
Applied Mathematical Sciences, Vol. 10, 2016, no. 33, 1643 - 1652
HIKARI Ltd, www.m-hikari.com

http://dx.doi.org/10.12988/ams.2016.6383

Discrete-Time Finite-Horizon Optimal ALM Problem

with Regime-Switching for DB Pension Plan

Wanderlei Lima de Paulo

Faculty of Campo Limpo Paulista, Campo Limpo Paulista (SP), Brazil

Oswaldo Luiz do Valle Costa

Department of Telecommunications Engineering and Control
University of São Paulo, São Paulo (SP), Brazil

Fabio Schenberg Frascino

College of Economics, Business and Accounting
University of São Paulo, São Paulo (SP), Brazil

Copyright c© 2016 Wanderlei Lima de Paulo et al. This article is distributed under the

Creative Commons Attribution License, which permits unrestricted use, distribution, and

reproduction in any medium, provided the original work is properly cited.

Abstract

In this paper we consider a discrete-time finite-horizon asset liabi-
lity management problem for defined benefit pension plan in a regime-
switching economy. The performance criterion function consists of qua-
dratic and linear terms, representing the solvency and contribution risks,
and the under-funding and over-contribution risks, respectively. We
obtain the optimal solution from a discrete-time Markovian jump linear
quadratic control problem, which depends on the regime of the market
over the investment planning horizon. This solution approach provides
a numerically easy and ready to use formulation.
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1 Introduction

Pension funds play an important role in the financial markets and the eco-
nomy in general, because of their high investment capacity and the fact they
complement public pension improving income stability at retirement, so that
the study of the optimum management of pension plans is a relevant issue.
Particularly, the asset liability management (ALM) has a crucial role to assure
the solvency of pension plans. In this paper we study the ALM problem applied
to defined benefit (DB) pension plans to find an optimal investment policy and
contribution that minimizes the risk of insolvency.

The optimal ALM problem for DB pension plans is widely studied in the
literature under different aspects such as market model, performance criterion
function and time horizon. Josa-Fombellida and Rincon-Zapatero [7] study
a continuous-time ALM problem where the benefit and the risky asset follow
jump diffusion processes over an infinite horizon. Hainaut [6] deals with an
ALM problem in continuous time and finite horizon with a regime-switching
economy. Chen and Hao [2] incorporate both continuous-time Markov regime-
switching and jump-diffusion in an infinite horizon. Costa and Paulo [4]
consider a multi-period ALM control problem under a discrete-time Markov
regime-switching and infinite horizon. Costa and Okimura [3] consider a multi-
period discrete-time optimal ALM problem with regime-switching under mean-
variance criterion. In this paper we consider an intertemporal ALM problem
for defined benefit pension plans with regime-switching in a discrete-time finite-
horizon framework.

Differently from Costa and Paulo [4], which consider an infinite-horizon
performance criterion function with only quadratics terms, we focus on a finite-
horizon performance criterion function with quadratic and linear terms. Based
on the work of Chang et al. [1] we also consider the solvency and contribution
risks as the quadratic terms and the under-funding and over-contribution risks
as the linear terms. The problem is formulated and solved as a discrete-time
Markovian jump linear quadratic control problem, whose optimal solution is
of a mode-dependent kind, that is, it depends on the regime of the market over
the investment planning horizon. When compared with some previous works
on the subject our approach has the advantage of providing a numerically
easy and ready to use formulation, since it is based on some closed expressions
inherent to the optimal stochastic control problems.

