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Abstract

The article assumes that there are closely located terminals of sev-
eral companies. Each company provides transportation and storage of
goods. If a terminal of some company is crowded, then the company can
rent a storage space in a terminal of another company. If a terminal of
some company is not loaded, then the part of the premises may be leased
to another company. If there is demand for a product that cannot be
met in view of its absence from the terminal, the company can purchase
goods at the other terminal and to transfer it to your terminal.Rental
of the terminal to another company and the transportation of goods
from one terminal to another require additional costs. It is desirable to
anticipate the need for the rental of the premises of another company,
as the organization of rent and transportation of goods require some
additional time and financial resources. Therefore, it is necessary long-
term planning of financial resources in order to provide additional costs.
A cargo flow is stochastic in nature and is not fully known in advance.
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In the paper two terminals maintenance problems in the framework of
a simplified mathematical model are discussed. The dynamics of the
boot process of the terminal is determined by the stochastic equation
with control variables. The probabilistic approaches to the problem of
the optimal control with the purpose to ensure acceptable conditions
for functioning of the terminal are formulated.

Mathematics Subject Classification: 60P20

Keywords: Terminal, the Bernoulli Scheme, Convolution of Distributions

1 Introduction

In recent years an interest to difficult formalized applied problems in the the-
ory of management is increased. Often a formalization of such problems is
probabilistic in nature. We mention a few publications of such areas in recent
time [1 - 9]. Assume that the same type of terminals of several companies are
located in relative proximity to each other. Each company provides trans-
portation and storage of cargoes. If the terminal is crowded then the company
can rent the part of a terminal of another company for storage of anew in-
coming cargoes, on the contrary, if the terminal is not enough loaded then the
part of the storage space can be rented to another company. In addition if
there is a demand on goods then the company can purchase some goods from
another company and transpose purchased goods from the terminal of another
company to yourself terminal. By renting of a part of the terminal of another
company and transporting goods with one terminal to another terminal require
additional expenditures. Therefore, it is desirable for each company to foresee
the need to rent the part of the premises of another company or the need for
procurement of some goods from another company and the subsequent trans-
portation of this product to yourself terminal. Consequently, it is necessary
long-term planning of terminal operations and backup of financial resources to
ensure the additional costs and therefore in this case in general the cargo flow
has a stochastic nature and not fully known in advance. By specifying a prob-
abilistic model of cargo flows each company has the opportunity to evaluate
a probability of occurrence of situations when you need to rent or purchase
goods at the other terminal. The considered problem is close to problems of
inventory management [10-12] but has some peculiarities in terms of setting
goals, about which are above mentioned.
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2 Preliminary Notes

Consider two terminal planning problems in the framework of a simplified
mathematical model. In the first problem it is assumed that the terminal
operates only as a cargo storage. In the second problem it is assumed that in
addition to an incoming flow of goods, there is an outgoing flow.

Problem 1. Let xt be a volume of cargoes at the terminal in the period of
time t. For example the period of time may be a day, a week or any other time
period. For the current time period t a new cargo a volume of which is equal
to ξt, can come in the terminal. Let δt be a random variable, which takes two
possible values 1 and 0. The event {δt = 1} means that at the time period t
the terminal is received the cargo, on the contrary the event {δt = 0} means
that the cargo was not. Assume that in conditions of Problem 1 the dynamics
of functioning of the terminal can be described by the next difference equation

xt+1 = xt + ξt · δt (1)

where non-negative random variables ξt are assumed to be mutually indepen-
dent and identically distributed. Random variables δt are also assumed to be
mutually independent and identically distributed, herewith random variables
ξt and δt are mutually independent between them, moreover, the random vari-
ables δt obey the Bernoulli distribution:

P{δt = 1} = p, P{δt = 0} = q = 1− p.
In the framework of this formalism naturally a new problem arises. For some
period of time it can take place the overflow of the terminal which would entail
unwanted additional costs associated with renting of the part of the terminal
of other companies and transportation of goods to rented terminals. Let a
constant β be given, and if the following inequality

xt > β (2)

