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Stević-Sharma Operators from Area

Nevanlinna Spaces to Bloch-Orlicz Type Spaces

Hong-bin Bai

School of Science, Sichuan University of Science and Engineering
Zigong, Sichuan, 643000, P. R. China

Copyright c© 2016 Hong-bin Bai. This article is distributed under the Creative Commons

Attribution License, which permits unrestricted use, distribution, and reproduction in any medium,

provided the original work is properly cited.

Abstract

Let D be the open unit disk in the complex plane C, H(D) the class of all
analytic functions on D and ϕ an analytic self-map of D. In order to unify the
products of composition, multiplication, and differentiation operators, Stević
and Sharma introduced the following so-called Stević-Sharma operator on
H(D):

Tψ1,ψ2,ϕf(z) = ψ1(z)f(ϕ(z)) + ψ2(z)f ′(ϕ(z)),

where ψ1, ψ2 ∈ H(D). By constructing some more suitable test functions in
the area Nevanlinna space, the boundedness and compactness of the Stević-
Sharma operator from the area Nevanlinna space to the Bloch-orlicz space
and the little Bloch-orlicz space are characterized.
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1 Introduction and preliminaries

We first present the needed spaces and facts. Let D = {z ∈ C : |z| < 1} be the open
unit disk and H(D) the class of all analytic functions on D. Let α > −1, dA(z) =
1
π
dxdy the normalized Lebesgue measure on D and dAα(z) = (α+1)(1−|z|2)αdA(z)
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the weighted Lebesgue measure on D. For α > −1 and p ≥ 1, the area Nevanlinna
space N p

α consists of all f ∈ H(D) such that

‖f‖N pα =

∫
D

[
log(1 + |f(z)|)

]p
dAα(z) <∞.

From [3], it follows that it is a Fréchet space with the translation invariant metric
given by d(f, g) = ‖f−g‖N pα . If p = 1, it becomes the weighted Bergman-Nevanlinna
space. For some results on these spaces and some concrete operators on them can
be found, for example, in [20,25,26] and the references therein.

Let Ψ be a strictly increasing convex function on [0,+∞) such that Ψ(0) = 0
and limt→+∞Ψ(t) = +∞. The Bloch-Orlicz space BΨ was introduced in [16] by
Ramos Fernández, is the class of all f ∈ H(D) such that

sup
z∈D

(1− |z|2)Ψ(λ|f ′(z)|) <∞

for some λ > 0 depending on f . The Minkowski’s functional

‖f‖Ψ = inf
{
k > 0 : SΨ

(f ′
k

)
≤ 1
}

defines a seminorm for BΨ, where

SΨ(f) = sup
z∈D

(1− |z|2)Ψ(|f(z)|).

BΨ becomes a Banach space with the norm ‖f‖BΨ
= |f(0)|+‖f‖Ψ. Ramos Fernández

in [16] proved that BΨ is isometrically equal to µΨ-Bloch space, where

µΨ(z) =
1

Ψ−1( 1
1−|z|2 )

, z ∈ D.

Hence a equivalent norm on BΨ is given by

‖f‖BΨ
= |f(0)|+ sup

z∈D
µΨ(z)|f ′(z)|.

This norm allows us to define the little Bloch-Orlicz space, denoted by BΨ,0, which
consists of all f ∈ H(D) such that

lim
|z|→1

µΨ(z)|f ′(z)| = 0.

Clearly, BΨ,0 is a closed subspace of BΨ. Bloch-Orlicz space generalizes some other
spaces. For example, if Ψ(t) = tp with p > 0, then BΨ coincides with the weighted
Bloch space Bα, where α = 1/p; if Ψ(t) = t log(1 + t), then BΨ coincides with the
Log-Bloch space (see [1]).
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Let ϕ be an analytic self-map of D and ψ ∈ H(D). The weighted composition
operator Wϕ,ψ on H(D) is defined by

Wϕ,ψf(z) = ψ(z)f(ϕ(z)), z ∈ D.