2 Problem formulation

We assume that the market mode is divided into N different regimes which
are described by a Markov chain, {θ(t); t = 0, 1, . . . , T − 1}, with values in
{1, . . . , N} and transition matrix P(t) = [pij(t)], where T is the investment
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planning horizon. The variable θ(t) characterizes the market mode at instant
t and establishes how the prices are expected to vary from time t to time
t+ 1. Furthermore, we consider that the market consists of n financial assets
whose prices are represented by the random vector S(t) = (S1(t) . . . Sn(t))′

and the vector of returns Rθ(t)(t) = (Rθ(t),1(t) . . . Rθ(t),n(t))′ is decomposed as

Rθ(t)(t) = ηθ(t)(t) + Σ
1/2
θ(t)(t)w

s(t), where Σi represents the covariance matrix of

the returns when the market operation mode is θ(t) = i (with i = 1, . . . , N), ηi
the vector of expected returns and ws(t) a vector of random variables with a
null mean and covariance matrix equal to the identity matrix and independent
of the Markov chain {θ(t)}. We denote for i = 1, . . . , N ,

Σi(t) =

σi,1,1(t) · · · σi,1,n(t)
...

. . .
...

σi,n,1(t) · · · σi,n,n(t)

 , ηi(t) =

ηi,1(t)...
ηi,n(t)

 , ws(t) =

w
s
1(t)
...

wsn(t)

 .

Let {B(t); t = 0, 1, . . . , T −1} be the sequence of the total benefit outgo sa-

tisfying the following recursive equation B(t+1) = (φ̄θ(t)(t)+φ̃θ(t)(t)w
φ(t))B(t),

where for each i = 1, . . . , N , φ̄i(t) ≥ 0 and φ̃i(t) ≥ 0. The sequence of ran-
dom variables {wφ(t); t = 0, 1, . . . , T − 1} are null mean independent random
variables with variance equal to 1 and are assumed to be independent of the
Markov chain {θ(t)} and {ws(t); t = 0, 1, . . . , T − 1}.

We describe now the relationship between the value of the fund (reserve
that we have), F (t), the benefit, B(t), and the contribution, C(t), consider-
ing regime-switching in the financial market as described above. Let U`(t)
denote the amount of money invested in asset `, with ` = 1, . . . , n, and FU(t)
the value of the investment portfolio associated with investment strategy U
(for simplicity we will omit the subscript U). Taking U(t) = (U1(t) U(t))′,
with U(t) = (U2(t) . . . Un(t))′, and Ri(t) = (Ri,1(t) Ri(t))

′, with Ri(t) =
(Ri,2(t) . . . Ri,n(t))′, for each i = 1, . . . , N , we have that F (t)+C(t)−B(t) =
U1(t) + U(t)′e and F (t+ 1) = (1 + Rθ(t),1(t))U1(t) + (e+ Rθ(t)(t))

′U(t), where
e is a vector of ones of suitable dimension and C(t) is the total amount of
contribution at time t. Then, we can write the following expression for the
value of the fund: F (t + 1) = (1 + Rθ(t),1(t))F (t) + (1 + Rθ(t),1(t))(C(t) −
B(t)) + Pθ(t)(t)

′U(t), with Pi(t) = Ri(t)−Ri,1(t)e.

Similar to the benefit outgo, we assume that the sequence of actuarial lia-
bility (reserve that we should have), {AL(t); t = 0, 1, . . . , T − 1}, satisfies the

following recursive equation AL(t+ 1) = (ψ̄θ(t)(t) + ψ̃θ(t)(t)w
ψ(t))AL(t), where

for each i = 1, . . . , N , ψ̄i(t) ≥ 0 and ψ̃i(t) ≥ 0. The sequence of random vari-
ables {wψ(t); t = 0, 1, . . . , T − 1} are null mean independent random variables
with variance equal to 1 and are assumed to be independent of the Markov
chain {θ(t)}, {ws(t)} and {wφ(t)}.
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Let NC(t) denote the total target contribution (normal cost) at time t.
The ALM control problem studied in this paper consists of finding the in-
vestment strategy U = (U(0), . . . ,U(T − 1)) and the optimal contribution
C = (C(0), . . . , C(T − 1)), that minimize the following performance criterion
function

J = E

{ T∑
t=0

αt
[
δθ(t)(t)

(
F (t)− AL(t)

)2
−ρθ(t)(t)

(
F (t)− AL(t)

)]}

+E

{T−1∑
t=0

αt
[
ξθ(t)(t)

