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Abstract

We derive an analytical solution of the steady state magnetic field
due to a direct current source on a two layered earth with having ex-
ponentially varying conductivity. The solution is achieved by solving
a boundary value problem in the wave number domain. The Hankel
transform is used to transform to the spatial domain. The solutions are
expressed in the form of integral expressions. The inversion process via
the use of the Newton-Raphson optimization technique is introduced for
finding the conductivity parameter of the conductivity variation. The
optimal results of our sample test converge very fast to the true values
with misfits less than 10−12 (A ·m−1).
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1 Introduction

In this paper, an analysis of the solution to a number of geophysical in-
verse problems which are generally non-unique (see Backus and Gilbert [2, 3],
Jupp and Vozoff [6], Yooyuanyong et al. [16]) is presented. The mathemati-
cal inverse problem that arises is commonly ill-posed in the sense that small
changes in the data lead to large changes in the solution. Following the method
performed by Jupp and Vozoff [6], we conduct the algorithm to explore the
conductivity for the continuous ground structure. The method uses the data
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in the form of magnetic field measurements for magnetometric(MMR) survey
methods. The simplified inverse problem is to find the conductivity profile of
the ground that best fit the observed data.

The magnetometric resistivity method has recently become an additional
electrical prospecting technique used for finding mineral resources. Many au-
thors have investigated the nature of the resistivity response resulting from a
direct current source on a heterogeneous ground whose electrical conductivity
varies exponentially with depth. Edwards [9] concentrated upon estimating
the ratio of the magnetic fields below and above a known conductive layer to
infer the basement resistivity. Chen and Oldenburg [5] derived the magnetic
field directly from solving a boundary value problems which was similar to the
approach used by Edward [9]. Yooyuanyong and Sripanya [10, 12] derived the
solutions for the problems of a heterogeneous layer whose conductivity varies
exponentially with depth, denoted by σ(z) = αeβz, where α and β are the pa-
rameters that define the conductivity profile. Sripanya and Yooyuanyong [14]
derived an analytical solution of steady state magnetic field due to a direct
current source on a multilayered earth with a layer having exponentially vary-
ing conductivity. An inverse problem via the use of the Levenberg-Marquardt
optimization technique was conducted to find the conductivity parameters of
the ground. Sripanya [15] derived an analytical solution of the steady state
magnetic field due to a direct current semi-infinite source on a multilayered
earth with a layer having exponentially varying conductivity. The Levenberg-
Marquardt optimization technique is used for finding the conductivity param-
eters of the ground profile.

In this paper, turning to our companion paper [11], the inversion process,
using the Newton-Raphson method, is conducted to estimate the parameter
of the conductivity variation.

2 Analysis of the Inverse Problem

The p data values d1, d2, . . . , dp corresponding to p sample points, or instru-
ment reading, are written as the vector

~d = [d1, d2, d3, . . . , dp]
T .

In our example, for the MMT data di, i = 1, 2, 3, . . . , p are the magnetic fields
at the source-receiver spacing. The restricted earth models are determined by
q free parameters, which we write as the vector

~x = [x1, x2, x3, . . . , xq]
T .
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In our example, the investigated parameter is the conductivity profile of the
ground. The forward problem generates a set of model data for each setting
of x. This is denoted as a vector function by

~g(~x) = [g1(~x), g2(~x), g3(~x), . . . , gq(~x)]T .

Here, ~g(~x) is the value predicted by the model and corresponds to the obser-

vation ~d. The inverse problem determines values of ~x such that ~g(~x) matches ~d
in some sense, which in this paper, is the minimum of the sum of square error
between model and data:

F (~x) = min

p∑
i=1

(di − gi)2 .

3 Inversion Process

Iterative method is a common tool for practical inversion. The iterative
method successively improves a current model until the error measure is small
and the parameters are stable with respect to reasonable changes in the model.
Following the method discussed by Jupp and Vozoff [6], we expand ~g(~x) about
~x in a Taylor series expansion

~g(~x+ δ~x) = ~g(~x) + ~Jδ~x+ ~R(~g, δ~x),

where ~J = |∂gi
∂xi
| is the Jacobian matrix of the vector function ~g(~x), δ~x is the

vector of small change of the investigated parameters, i = 1, 2, 3, . . . , p and
j = 1, 2, 3, . . . , q. The remainder term ~R depends on ~g(~x). If ~g(~x) is a linear
function, then is exactly zero and

~g(~x+ δ~x) = ~g(~x) + ~Jδ~x.