If ψ ≡ 1, it becomes the composition operator, usually denoted by Cϕ. If ϕ(z) = z,
it becomes the multiplication operator, usually denoted by Mψ. Since Wϕ,ψ =
MψCϕ, it is a product-type operator. For some studies of the weighted composition
operator between two given spaces of holomorphic functions, see, e.g., [4, 6, 22] and
the references therein. Let D be the differentiation operator on H(D), that is,

Df(z) = f ′(z), z ∈ D.

A systematic study of product-type operators started by Stević et al. since the
publication of papers [13] and [15]. Before that there were a few papers in the topic,
e.g., [7]. Recently there is a great interest in various product-type operators on
spaces of holomorphic functions. For example, the following product-type operators
from Bergman spaces to Bloch type spaces

MψCϕD, CϕMψD, MψDCϕ, CϕDMψ, DCϕMψ, DMψCϕ (1)

were studied in [19]. The product-type operators Wϕ,ψD and DWϕ,ψ, which are
included in (1) as the first and sixth operators, respectively, were considered in [8]
and [9]. For some other product-type operators, see, e.g., [11, 12, 14, 17, 18] and the
references therein.

In order to treat operators in (1) in a unified manner, Stević and Sharma intro-
duced the following so-called Stević-Sharma operator:

Tψ1,ψ2,ϕf(z) = ψ1f(ϕ(z)) + ψ2(z)f ′(ϕ(z)), f ∈ H(D). (2)

The operator was studied on weighted Bergman space in [23] and [24]. It was also
studied from Zygmund space to Bloch-Orlicz space in [10]. By using Stević-Sharma
operator all possible products of composition, multiplication, and differentiation
operators can be obtained. Moreover, all possible difference operators of product-
type operators in (1) can be expressed. More specifically we have

Mψ1CϕD −Mψ2DCϕ = T0,ψ1−ψ2ϕ′,ϕ, Mψ1CϕD − CϕMψ2D = T0,ψ1−ψ2◦ϕ,ϕ,

Mψ1CϕD − CϕDMψ2 = T−ψ′
2◦ϕ,ψ1−ψ2◦ϕ,ϕ, Mψ1CϕD −DMψ2Cϕ = T−ψ′

2,ψ1−ψ2ϕ′,ϕ,

Mψ1CϕD −DCϕMψ2 = T−ϕ′ψ′
2◦ϕ,ψ1−ϕ′ψ2◦ϕ,ϕ, Mψ1DCϕ − CϕMψ2D = T0,ψ1ϕ′−ψ2◦ϕ,ϕ,

Mψ1DCϕ − CϕDMψ2 = T−ψ′
2◦ϕ,ψ1ϕ′−ψ2◦ϕ,ϕ, Mψ1DCϕ −DMψ2Cϕ = T−ψ′

2,(ψ1−ψ2)ϕ′,ϕ,
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Mψ1DCϕ −DCϕMψ2 = T−ϕ′ψ′
2◦ϕ,ψ1ϕ′−ϕ′ψ2◦ϕ,ϕ, CϕMψ1D − CϕDMψ2 = T−ψ′

2◦ϕ,(ψ1−ψ2)◦ϕ,ϕ,

CϕMψ1D −DMψ2Cϕ = T−ψ′
2,ψ1ϕ−ψ2ϕ′,ϕ, CϕMψ1D −DCϕMψ2 = T−ϕ′ψ′

2◦ϕ,ψ1◦ϕ−ϕ′ψ2◦ϕ,ϕ,

CϕDMψ1 −DMψ2Cϕ = Tψ′
1◦ϕ−ψ′

2,ψ1◦ϕ−ψ2ϕ,ϕ, CϕDMψ1 −DCϕMψ2 = Tψ′
1◦ϕ−ϕ′ψ2◦ϕ,ψ1◦ϕ−ϕ′ψ2◦ϕ,ϕ,

DMψ1Cϕ −DCϕMψ2 = Tψ′
1−ϕ′ψ2◦ϕ,ψ1ϕ′−ϕ′ψ2◦ϕ,ϕ.