(
C(t)−NC(t)

)2
+%θ(t)(t)

(
C(t)−NC(t)

)]}
, (1)

subject to

F (t+ 1) = (1 +Rθ(t),1(t))F (t) + (1 +Rθ(t),1(t))(C(t)−B(t)) + Pθ(t)(t)
′U(t),

AL(t+ 1) = (ψ̄θ(t)(t) + ψ̃θ(t)(t)w
ψ(t))AL(t),

B(t+ 1) = (φ̄θ(t)(t) + φ̃θ(t)(t)w
φ(t))B(t), (2)

where δi(t), ξi(t), ρi(t) and %i(t) are positive numbers and α = 1/(1 + r)
is a discount factor (where r is the valuation interest rate). Note that the
decision variables are given by the total contribution C(t) and by the elements
of the vector U(t) = (U2(t) . . . Un(t))′, with U1(t) = F (t) −

∑n
l=2 Ul(t).

The trade-off between the terms solvency risk (F (t) − AL(t))2, contribution
risk (C(t)−NC(t))2, under-funding risk (AL(t)−F (t)) and over-contribution
risk (C(t) − NC(t)) is balanced by the weights δi(t), ξi(t), ρi(t) and %i(t),
respectively.

3 Optimal solution

We first define x(t) = αt/2(F (t) B(t) AL(t))′, with α ∈ (0, 1), and set

Λi,`(t) =

σi,2,`(t)− σi,1,`(t)...
σi,n,`(t)− σi,1,`(t)

 , ` = 1, . . . , n,

Āi(t) = α1/2

1 + ηi,1(t) −(1 + ηi,1(t)) 0
0 ψ̄i(t) 0
0 0 φ̄i(t)

 ,

B̄i(t) = α1/2

(J ηi(t))′ 1 + ηi,1
0 0
0 0

 , J =
(
−e I

)
,
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Ãi,v(t) = α1/2

σi,1,v(t) −σi,1,v(t) 0
0 0 0
0 0 0

 , wxv (t) = wsv(t), v = 1, . . . , n,

Ãi,v(t) = α1/2

0 0 0

0 ψ̃i(t) 0

0 0 φ̃i(t)

 , wxv (t) = wφv (t) = wψv (t), v = n+ 1,

B̃i,v(t) = α1/2

Λ′i,v(t) σi,1,v(t)
0 0
0 0

 , wuv (t) = wsv(t), v = 1, . . . , n,

where e is the (n− 1)-dimensional column vector of ones and I is an identity
matrix. On a probabilistic space (Ω,P ,F), the dynamic equations (2) can be
represented by the following Markov jump linear system

x(t+ 1) =
(
Āθ(t)(t) +

n+1∑
v=1

Ãθ(t),v(t)w
x
v (t)
)
x(t)

+
(
B̄θ(t)(t) +

n∑
v=1

B̃θ(t),v(t)w
u
v (t)

)
u(t), (3)

with x(0) = x0 and θ(0) = θ0.

We now write Fτ as the σ-field generated by {(θ(t), x(t)); t = 0, . . . , τ}, and
write U(τ) = {uτ = (u(τ), . . . , u(T−1))}, where u(k) is an m-dimensional ran-
dom vector with finite second moments Fk-measurable for each k = τ, . . . , T −
1. Setting u(t) = αt/2(U(t) C(t))′ and

Qi(t) = δi(t)

 1 0 −1
0 0 0
−1 0 1

 , Mi(t) = ξi(t)

0 · · · 0
...

. . .
...