An amount of δ~x can be calculated by solving the linear least-squares problem

min‖~ε− ~Jδ~x‖,

where ~ε = ~d− ~g. In matrix form, we may write

~ε = ~Jδ~x,

and the vector of small change of the investigated parameter can be derived
by using the generalized Gauss method as

δ~x = ~J−1~ε.

The δ~x will be used to improve the ~x model. The matrix ~J as mention above
now can be derived for our geometric model which is layered and assumed to
be a function of depth only. The cylindrical coordinate system is used with
the positive downward to the ground.
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4 Numerical Experiments and Inversion Pro-

cess

In our inverse model examples, a geometric model consists of a two layered
earth structure which the interface between the layer is a plane parallel to the
ground surface. For the first layer, the conductivity of overburden is denoted

by σ1 (z) = σ0e
−b(z−l)2/2, 0 ≤ z ≤ h, where b is constant, l is positive which is

used to locate the peak of the bulge, h is the thickness of overburden and σ0 is
positive constant. The second layer, the conductivity of host medium, z > h ,
is constant and is given by σ2 (z) = σ0 as shown in Figure 1.

Figure 1: Geometric model for 2-layered earth

We simulate array data of magnetic field from our forward model of practical
interest. Random errors up to 3% to simulate the set of real data of the mag-
netic field. Chave’s algorithm is used for numerically calculating the inverse
Hankel transform of magnetic field solutions [1]. The special function is com-
puted by using the Numerical Recipes source codes [13]. The electric current
of 1 Ampere is used in our computations. The Newton-Raphson method in
optimization is applied to find a conductivity parameter of the ground.

4.1 Sample test 1

The values of the model parameters are given in Table 1. The parameter l
is a vertical location of the peak of the bulge for the model structure, which
assumed to be our sample test. This implies that the example model has
only one unknown parameter, namely, b. The iterative procedure using the
Newton-Raphson method [13] is applied to estimate the model parameter b of
conductivity variation. We start the iterative process to find the values of the
conductivity parameter with an initial guess b = 0.05 m−2 and z = 5 m. The
optimal results are close to the true values with misfits less than 10−12A ·m−1

after using 3 iterations only (see Table 2).
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Table 1: Model parameters used in our sample test.

Parameter
z (m) h (m) l (m) b (m−2)

5 5 2 0.005

Table 2: Successive iterations for finding a conductivity parameter of the model
in our sample test.

Iteration Parameter b (m−2) Misfit (A ·m−1)
0 5.000000000000000 ×10−2 4.112837183222289 ×10−2

1 1.199810840189358 ×10−4 4.522401944826133 ×10−3

2 4.946807268417725 ×10−3 4.604121343772035 ×10−7

3 4.999993634207877 ×10−3 9.856162440966542 ×10−14

Figure 2: Curve of misfit versus number of iterations for the model in our
sample test.

4.2 Sample test 2

The values of the model parameters in sample test 2 are given in Table
3. The parameter l is a vertical location of the peak of the bulge for the
model structure, which assumed to be sample test. This implies that the
example model has only one unknown parameter, namely, b. The iterative
procedure using the Newton-Raphson method [13] is applied to estimate the
model parameter b of conductivity variation. We start the iterative process to
find the values of the conductivity parameter with an initial guess b = 0.001
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m−2 and z = 9 m. The optimal results are close to the true values with misfits
less than 10−12A ·m−1 after using 3 iterations only (see Table 4).

Table 3: Model parameters used in our sample test.

Parameter
z (m) h (m) l (m) b (m−2)

9 10 3 0.005

Table 4: Successive iterations for finding a conductivity parameter of the model
in our sample test.

Iteration Parameter b (m−2) Misfit (A ·m−1)
0 1.000000000000000 ×10−3 1.076607080445002
1 4.859394677155237 ×10−3 1.860801957086126 ×10−3

2 4.999822221300105 ×10−3 8.327158158304522 ×10−4

3 4.999999999715553 ×10−3 8.008851187765219 ×10−4

4 5.000000000000000 ×10−3 1.453334306050941 ×10−13

Figure 3: Curve of misfit versus number of iterations for the model in our
sample test.

5 Discussions and Conclusions

The inverse problem via the use of an optimization technique is introduced
for finding a conductivity parameter of the ground. The forward model used
in this paper is our companion paper [11]. The iterative procedure using the
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Newton-Raphson method is applied to estimate the model parameter of con-
ductivity variation. The optimal results of our sample tests converge very fast
to the true values with misfits less than 10−12 (A ·m−1) after using only 3 itera-
tions. These illustrate the advantage in using Newton-Raphson method which
gives the convergence much faster than using another methods of inversion
(e.g., Oldenburg [4], Vozoff and Jupp [7]).
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