The generalized weighted composition operators Dn
ϕ,ψf = ψf (n) ◦ ϕ from area

Nevanlinna spaces to weighted-type spaces and Bloch-type spaces were studied
in [25] and [26], respectively. By constructing some more suitable test functions
in the area Nevanlinna space, in this paper we characterize the boundedness and
compactness of the Stević-Sharma operator from the area Nevanlinna space to the
Bloch-orlicz space and the little Bloch-Orlicz space. As the applications of our main
results, readers can obtain the corresponding results for all product-type operators in
(1), as well as the above all mentioned difference operators from the area Nevanlinna
space to the Bloch-orlicz space and the little Bloch-Orlicz space.

Let w ∈ D, i ∈ N0 = N ∪ {0} and the function

kw,i(z) =
(1− |w|2)

α+2
p

+i

(1− wz)
2(α+2)

p
+i
, z ∈ D.

By Lemma 4.2.2 in [27], we have∫
D
|kw,i(z)|pdAα(z) <∞. (3)

The following result provides some suitable test functions, which plays an im-
portant role in the proofs of our main results (see [2]).

Lemma 1 Let w ∈ D. Then the following function is in N p
α

fw(z) =
2∑
i=0

aikw,i(z) exp
2∑
i=0

bikw,i(z), z ∈ D,

where a0, a1, a2, b0, b1 and b2 are arbitrary constants.
In order to characterize the compactness of the Stević-Sharma operator, we need

the following result whose proof is similar to that of Proposition 3.11 in [5], so we
omit.

Lemma 2 Let ϕ be an analytic self-map of D and ψ1, ψ2 ∈ H(D). Then the bounded
operator Tψ1,ψ2,ϕ : N p

α → BΨ is compact if and only if for every bounded sequence



Stević-Sharma operators 2395

{fj} in N p
α such that fj → 0 uniformly on every compact subset of D as j →∞, it

follows that
lim
j→∞
‖Tψ1,ψ2,ϕfj‖BΨ

= 0.

The following useful result can be found in [26].

Lemma 3 For each k ∈ N0, there exists a positive constant Ck = C(α, p, k) inde-
pendent of f ∈ N p

α and z ∈ D such that

|f (k)(z)| ≤ 1

(1− |z|2)k
exp

Ck‖f‖N pα
(1− |z|2)

α+2
p

.

Since the Young’s function implies lim|z|→1 µΨ(z) = 0, we have the next lemma
which is a special case, for example, of Lemma 5 in [21].

Lemma 4 A nonempty closed set K in BΨ,0 is compact if and only if it is bounded
and satisfies

lim
|z|→1

sup
f∈K

µΨ(z)|f ′(z)| = 0.

Let X be a topological vector space whose topology is given by the translation
invariant metric dX and Y a Banach space. A linear operator L : X → Y is
metrically bounded if there exists a positive constant K such that

dY (Lf, 0) ≤ KdX(f, 0)

for all f ∈ X. The operator L : X → Y is metrically compact if it maps bounded
sets into relatively compact sets.

In this paper, an operator is bounded (respectively, compact), if it is metrically
bounded (respectively, metrically compact). Constants are denoted by C, they are
positive and may differ from one occurrence to the next.

2 Boundedness and compactness of Tψ1,ψ2,ϕ : N p
α →

BΨ(BΨ,0)

For the convenience, write a = (α + 2)/p. Now we formulate and prove our main
results.

Theorem 1 Let ϕ be an analytic self-map of D and ψ1, ψ2 ∈ H(D). Then the
following statements are equivalent.

(a) The operator Tψ1,ψ2,ϕ : N p
α → BΨ is bounded.

(b) The operator Tψ1,ψ2,ϕ : N p
α → BΨ is compact.
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(c) For all c > 0, the functions ψ1, ψ2, and ϕ satisfy the following conditions:

I0 := sup
z∈D

µΨ(z)|ψ′1(z)| <∞,

I1 := sup
z∈D

µΨ(z)|ψ1(z)ϕ′(z) + ψ′2(z)| <∞,

I2 := sup
z∈D

µΨ(z)|ψ2(z)||ϕ′(z)| <∞,

lim
|ϕ(z)|→1

µΨ(z)|ψ′1(z)| exp
c

(1− |ϕ(z)|2)a
= 0,

lim
|ϕ(z)|→1

µΨ(z)|ψ1(z)ϕ′(z) + ψ′2(z)|
1− |ϕ(z)|2

exp
c

(1− |ϕ(z)|2)a
= 0,

and

lim
|ϕ(z)|→1

µΨ(z)|ψ2(z)||ϕ′(z)|
(1− |ϕ(z)|2)2

exp
c

(1− |ϕ(z)|2)a
= 0.

