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Abstract

The objective of this paper is to establish some new generating re-
lations involving the generalized hypergeometric function and the gen-
eralized confluent hypergeometric function by mainly applying Taylor’s
theorem. Due to their very general nature, the main results can be
shown to be specialized to yield a large number of new, interesting and
useful generating relations involving the Gauss hypergeometric function
and its related functions.
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1 Introduction and Preliminaries

Generating functions play an important role in the investigation of various
useful properties of the sequences which they generate. These are used to find
certain properties and formulas for numbers and polynomials in a wide vari-
ety of research subjects, indeed, in modern combinatorics. One can refer the
extensive work of Srivastava and Manocha [13] for a systematic introduction
to, and several interesting (and useful) applications of the various methods of
obtaining linear, bilinear, bilateral or mixed multilateral generating functions
for a fairly wide variety of sequences of special functions (and polynomials)
in one, two or more variables, among much abundant literature. In this re-
gard, in fact, a remarkable large number of generating functions involving a
variety of special functions have been developed by many authors (see, e.g.,
[1, 2, 6, 8, 11, 13, 14]).

Throughout this paper, let C, Z and N be the sets of complex numbers,
integers and positive integers, respectively, and

N0 := N ∪ {0} and Z−0 := Z \ N.

Recently, Özergin et al. [9] introduced and studied some fundamental prop-

erties and characteristics of the generalized Beta type function B
(α,β)
p (x, y)

defined by (see, e.g., [9, p. 4602, Eq.(4)]; see also [8, p. 32, Chapter 4])

B(α,β)
p (x, y) =

∫ 1

0

tx−1 (1− t)y−1 1F1

(
α; β;

−p
t (1− t)

)
dt, (1)

(
<(p) ≥ 0; min{<(x),<(y),<(α),<(β)} > 0

)
,

where B
(α,β)
0 (x, y) = B (x, y) is the familiar Beta function which is defined by

and expressed in terms of the Gamma function as follows (see, e.g., [12, p. 8]):

B(α, β) =


∫ 1

0

tα−1(1− t)β−1 dt (<(α) > 0; <(β) > 0)

Γ(α) Γ(β)

Γ(α + β)

(
α, β ∈ C \ Z−0

)
,

(2)

Using the generalized Beta function (1), Özergin et al. introduced and
investigated a family of potentially useful generalized Gauss hypergeometric
functions defined as follows (see, e.g., [9, p. 4606, Section 3]; see also [8, p.
39, Chapter 4]):

F (α,β)
p (a, b; c; z) =

∞∑
n=0

(a)n
B

(α,β)
p (b+ n, c− b)
B (b, c− b)

zn

n!
(|z| < 1), (3)



Generalized Gauss hypergeometric functions 1749

(
|z| < 1; min(<(α),<(β)) > 0; <(c) > <(b) > 0; <(p) ≥ 0

)
and the generalized confluent hypergeometric function defined by

1F
(α,β;p)
1 (b; c; z) =

∞∑
n=0

B
(α,β)
p (b+ n, c− b)
B (b, c− b)

zn

n!
(4)

(
|z| < 1; min(<(α),<(β)) > 0; <(c) > <(b) > 0; <(p) ≥ 0

)
.

Indeed, in their special case when p = 0, the function F
(α,β)
p (a, b; c; z)

and 1F
(α,β;p)
1 (b; c; z) would reduce immediately to the extensively-investigated

Gauss hypergeometric function 2F1(·) and the confluent hypergeometric func-
tion 1F1(·), both of which are special cases of the well known generalized
hypergeometric series pFq(·) defined by (see, e.g., [12, Section 1.5])

pFq

[
α1, . . . , αp ;
β1, . . . , βq ;

z

]
=
∞∑
n=0

(α1)n · · · (αp)n
(β1)n · · · (βq)n

zn

n!

= pFq(α1, . . . , αp; β1, . . . , βq; z).

(5)

Here (λ)n is the Pochhammer symbol defined (for λ ∈ C) by

(λ)n :=

{
1 (n = 0)
λ(λ+ 1) . . . (λ+ n− 1) (n ∈ N)

=
Γ(λ+ n)

Γ(λ)
(λ ∈ C \ Z−0 ). (6)

We require the following concept of the Hadamard product (see [10]).

Definition 1.1. Let f (z) :=
∑∞

n=0 anz
n and g (z) :=

∑∞
n=0 bnz

n be two
power series whose radii of convergence are given by Rf and Rg, respectively.
Then their Hadamard product is the power series defined by

(f ∗ g) (z) :=
∞∑
n=0

anbnz
n,

whose radius of convergence R satisfies Rf ·Rg ≤ R.

If, in particular, one of the power series defines an entire function and the
radius of convergence of the other one is greater than 0, then the Hadamard
product series defines an entire function, too.
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Consider a function g(p) = p−λ−nξ (λ, ξ ∈ C; n ∈ N). Then it is easy to
find that the k-th derivative of φ(p) can be expressed in terms of the Gamma
functions as follows:

g(k)(p) = (−1)kp−λ−nξ−k
Γ(λ+ nξ + k)

Γ(λ+ nξ)
(k ∈ N0) . (7)

Here, in this paper, we aim to establish some (potentially) new generating
relations involving generalized Gauss hypergeometric function and generalized
confluent hypergeometric function by applying Taylor’s theorem. The main
results presented here are general enough to be able to be shown to yield a
large number of new, interesting and useful generating functions, expansion
formulas involving the hypergeometric function as their special cases.