holds then there is a threat of the company’s terminal overflow under some
t. Introduce a control ut in equation (1). The meaning of the entered con-
trol is that some amount of cargoes can be transported from this terminal
to the rented terminal. Of interest is the problem of choosing of a program
control at some time interval [1, n], that is, for some number of time periods
t = 1, 2, . . . , n. The choice of the program control is a decision-making work
plan of the terminal for n periods and allows us to estimate the expected costs
connected with organization of the cargo transportation. Of course, in reality
the control will be different and be based on a real workload of the terminal,
but the chosen program control allows to estimate the expected the costs for
organizing of additional transportation of cargoes between terminals for the ra-
tional distribution of loading of warehouses. Taking into account the program
control, equation (1) takes the following form xt+1 = xt+ut+ξt ·δt. We assume
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that an exogenous allowable probability γ of the fulfillment of inequality (2)
is given. If at some time t + 1 the probability the fulfillment of inequality
(2) is greater than γ,then it is necessary to transfer some part of cargoes to a
specially rented terminal. That is, if P{xt+1 > β} > γ, then the control during
the period of time t takes the value ut = −d, otherwise, if P{xt+1 > β} ≤ γ,
then ut = 0. Constant d > 0 can be chosen based on technological conditions
of functioning of the terminal.

Problem 2. Let xt be a volume of cargoes in the terminal at time t. The
time period can mean, for example, a day, a week or some other period of time.
For the current time period t the terminal can enter a new cargo, the volume
of which is equal to ξt. Let δ

(1)
t be a random variable that takes two possible

values 1 and 0. The event {δ(1)t = 1} means that at the time period t the cargo

is received on the terminal, the event {δ(1)t = 0} on the contrary, means that
there was no cargo. In addition for the current time period t with the terminal
cargo the volume of which is equal to ηt may be exported. Let δ

(2)
t be a random

variable that takes two possible values 1 and 0. The event {δ(2)t = 1} means
that at the time period t the cargo was removed from the terminal, the event
{δ(2)t = 0} on the contrary, means that there was no removal of the cargo.
Assume that the dynamics of the functioning of the terminal in Problem 2 can
be described by the difference equation

xt+1 = xt + ξt · δ(1)t − ηt · δ
(2)
t (3)

where non-negative random variables ξt are assumed to be mutually inde-
pendent and identically distributed, random variables δ

(1)
t are also assumed

to be mutually independent and identically distributed, herewith random the
variables ξt and δ

(1)
t are mutually independent of each other, in addition, the

random variables δt(1) obey the Bernoulli distribution:
P{δ(1)t = 1} = p1, P{δ(1)t = 0} = q1 = 1− p1,

non-negative random variables ηt are assumed to be mutually independent and
identically distributed, random variables δ

(2)
t are also assumed to be mutually

independent and identically distributed, herewith the random variables ηt and
δ
(2)
t are mutually independent of each other, in addition, the random variables

δ
(2)
t obey the Bernoulli distribution:

P{δ(2)t = 1} = p2, P{δ(2)t = 0} = q2 = 1− p2,
the random variables ξt, ηt, δ

(1)
t , δ

(2)
t are mutually independent among them-

selves. On the right side of equation (3) it can occur negative values which will
be interpreted as follows. A negative value in the right side of (3) means that
for meeting customer demand the company has to buy such quantity of goods
at a terminal of the another company and put this amount of goods to buyers.
In the framework of the considered formalism naturally the following problem
raises. For some period of time it may occur or the overflow of the terminal,
which would entail additional costs associated with renting of the terminal of
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another company and transportation of part of the goods to the rented ter-
minal, or a shortage of product to meet customer demand, which, in its turn,
will entail the need to buy corresponding product on the terminal of another
company. We assume that constants α and β, are given. The fulfillment of
the inequality (2) for any t means a threat overflow terminal. The fulfillment
of the inequality

xt < α (4)

means a threat of shortage of goods for meeting customer demands. Introduce
in equation (3) a control ut. The meaning of the entered control is that some
cargo can be transported with this terminal to the rented terminal, or, con-
versely, can be brought the goods with the terminal of another company. A
problem of choosing a certain program control for a certain time interval [1, n]
is of interest, that is, for a number of periods time t = 1, 2, ..., n. Choosing
of some program control is a directive work plan of the terminal with n time
periods for Problem 2. Of course, in reality, the control will be different and
be based on the real workload of the terminal, but a chosen program control
allows to estimate expected costs for organizing of transportation of goods be-
tween terminals. With regard to introduction of the program control, equation
(3) will have the following form xt+1 = xt +ut +ξt ·δ(1)t −ηt ·δ

(2)
t . As in Problem

1 we assume that an allowable exogenous probability of γ of inequality (2) or
(4) is given if at some time t + 1 the probability of performing of (2) or (4)
is greater than γ, then it is necessary to bring some part of the cargo to the
specially rented terminal or on the contrary to bring some part of the cargo
from the terminal of another company to this terminal, that is, provided

P{(xt+1 < α) ∪ (xt+1 > β)} > γ,
control in time period t takes the value ut = −d, or ut = d. Otherwise, if

P{(xt+1 < α) ∪ (xt+1 > β)} ≤ γ,
then ut = 0. The constant d > 0 can be chosen based on process conditions of
functioning of the terminal.

