined by

the method of undetermined coefficients

u(x; ε) = c1·sin
(√

c/ε · x
)

+c2·cos
(√

c/ε · x
)

+A·eαx sin (βx)+B·eαx cos (βx),

(22)
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where

A =
c+ ε(α2 + β2)

[c+ ε(α2 − β2)]2 + [2εαβ]2
; B =

−2εαβ

[c+ ε(α2 − β2)]2 + [2εαβ]2
,

and

c1 =
uR + (B − uL) · cos

(√
c/ε
)
− eα · [A sin β +B cos β]

sin
(√

c/ε
) ; c2 = uL −B,

while the reduced problem, corresponding to ε = 0 and ignoring the boundary
conditions, has solution

u0(x) =
1

c
· eαx sin (βx). (23)

Figure 2 displays the development of the rapid oscillations as ε → 0+ for
the case of c = 1, uL = 1, uR = −1, α = 1, β = π. The dashed curve denotes
the solution to the reduced problem, Equation (23), while the solid curves
correspond to the solution of the boundary value problem, Equation (22), for
ε = 2−m (m = 8, . . . , 13). This test problem will now be used as the basis for
comparison of the methods described above.

In the maximum norm, we have [5, p. 157]

||u(x; ε)− uh(x; ε)||∞ ≤ Chp, (24)

where h := 1/N is the mesh parameter, C is the asymptotic error constant
and p is the asymptotic rate of convergence which is estimated as [5, p. 159]

p ≈ pN := log2

(
||uN/2 − u||∞
||uN − u||∞

)
. (25)

Figures 3 through 8 display, for each method, the exact (solid line) and
numerical (circles) solutions on the left with the corresponding error (dots)
on the right for ε = 2−10 and N = 128 where h = 1/N . Tables 1 through
6 contain the corresponding maximum error and convergence rate estimated
from Equation (25) for ε = 2−m (m = 8, . . . , 13) and N = 2n (n = 5, . . . , 9).

Table 1 clearly shows the formal second-order accuracy of the Central Dif-
ference scheme as h → 0 for fixed ε, although the associated matrix may be
nearly singular. However, the nonuniform nature of this convergence is evi-
denced by the growth of the errors as ε→ 0 for fixed h. This contrasts sharply
with Table 2 where the uniform second-order accuracy of the Miller scheme
for h→ 0 with fixed ε as well as ε→ 0 with fixed h is prominently displayed.

Likewise, the results of Table 3 clearly indicate the formal fourth-order ac-
curacy of the Mehrstellenverfahren scheme while those of Table 4 testify to
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the uniform fourth-order accuracy of the Fitted Mehrstellenverfahren scheme.
Table 5 reinforces the fact that the uniformity of the fourth-order conver-
gence of the McCartin scheme is not sacrificed by making the approximation
of Equation (16). Finally, the nonuniform sixth-order accuracy of the Blended
McCartin scheme is in evidence in Table 6. The erratic results for N = 512 are
almost certainly a numerical artifact due to finite-precision arithmetic which
is unsurprising since they involve errors on the order of 10−11%!

11 Conclusion

In the preceding sections, new higher-order accurate schemes for the steady,
one-dimensional, constant coefficient reaction-diffusion equation of highly os-
cillatory type have been presented. These included schemes of uniform fourth-
order and formal sixth-order accuracy. Detailed derivations as well as extensive
comparisons to existing schemes have been provided. The computational ef-
ficacy of the McCartin scheme is underscored by the fact that the maximum
error for ε = 2−13 with N = 22 is 3 × 10−5 which is the same order of mag-
nitude as the corresponding error of the Miller scheme with N = 512 thereby
indicating that only

√
N grid points need be used for comparable accuracy.

These highly oscillatory test case results provide strong numerical evidence
for the validity of the following:

Conjecture 1 (Equivalence of Uniform Consistency and Convergence)
For f(x) sufficiently smooth and u(x) defined by

L[u] := ε · u′′(x) + c · u(x)− f(x) = 0; u(0) = uL, u(1) = uR,

kth-order uniform consistency is equivalent to kth-order uniform convergence.
That is to say,

Lh[uh] = 0⇒ ||u− uh||∞ < Chk (C independent of ε)

if and only if

Lh[u] = L[u] +
∞∑
l=k

Clh
l,

where
lim
h→0

ε=h2

Cl = O(hk−l).