Proof. (a) ⇒ (c). Taking h0(z) ≡ 1 ∈ N p
α and h1(z) = z ∈ N p

α , respectively, we
have

I0 = sup
z∈D

µΨ(z)|ψ′1(z)| ≤ ‖Tψ1,ψ2,ϕh0‖BΨ
≤ C‖Tψ1,ψ2,ϕ‖ <∞, (4)

and

sup
z∈D

µΨ(z)
∣∣ψ′1(z)ϕ(z) + ψ1(z)ϕ′(z) + ψ′2(z)

∣∣ ≤ ‖Tψ1,ψ2,ϕh1‖BΨ
≤ C‖Tψ1,ψ2,ϕ‖ <∞.

(5)

From (4), (5), the fact ‖ϕ‖∞ ≤ 1 and the triangle inequality, we obtain

I1 = sup
z∈D

µΨ(z)
∣∣ψ1(z)ϕ′(z) + ψ′2(z)

∣∣ <∞. (6)

Employing the boundedness of Tψ1,ψ2,ϕ : N p
α → BΨ to the function h2(z) = z2 ∈ N p

α

gives

sup
z∈D

µΨ(z)
∣∣ψ′1(z)(ϕ(z))2 + 2

(
ψ1(z)ϕ′(z) + ψ′2(z)

)
ϕ(z) + 2ψ2(z)ϕ′(z)

∣∣ ≤ C‖Tψ1,ψ2,ϕ‖.

(7)
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Hence, from (6), (7), the fact ‖ϕ2‖∞ ≤ 1 and the triangle inequality, it follows that

I2 = sup
z∈D

µΨ(z)|ψ2(z)||ϕ′(z)| <∞.

Let w ∈ D, c > 0 and

f(z) = exp c
[
b0kϕ(w),0(z) + b1kϕ(w),1(z)

]
, z ∈ D,

where b0 = 2a + 1 and b1 = −2a. Then from Lemma 1 we see that f ∈ N p
α .

Moreover, by a calculation we have

f ′(ϕ(w)) = 0 and f ′′(ϕ(w)) =
b0b1c ϕ(w)

2

(1− |ϕ(w)|2)a+2
exp

c

(1− |ϕ(w)|2)a
. (8)

By (8), we obtain

µΨ(w)
∣∣ψ′1(w) +

b0b1c ϕ(w)
2
ψ2(w)ϕ′(w)

(1− |ϕ(w)|2)a+2

∣∣ exp
c

(1− |ϕ(w)|2)a
≤ C

∥∥Tψ1,ψ2,ϕ

∥∥. (9)

Let w ∈ D, c > 0 and

g(z) = exp
(
c

2∑
i=0

bikϕ(w),i(z)
)
, z ∈ D,

where b0 = (a+ 1)(2a+ 1), b1 = −4a(a+ 1) and b2 = a(2a+ 1). Then from Lemma
1, we see that g(z) ∈ N p

α and

g(ϕ(w)) = exp
c

(1− |ϕ(w)|2)a
, g′(ϕ(w)) = 0 and g′′(ϕ(w)) = 0.

From this it follows that

µΨ(w)|ψ′1(w)| exp
c

(1− |ϕ(w)|2)a
= µΨ(w)

∣∣(Tψ1,ψ2,ϕg
)′

(w)
∣∣ ≤ C‖Tψ1,ψ2,ϕ‖. (10)

From (9), (10) and the triangle inequality, we get

µΨ(w)|ϕ(w)|2|ψ2(w)||ϕ′(w)|
(1− |ϕ(w)|2)a+2

exp
c

(1− |ϕ(w)|2)a
≤ C

∥∥Tψ1,ψ2,ϕ

∥∥,
and then

µΨ(w)|ϕ(w)|2|ψ2(w)||ϕ′(w)|
(1− |ϕ(w)|2)2

exp
c

(1− |ϕ(w)|2)a
≤ C(1− |ϕ(w)|2)a. (11)
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Taking the limit in (11) as |ϕ(w)| → 1 gives

lim
|ϕ(w)|→1

µΨ(w)|ψ2(w)||ϕ′(w)|
(1− |ϕ(w)|2)2

exp
c

(1− |ϕ(w)|2)a
= 0.