0 · · · 1


n×n

,

Li(t) = αt/2ρi(t)
(
−1 0 1

)
, Hi(t) = αt/2(%i(t)− 2ξi(t)NC(t))(0 · · · 1)1×n,

we have that minimizing the performance criterion function (1) is equivalent
to minimizing the following cost function for u0 ∈ U(0)

J(x0, θ0, u0) = E

T∑
t=0

[
x(t)′Qθ(t)x(t) + Lθ(t)(t)x(t)

]
+ E

T−1∑
t=0

[
u(k)′Mθ(t)u(t) +Hθ(t)(t)u(t)

]
. (4)

Finally, considering the expressions (3) and (4), the problem (1)-(2) can be
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formulated as follows:

J(x0, θ0) = inf
u0∈U(0)

J(x0, θ0, u0). (5)

Then, we have that solving the ALM problem (1)-(2) is equivalent to solving
the control problem (5) whose solution is derived in Costa and Paulo [7]. Using
the results presented by the authors, particularly in Theorem 2, the optimal
solution for the problem (1)-(2), with i = 1, . . . , N and k ∈ {0, . . . , T − 1}, is
given by

u∗(k) = −Ri(P(k + 1))†
(
Gi(P(k + 1))x(k) +

1

2
Hi(V(k + 1))

)
, (6)

in which the operators Ri, Gi and Hi are given by

Ri(P(k + 1)) = B̄′iEi(P(k + 1))B̄i +
n∑
v=1

B̃′i,vEi(P(k + 1))B̃i,v +Mi(t),

Gi(P(k + 1)) =
(
Ā′iEi(P(k + 1))B̄i +

n∑
v=1

Ã′i,vEi(P(k + 1))B̃i,v

)′
,

Hi(V(k + 1)) =
(
Hi(t) + Ei(V(k + 1))B̄i

)′
, with Ei(Z) =

N∑
j=1

pijZj,

where Z = (Z1, . . . , ZN) is a set of matrices. The set of matrices P(k) =
(P1(k), . . . , PN(k)) are given by the difference equations

Pi(k) = Qi(t) + Āi(k)′Ei(P(k + 1))Āi(k) +
n∑
v=1

Ãi,v(k)′Ei(P(k + 1))Ãi,v(k)

− Gi(P(k + 1))′Ri(P(k + 1))†Gi(P(k + 1)),

with k = T, T−1, . . . , 0, and terminal condition given by Pi(T ) = Qi(T ), while
the set of matrices V = (V1(k), . . . , VN(k)) are obtained from P(k) and the
difference equations

Vi(k) =
(
Li(k) + Ei(V(k + 1))Āi

)′ −Hi(V(k + 1))′Ri(P(k + 1))†Gi(P(k + 1)),

with terminal condition given by Vi(T ) = Li(T ). Since Qi(k) ≥ 0 and
Mi(k) ≥ 0, the only condition to apply the solution (6) is Hi(V(k + 1))′ =
Hi(V(k+ 1))′Ri(P(k+ 1))†Ri(P(k+ 1)). The notation X† means the Moore-
Penrose inverse of a matrix X. Note that the optimal solution (6) is of a
mode-dependent kind, that is, it depends on the mode of operation of the
market at each instant t ∈ {0, . . . , T − 1}.
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4 Numerical example

Based on the work of Liu and Chen [8], we consider three regimes to represent
the states of the market: the bull regime (i = 1), the consolidation regime
(i = 1) and the bear regime (i = 1). Transitions between these regimes are
governed by the following Markov state transition matrix

P(t) =

0.5 0.3 0.2
0.2 0.5 0.3
0.2 0.3 0.5

 ,

with t = 1, . . . , T−1. Consider an investment portfolio with 7 assets, whose the
vectors of average returns ηi and the covariance matrices Σi, for each regime
i = 1, i = 2 and i = 3, are given by

η1(t) =
(
0.1480 0.2494 0.1269 0.1173 0.1550 0.1697 0.2908

)′
,

η2(t) =
(
−0.0326 −0.0280 −0.0247 −0.0322 −0.0764 0.0026 −0.0720

)′
,

η3(t) =
(
−0.0726 −0.0893 −0.0582 −0.0653 −0.1276 −0.0343 −0.1522

)′
,

Σ1(t) =



0.0575 0.0578 0.0603 0.0550 0.0653 0.0397 0.0633
0.0578 0.0718 0.0676 0.0564 0.0663 0.0324 0.0674
0.0603 0.0676 0.0774 0.0605 0.0716 0.0338 0.0694
0.0550 0.0564 0.0605 0.0702 0.0661 0.0361 0.0573
0.0653 0.0663 0.0716 0.0661 0.0857 0.0516 0.0741
0.0397 0.0324 0.0338 0.0361 0.0516 0.0492 0.0440
0.0633 0.0674 0.0694 0.0573 0.0741 0.0440 0.0880