There are a number of directions in which this work could be extended.
For example, the derivation for a non-uniform mesh would be straightforward
but tedious. It is anticipated that this would result in the loss of one order of
formal accuracy. Unlike problems of boundary layer type, there is no obvious
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analogue of Shishkin meshes [12] for problems of highly oscillatory type. Fi-
nally, treatment of multiple spatial dimensions, transients, and nonlinearities
would each be of substantial interest. For the extension of these methods to
variable coefficient reaction-diffusion problems with rapid oscillations, see [6].
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Figure 3: Central Difference Scheme (ε = 2−10, N = 128)

ε N = 32 N = 64 N = 128 N = 256 N = 512

2−8 1.34065(−1) 3.79416(−2) 9.92390(−3) 2.51221(−3) 6.30072(−4)
n/a 1.82108 1.93480 1.98195 1.99537

2−9 2.99186(−1) 6.68054(−2) 1.64187(−2) 4.09047(−3) 1.02278(−3)
n/a 2.16301 2.02462 2.00500 1.99977

2−10 NAN 1.32070(0) 4.43979(−1) 1.22079(−1) 3.12721(−2)
n/a n/a 1.57274 1.86268 1.96487

2−11 NAN 8.54269(−1) 2.82579(−1) 7.90737(−2) 2.03110(−2)
n/a n/a 1.59604 1.83738 1.96094

2−12 2.39975(0) NAN 7.46895(−1) 2.41391(−1) 6.56982(−2)
-0.415248 n/a n/a 1.62953 1.87745

2−13 1.04768(0) NAN 1.11614(0) 2.46929(−1) 6.22063(−2)
-0.0302799 n/a n/a 2.17635 1.98896

Table 1: Central Difference Scheme: Error and Convergence Rate
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Figure 4: Miller Scheme (ε = 2−10, N = 128)

ε N = 32 N = 64 N = 128 N = 256 N = 512

2−8 5.35648(−3) 1.32579(−3) 3.30624(−4) 8.26808(−5) 2.06670(−5)
2.05873 2.01443 2.00359 1.99957 2.00022

2−9 3.62936(−3) 9.05024(−4) 2.25164(−4) 5.63194(−5) 1.40756(−5)
2.11613 2.00369 2.00698 1.99927 2.00044

2−10 5.39075(−3) 1.36067(−3) 3.28941(−4) 8.20398(−5) 2.04978(−5)
2.23798 1.98617 2.04842 2.00343 2.00085

2−11 3.86425(−3) 8.93148(−4) 2.25112(−4) 5.60123(−5) 1.39865(−5)
2.51283 2.11322 1.98826 2.00683 2.00068

2−12 3.91557(−3) 9.65919(−4) 2.32397(−4) 5.75527(−5) 1.43543(−5)
3.22573 2.01925 2.05531 2.01364 2.00340

2−13 5.74797(−3) 1.01047(−3) 2.33661(−4) 5.73184(−5) 1.43165(−5)
6.51010 2.50803 2.11254 2.02735 2.00132

Table 2: Miller Scheme: Error and Convergence Rate
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Figure 5: Mehrstellenverfahren Scheme (ε = 2−10, N = 128)

ε N = 32 N = 64 N = 128 N = 256 N = 512

2−8 6.40854(−5) 3.97240(−6) 2.47765(−7) 1.54932(−8) 9.68673(−10)
4.04854 4.01191 4.00297 3.99927 3.99948

2−9 8.85213(−5) 5.53680(−6) 3.44697(−7) 2.15612(−8) 1.34730(−9)
4.09416 3.99890 4.00565 3.99882 4.00029

2−10 2.64226(−4) 1.61366(−5) 1.01737(−6) 6.34640(−8) 3.96333(−9)
4.19145 4.03336 3.98742 4.00276 4.00115

2−11 3.76664(−4) 2.21115(−5) 1.39865(−6) 8.70862(−8) 5.43770(−9)
4.41233 4.09041 3.98269 4.00545 4.00138

2−12 7.47953(−4) 4.76881(−5) 2.89092(−6) 1.79329(−7) 1.11869(−8)
4.99626 3.97125 4.04403 4.01085 4.00273