2 Generating Functions

Here we give two generating relations involving the generalized Gauss hyper-
geometric function (3) and the generalized confluent hypergeometric function
(4) asserted, respectively, by Theorems 2.1 and 2.2.

Theorem 2.1. Let min(<(α),<(β)) > 0, <(c) > <(b) > 0, and <(p) ≥ 0.
Then the following generating relation holds true:

(1 + t)−λF (α,β)
p (a, b; c; z/(1 + t))

=
∞∑
r=0

(−1)r (λ)r F
(α,β)
p (a, b; c; z) ∗ 1F1(λ+ r;λ; z)

tr

r!

(8)

(z, λ ∈ C; (|t| < 1).

Proof. For simplicity, replace 1 + t by s and let f(s) be the left-hand side of
(8). Then we find from (3) that

f(s) =
∞∑
n=0

(a)n
B

(α,β)
p (b+ n, c− b)
B (b, c− b)

zn

n!
s−λ−n. (9)

Differentiating both sides of (9) r times with respect to s and using (6) and
(7), we have

f (r)(s) = (−1)rs−λ−r (λ)r

∞∑
n=0

(a)n
B

(α,β)
p (b+ n, c− b)
B (b, c− b)

(λ+ r)n
(λ)n

(z/s)n

n!
. (10)

Applying the Definition 1.1 to the summation in (10), we obtain

f (r)(s) = (−1)rs−λ−r (λ)r F
(α,β)
p (a, b; c; z/s) ∗ 1F1(λ+ r;λ; z/s). (11)
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Expanding f(s+ t) as the Taylor series, we have

f(s+ t) = (s+ t)−λF (α,β)
p (a, b; c; z/(s+ t)) =

∞∑
r=0

tr

r!
f (r)(s)

=
∞∑
r=0

(−t)r s−λ−r

r!
(λ)r F

(α,β)
p (a, b; c; z/s) ∗ 1F1(λ+ r;λ; z/s).

(12)

Finally setting s = 1 in (12) leads to the desired result (8).

Theorem 2.2. Let min(<(α),<(β)) > 0, <(c) > <(b) > 0, and <(p) ≥ 0.
Then the following generating relation holds true:

(1 + t)−λ1F
(α,β;p)
1 (b; c; z/(1 + t))

=
∞∑
r=0

(−1)r (λ)r 1F
(α,β;p)
1 (b; c; z) ∗ 1F1(λ+ r;λ; z)

tr

r!

(13)

(z, λ ∈ C; (|t| < 1).

Proof. The proof of the generating relation (13) would run parallel to that of
(8) in Theorem 2.1. We therefore choose to skip the details involved.

3 Special Cases and Remarks

We first consider some special cases of (1), (3) and (4). The special case of (1)
when α = β reduces obviously to the extended Beta type function Bp (x, y)
due to Chaudhry et al. [3]:

Bp (x, y) = B(α,α)
p (x, y)

=

∫ 1

0

tx−1 (1− t)y−1 exp

(
− p

t (1− t)

)
dt

(
<(p) = 0

)
.

(14)

Chaudhry et al. [4, p. 591, Eqs. (2.1) and (2.2)] made use of the extended
Beta function Bp (x, y) in (14) to extend the Gauss hypergeometric function

2F1 as follows: The extended Gauss hypergeometric function Fp (a, b; c; z) is
defined by

Fp (a, b; c; z) :=
∞∑
n=0

(a)n
Bp (b+ n, c− b)
B (b, c− b)

zn

n!
(15)

(
|z| < 1; <(c) > <(b) > 0; <(p) = 0

)
.
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Also the generalized confluent hypergeometric function (4) when α = β
reduces to the extended confluent hypergeometric function:

φp (b; c; z) := 1F
(p)
1 (b; c; z) =

∞∑
n=0

Bp (b+ n, c− b)
B (b, c− b)

zn

n!
(16)

(
|z| < 1; <(c) > <(b) > 0; <(p) ≥ 0

)
.

Setting α = β in the results in Theorems 2.1 and 2.2 and considering (15)
and (16), we obtain the following generating relations reorded, without proof,
in Corollaries 3.1 and 3.2.

Corollary 3.1. Let <(c) > <(b) > 0, and <(p) ≥ 0. Then the following
generating relation holds true:

(1 + t)−λFp (a, b; c; z/(1 + t))

=
∞∑
r=0

(−1)r (λ)r Fp (a, b; c; z) ∗ 1F1(λ+ r;λ; z)
tr

r!

(17)

(z, λ ∈ C; (|t| < 1).

Corollary 3.2. Let <(c) > <(b) > 0, and <(p) ≥ 0. Then the following
generating relation holds true:

(1 + t)−λ φp (b; c; z/(1 + t))

=
∞∑
r=0

(−1)r (λ)r φp (b; c; z) ∗ 1F1(λ+ r;λ; z)
tr

r!

(18)

(z, λ ∈ C; (|t| < 1).

As noted above, the generalized Gauss hypergeometric function in (3) and
the generalized confluent hypergeometric function in (4) reduce, when p = 0,
to the Gauss hypergeometric function 2F1(·) and the confluent hypergeometric
function 1F1(·). Also 2F1(·) and 1F1(·), as their special cases, contain a number
of special functions which play important roles in the mathematical, physical
and engineering sciences. Therefore the main results presented in Section 2 can
be specialized to yield a large number of generating relations for such many
important special functions as (for example) Legendre functions and Bessel
functions.
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