3 Main results and discussion

Consider Problem 1. Let x0 be an initial volume of cargo at the terminal. As
follows from the statement of Problem 1, the terminal operates in a stationary
regime and we can assume that zero time corresponds to the period of works
of the terminal when last time the control action was produced, which was
in export of cargo of the volume d and x0 represents the remaining amount
of cargo on the terminal after the control action. The problem is to define
period of the next control action. It is clear that in view of the stationarity of
operating regime within the framework of Problem 1, the length of the next
control action will depend only on the probabilistic characteristics of the model
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and x0. The following statement is true.

Theorem 3.1 If all conditions of Problem 1 are fulfilled for all t = 0, 1, .., n,
then the next statement

P{xt+1 > β} =
t∑

m=0

Cm
t p

mqt−m · (1− Fm(β − x0)).

holds, where F (z) = P{ξt ≤ z} is the distribution function of a random vari-
able ξt, F2 = F ∗ F, Fm = Fm−1 ∗ F is the fold convolution of F.

Proof. Note that the process of receiving goods to the terminal complies
with the Bernoulli scheme. Also note the fact that in the presence of m suc-
cesses we have the flow goods in m periods beyond the first t periods in a
new cycle of operating terminal, but then the accumulated volume of goods in
the terminal to the period t + 1 is a sum of m mutually independent random
variables with the same function distribution F and initial amount of x0. From
here our proven statement follows. The theorem is proved.

In Theorem 3.1 a convenient expression for determining the probability
P{xt+1 > β} is obtained. It allows to find time t + 1, for which the following
inequality P{xt+1 > β} > γ holds for an exogenous probability γ for the first
time since the beginning of the cycle and thus to define the program control
in Problem 1.

Consider Problem 2. As and in Problem 1 the value x0 is an initial amount
of cargo in the terminal. From the statement of Problem 2 it is followed,
that the terminal is operating in a stationary regime, and it can be assumed
that the zero time corresponds to the period of operating terminal, when the
last time was produced the control action and x0 is the remaining amount
of goods in the terminal after the control action. The problem is to define a
program assignment of the next period of the control action. It is clear that in
view of the stationary regime of operation within the framework of Problem
2 the length of the next control action will depend only on the probabilistic
characteristics of the model and the value of x0. The following statement is
true.

Theorem 3.2 If all conditions of Problem 2 are fulfilled for t = 0, 1, 2, ..., n
then

P{(xt+1 < α) ∪ (xt+1 > β)} =

=
t∑

k=0

t∑
i=0

Ck
t · C l

t · pk1 · pl2 · qt−k
1 · qt−l

2 [Fk ∗Gl(α− x0 − 0) + 1− Fk ∗Gl(β − x0)]

where F (z) = P{ξt ≤ z} is a distribution function of a random variable ξt,
F2 = F ∗ F, Fk = Fk−1 ∗ F is k-fold convolution of the distribution function F,
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G(z) = P{−ηt ≤ z} is a distribution function of a random variable −ηt,
G2 = G ∗ G,Gl = Gl−1 ∗ G is 1- fold convolution of the distribution function
G, Fk ∗Gl(α− x0 − 0) is the left-sided limit at α− x0 for Fk ∗Gl.

Proof. Note that

xt+1 = x0 +
t∑

k=0

δ
(1)
k · ξk −

t∑
l=0

δ
(2)
l ηl.

Here there are two Bernoulli schemes and random variables which are mutually
independent. Further arguments repeat the proof of Theorem 3.1.

In Theorem 3.2 a convenient expression for determining of the probability

P{(xt+1 < α) ∪ (xt+1 > β)}

is obtained. It is allowed us to find the time period t + 1, for which for the
first time since the beginning of the cycle, the following inequality

P{(xt+1 < α) ∪ (xt+1 > β)} > γ

holds for the exogenous probability γ and thus we can define the program
control in Problem 2.

4 Conclusion

In the paper the problem of planning work of the terminal as part of the
simplified mathematical model is considered. The dynamics of the process of
loading of the terminal is set by stochastic difference equation with control.
Two problems of control are formulated, the purpose of which is to ensure the
acceptable conditions for the functioning of the terminal with given guaranteed
probability.
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