Let w ∈ D and

h(z) =
(
a0kϕ(w),0(z) + a1kϕ(w),0(z)

)
exp

(
c

2∑
i=0

bikϕ(w),i(z)
)
, z ∈ D,

where a0 = 2a+1, a1 = −2a, b0 = (a+1)(2a+1), b1 = −4a(a+1) and b2 = a(2a+1).
Lemma 1 shows that h(z) ∈ N p

α . By a direct calculation, we obtain

h(ϕ(w)) =
1

(1− |ϕ(w)|2)a
exp

c

(1− |ϕ(w)|2)a
and h′(ϕ(w)) = h′′(ϕ(w)) = 0. (12)

Then by (12) and the boundedness of Tψ1,ψ2,ϕ : N p
α → BΨ, we have

µΨ(w)|ψ′1(w)|
(1− |ϕ(w)|2)a

exp
c

(1− |ϕ(w)|2)a
= µΨ(w)|(Tψ1,ψ2,ϕh)′(w)| ≤ C‖Tψ1,ψ2,ϕ‖. (13)

From (13), it follows that

lim
|ϕ(w)|→1

µΨ(w)|ψ′1(w)| exp
c

(1− |ϕ(w)|2)a
= 0.

Let w ∈ D and

r(z) = (2a+ 2)
2∑
i=0

aikϕ(w),i(z) exp
[
c(a+ 1)(2a+ 1)

2∑
i=0

bikϕ(w),i(z)
]
, z ∈ D,

where

a0 = 1, a1 = −2a+ 1

2a+ 2
− 1, a2 =

2a+ 1

2a+ 2
, b0 = 1, b1 =

−4a

2a+ 1
and b2 =

a

a+ 1
.

Then r(z) ∈ N p
α , and

r(ϕ(w)) = 0, r′(ϕ(w)) = − ϕ(w)

(1− |ϕ(w)|2)a+1
exp

c

(1− |ϕ(w)|2)a
and r′′(ϕ(w)) = 0.

(14)

From (14) and the boundedness of Tψ1,ψ2,ϕ : N p
α → BΨ, it follows that

µΨ(w)|ψ1(w)ϕ′(w) + ψ′2(w)|
(1− |ϕ(w)|2)a+1

exp
c

(1− |ϕ(w)|2)a
≤ C‖Tψ1,ψ2,ϕ‖. (15)
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Hence, from (15) it follows that

lim
|ϕ(w)|→1

µΨ(w)|ψ1(w)ϕ′(w) + ψ′2(w)|
1− |ϕ(w)|2

exp
c

(1− |ϕ(w)|2)a
= 0.

(c)⇒ (b). To prove that the operator Tψ1,ψ2,ϕ : N p
α → BΨ is compact, by Lemma

2 we only need to prove that, if {fi} is a sequence inN p
α such that supi∈N ‖fi‖N pα ≤M

and fi → 0 uniformly on any compact subset of D as i→∞, then

lim
i→∞
‖Tψ1,ψ2,ϕfi‖BΨ

= 0.

Notice that the conditions in (c) hold for all c > 0. Hence, for arbitrary ε > 0, there
is an η ∈ (0, 1), such that for any z ∈ K = {z ∈ D : |ϕ(z)| > η}

L1(z) := µΨ(z)|ψ′1(z)| exp
C0M

(1− |ϕ(z)|2)a
< ε, (16)

L2(z) :=
µΨ(z)