,

Σ2(t) =



0.0144 0.0186 0.0168 0.0116 0.0168 0.0083 0.0153
0.0186 0.0278 0.0232 0.0139 0.0222 0.0083 0.0196
0.0168 0.0232 0.0241 0.0124 0.0203 0.0072 0.0167
0.0116 0.0139 0.0124 0.0147 0.0127 0.0081 0.0131
0.0168 0.0222 0.0203 0.0127 0.0253 0.0096 0.0186
0.0083 0.0083 0.0072 0.0081 0.0096 0.0120 0.0102
0.0153 0.0196 0.0167 0.0131 0.0186 0.0102 0.0253


,

Σ3(t) =



0.0228 0.0266 0.0252 0.0199 0.0263 0.0145 0.0252
0.0266 0.0372 0.0320 0.0223 0.0314 0.0135 0.0301
0.0252 0.0320 0.0342 0.0215 0.0302 0.0125 0.0273
0.0199 0.0223 0.0215 0.0251 0.0230 0.0136 0.0221
0.0263 0.0314 0.0302 0.0230 0.0372 0.0179 0.0302
0.0145 0.0135 0.0125 0.0136 0.0179 0.0192 0.0175
0.0252 0.0301 0.0273 0.0221 0.0302 0.0175 0.0391


.

Considering an ALM problem that aims at finding an optimal investment
allocation and contribution level so that we have, on average, over-funding
(F (t) > AL(t)) and under-contribution (C(t) < NC(t)) over the time period
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[1; 30], we set the following weights δi(t) = 0.3, ξi(t) = 0.7, ρi(t) = 0.04
and %i(t) = 0.01, related to the performance criterion function (1). For the
dynamics of the benefit and the actuarial liability, described in (2), we consider

the following parameters ψ̄i(t) = φ̄i(t) = 1.03 and ψ̃i(t) = φ̃i(t) = 0.1. Finally,
we set α = 0.96, F (1) = AL(1) = 16.29, B(1) = 1 and, for simplicity, NC(t) =
1.47. The results are presented in Figure 1.

(a)

(b)

Figure 1: Evolution of the fund F , the actuarial liability AL and the contri-
bution C over the time period [1; 30].

Figure 1(a) shows a sample path of the evolution of the fund, the actua-
rial liability and the contribution (computed with Monte Carlo simulation),
considering the optimal investment strategy obtained by the solution (6) with
θ(1) = 3, while Figure 1(b) shows their respective average values using 5000
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simulations (the values have been computed from simulations of the market
return and the market regime over the time period [1; 30]). Recalling that the
goal is to find the optimal investment allocation U = (U(1), . . . ,U(T −1)) and
the contribution level C = (C(1), . . . , C(T − 1)), so that we have (on average)
over-funding and under-contribution over the time period [1;T ], we can see
from Figure 1(b) that it has been achieved. Moreover, as expected, note from
Figure 1(a) that in general we have under-contribution (over-contribution)
when over-funding (under-funding) occurs.

5 Conclusion

This paper deals with the asset liability management (ALM) problem for a de-
fined benefit pension plan in a regime-switching economy, which aims at finding
an optimal investment allocation and contribution level so that we have, on
average, over-funding and under-contribution over a time period. The market
regime process is modeled by a discrete-time Markov chain with finite states.
The problem is solved from a Markov jump linear quadratic optimal control
problem in a discrete-time and finite-horizon framework. The optimal solu-
tion is of a mode-dependent kind, that is, it depends on the mode of operation
(regime) of the market along the time. The solution approach provides a nu-
merically easy and ready to use formulation.
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