2−13 2.09609(−3) 9.88242(−5) 5.80484(−6) 3.57377(−7) 2.23360(−8)
7.91837 4.40669 4.08954 4.02174 4.00000

Table 3: Mehrstellenverfahren Scheme: Error and Convergence Rate
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Figure 6: Fitted Mehrstellenverfahren Scheme (ε = 2−10, N = 128)

ε N = 32 N = 64 N = 128 N = 256 N = 512

2−8 2.73168(−6) 1.68555(−7) 1.05012(−8) 6.55952(−10) 4.05111(−11)
4.07489 4.01850 4.00459 4.00082 4.01720

2−9 1.78950(−6) 1.13005(−7) 7.01867(−9) 4.37986(−10) 2.72797(−11)
4.14714 3.98510 4.00905 4.00224 4.00499

2−10 2.93481(−6) 1.74417(−7) 1.07664(−8) 6.71330(−10) 4.31957(−11)
4.30440 4.07265 4.01793 4.00337 3.95806

2−11 1.98506(−6) 1.12076(−7) 7.00237(−9) 4.34889(−10) 2.72244(−11)
4.64536 4.14663 4.00049 4.00912 3.99768

2−12 2.29439(−6) 1.16471(−7) 7.32172(−9) 4.52042(−10) 2.83618(−11)
5.30102 4.30007 3.99164 4.01765 3.99444

2−13 2.91541(−6) 1.27131(−7) 7.24553(−9) 4.51802(−10) 2.81005(−11)
8.93463 4.51931 4.13308 4.00333 4.00703

Table 4: Fitted Mehrstellenverfahren Scheme: Error and Convergence Rate
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Figure 7: McCartin Scheme (ε = 2−10, N = 128)

ε N = 32 N = 64 N = 128 N = 256 N = 512

2−8 4.07001(−6) 2.52410(−7) 1.57450(−8) 9.83445(−10) 6.19282(−11)
4.04573 4.01119 4.00280 4.00091 3.98918

2−9 2.64909(−6) 1.68951(−7) 1.05194(−8) 6.56823(−10) 4.11171(−11)
4.08953 3.97082 4.00548 4.00140 3.99769

2−10 4.28840(−6) 2.59925(−7) 1.61229(−8) 1.00527(−9) 6.15232(−11)
4.18869 4.04427 4.01091 4.00346 4.03031

2−11 2.82563(−6) 1.65943(−7) 1.04696(−8) 6.51961(−10) 4.06444(−11)
4.40925 4.08981 3.98641 4.00528 4.00366

2−12 3.09674(−6) 1.70224(−7) 1.09117(−8) 6.76837(−10) 4.20353(−11)
4.80587 4.18524 3.96349 4.01092 4.00914

2−13 3.52640(−6) 1.81000(−7) 1.07285(−8) 6.75529(−10) 4.20189(−11)
7.84719 4.28413 4.07647 3.98929 4.00691

Table 5: McCartin Scheme: Error and Convergence Rate
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Figure 8: Blended McCartin Scheme (ε = 2−10, N = 128)

ε N = 32 N = 64 N = 128 N = 256 N = 512

2−8 1.09657(−8) 1.69424(−10) 2.70695(−12) 2.12275(−13) 5.17586(−13)
6.06573 6.01622 5.96783 3.67266 -1.28586

2−9 1.40637(−8) 2.22664(−10) 3.45235(−12) 6.53921(−14) 1.47868(−13)
6.12877 5.98096 6.01115 5.72232 -1.17712

2−10 4.55274(−8) 6.80468(−10) 1.06612(−11) 7.29194(−13) 1.52545(−12)
6.26922 6.06406 5.99609 3.86992 -1.06486

2−11 6.07834(−8) 8.68249(−10) 1.35962(−11) 1.86740(−13) 1.07470(−13)
6.57411 6.12942 5.99683 6.18603 0.797097

2−12 1.37937(−7) 1.79272(−9) 2.83360(−11) 4.99600(−13) 3.04201(−13)
7.15255 6.26572 5.98337 5.82572 0.715749

2−13 3.38688(−7) 3.87828(−9) 5.59226(−11) 8.71414(−13) 1.19460(−13)
10.6149 6.44840 6.11584 6.00393 2.86683

Table 6: Blended McCartin Scheme: Error and Convergence Rate
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