∣∣ψ1(z)ϕ′(z) + ψ′2(z)
∣∣

1− |ϕ(z)|2
exp

C1M

(1− |ϕ(z)|2)a
< ε, (17)

and

L3(z) :=
µΨ(z)|ψ2(z)||ϕ′(z)|

(1− |ϕ(z)|2)2
exp

C2M

(1− |ϕ(z)|2)a
< ε, (18)

where C0, C1 and C2 are the constants in Lemma 3. For such chosen ε and η, by
using (16)-(18), and Lemma 3, we have

sup
z∈D

µΨ(z)
∣∣(Tψ1,ψ2,ϕfi

)′
(z)
∣∣

= sup
z∈D

µΨ(z)
∣∣∣ψ′1(z)fi(ϕ(z)) +

(
ψ1(z)ϕ′(z) + ψ′2(z)

)
f ′i(ϕ(z)) + ψ2(z)ϕ′(z)f ′′i (ϕ(z))

∣∣∣
≤ sup

z∈D
µΨ(z)

(∣∣ψ′1(z)
∣∣∣∣fi(ϕ(z))

∣∣+
∣∣ψ1(z)ϕ′(z) + ψ′2(z)

∣∣∣∣f ′i(ϕ(z))
∣∣+
∣∣ψ2(z)

∣∣∣∣ϕ′(z)
∣∣∣∣f ′′i (ϕ(z))

∣∣)
≤
(

sup
z∈K

+ sup
z∈D\K

)
µΨ(z)|ψ′1(z)||fi(ϕ(z))|+

(
sup
z∈K

+ sup
z∈D\K

)
µΨ(z)

∣∣ψ1(z)ϕ′(z) + ψ′2(z)
∣∣∣∣f ′i(ϕ(z))

∣∣
+
(

sup
z∈K

+ sup
z∈D\K

)
µΨ(z)|ψ2(z)||ϕ′(z)||f ′′i (ϕ(z))|

≤ 3ε+ I0 sup
|z|≤η
|fi(z)|+ I1 sup

|z|≤η
|f ′i(z)|+ I2 sup

|z|≤η
|f ′′i (z)|. (19)

Since fi → 0 uniformly on compact subsets of D as i → ∞ implies that for each
k ∈ N, f

(k)
i → 0 uniformly on compact subsets of D as i→∞, from (19) we get

lim
i→∞

sup
z∈D

µΨ(z)
∣∣(Tψ1,ψ2,ϕfi)

′(z)
∣∣ = 0.
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It is clear that

lim
i→∞

∣∣(Tψ1,ψ2,ϕfi)(0)
∣∣ = 0. (20)

From (19) and (20) we obtain

lim
i→∞
‖Tψ1,ψ2,ϕfi‖BΨ

= 0. (21)

From (21) and Lemma 2, it follows that the operator Tψ1,ψ2,ϕ : N p
α → BΨ is compact.

(b)⇒ (a). This implication is obvious.

Next we consider the boundedness and compactness of Tψ1,ψ2,ϕ : N p
α → BΨ,0.

Theorem 2 Let ϕ be an analytic self-map of D and ψ1, ψ2 ∈ H(D). Then the
following statements are equivalent.

(a) The operator Tψ1,ψ2,ϕ : N p
α → BΨ,0 is bounded.

(b) The operator Tψ1,ψ2,ϕ : N p
α → BΨ,0 is compact.

(c) For all c > 0, the functions ψ1, ψ2 and ϕ satisfy ψ1 ∈ BΨ,0,

lim
|z|→1

µΨ(z)|ψ′1(z)| exp
c

(1− |ϕ(z)|2)a
= 0, (22)

lim
|z|→1

µΨ(z)|ψ1(z)ϕ′(z) + ψ′2(z)| = 0, (23)

lim
|z|→1

µΨ(z)
∣∣ψ1(z)ϕ′(z) + ψ′2(z)

∣∣
1− |ϕ(z)|2

exp
c

(1− |ϕ(z)|2)a
= 0, (24)

lim
|z|→1

µΨ(z)|ψ2(z)||ϕ′(z)| = 0, (25)

and

lim
|z|→1

µΨ(z)|ψ2(z)||ϕ′(z)|
(1− |ϕ(z)|2)2

exp
c

(1− |ϕ(z)|2)a
= 0. (26)

Proof. (a) ⇒ (c). By the boundedness of the operator Tψ1,ψ2,ϕ : N p
α → BΨ,0, we

have ψ1 = Tψ1,ψ2,ϕh0 ∈ BΨ,0, where h0(z) ≡ 1.
Now we prove (22). If ‖ϕ‖∞ < 1, then by ψ1 ∈ BΨ,0 we have

µΨ(z)|ψ′1(z)| log
c

(1− |ϕ(z)|2)a
≤ µΨ(z)|ψ′1(z)| log

c

(1− ‖ϕ‖2)a
→ 0 as |z| → 1,
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hence we obtain (22) in this case.
Assume now that ‖ϕ‖∞ = 1. Since the boundedness of Tψ1,ψ2,ϕ : N p

α → BΨ,0

implies that the operator Tψ1,ψ2,ϕ : N p
α → BΨ is bounded, by Theorem 1 the operator

Tψ1,ψ2,ϕ : N p
α → BΨ is compact. Then for every ε > 0, there exists an η ∈ (0, 1) such

that

µΨ(z)|ψ′1(z)| log
c

(1− |ϕ(z)|2)a
< ε, (27)

when η < |ϕ(z)| < 1. For such a chosen ε, by the fact ψ1 ∈ BΨ,0, there exists a
σ ∈ (0, 1) such that

µΨ(z)|ψ′1(z)| < ε

log c
(1−η2)a

, (28)

when σ < |z| < 1. So, if σ < |z| < 1 and |ϕ(z)| ≤ η, then (22) follows from (28). If
σ < |z| < 1 and η < |ϕ(z)| < 1, then (22) follows from (27).

We prove (23). Take h1(z) = z ∈ N p
α . Then Tψ1,ψ2,ϕh1 ∈ BΨ,0. Hence we have

µΨ(z)|ψ1(z)ϕ′(z) + ψ′2(z)| = µΨ(z)
∣∣ψ′1(z)ϕ(z) + ψ1(z)ϕ′(z) + ψ′2(z)− ψ′1(z)ϕ(z)

∣∣
≤ µΨ(z)

∣∣ψ′1(z)ϕ(z) + ψ1(z)ϕ′(z) + ψ′2(z)
∣∣+ µΨ(z)|ψ′1(z)||ϕ(z)|

≤ µΨ(z)|(Tψ1,ψ2,ϕh1)′(z)|+ µΨ(z)|(Tψ1,ψ2,ϕh0)′(z)|. (29)

From (29), and the facts ψ1 ∈ BΨ,0 and Tψ1,ψ2,ϕh1 ∈ BΨ,0, it follows that

lim
|z|→1

µΨ(z)|ψ1(z)ϕ′(z) + ψ′2(z)| = 0.

We can prove (24) similarly to (22), hence we omit.
Next we prove (25). Take h2(z) = z2 ∈ N p

α . The boundedness of Tψ1,ψ2,ϕ : N p
α →

BΨ shows Tψ1,ψ2,ϕh(z) ∈ BΨ,0. Then (25) follows from the facts ψ1 ∈ BΨ,0, (24) and
a direct computation. We can similarly prove (26), hence we omit it.

(c) ⇒ (b). Taking the supremum over all f in the unit ball BN pα of N p
α in the

inequality

µΨ(z)|(Tψ1,ψ2,ϕf)′(z)|
= µΨ(z)

∣∣ψ′1(z)f(ϕ(z)) +
(
ψ1(z)ϕ′(z) + ψ′2(z)

)
f ′(ϕ(z)) + ψ2(z)ϕ′(z)f ′′(ϕ(z))

∣∣
≤ µΨ(z)|ψ′1(z)| exp

C0

(1− |ϕ(z)|2)a
+
µΨ(z)|ψ1(z)ϕ′(z) + ψ′2(z)|

1− |ϕ(z)|2
exp

C1

(1− |ϕ(z)|2)a

+
µΨ(z)|ψ2(z)||ϕ′(z)|

(1− |ϕ(z)|2)2
exp

C2

(1− |ϕ(z)|2)a

)
and using (22), (24) and (26), we get

lim
|z|→1

sup
f∈BNp

α

µΨ(z)|(Tψ1,ψ2,ϕf)′(z)| = 0,

from which by Lemma 4 the compactness of Tψ1,ψ2,ϕ : N p
α → BΨ,0 follows, as desired.

(b)⇒ (a). This implication is obvious.
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