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Abstract

The steady state analysis for the effect of non-immunogenic tumor
microenvironmental factors modeled by correlated additive and multi-
plicative noises with zero correlation time is investigated. The underly-
ing transition probability for the stochastic model equation satisfies the
Markovian Fokker-Planck equation, and the steady state distribution
ρst(x) for the tumor growth system is derived. Based on the numerical
computation, we find that the effect of non-immunogenic microenviron-
mental factors within the tumor site with strength θ have a diffusive
effect on the steady state distribution ρst(x), and the tumor response
to the surrounding non-immunogenic microenvironmental factors effects
with strength D inhibits growth on both the steady state distribution
ρst(x) and the mean 〈x〉st of the tumor population. The result also
indicates that the stronger the correlation strength φ, the more the
tumor responded to the surrounding non-immunogenic microenviron-
mental factors effect.
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1 Introduction

Complex systems subject to external random effects are the features of many
biological, physical, chemical and engineering systems. Theoretical description
of these systems requires a link between deterministic equations and stochastic
process. In application, the theoretical model equation is the Langevin stochas-
tic equation and the corresponding Fokker Planck equation for the time evolu-
tion of probability density, and such theoretical descriptions have been used in
different context to study the behavior of noise driven systems [1–3], where the
driven noises are either Gaussian white or colored noises and in the form of ad-
ditive or multiplicative. Research in [4] first discovered that physical systems
driven by simultaneous noises with common origin leads to correlated effects,
and the study of complex systems driven by correlated noises have been given
much attention especially in bistable system [5–7], in mode laser system [8,9],
in gene selection and genetic transcription regulatory models [10–12] and in
all these systems, interesting properties and system behaviors were discovered
at the influence of noise correlated effects. In the study of tumor cell growth,
mathematical model equations that closely captures the general features of
tumor growth are considered in literature, and logistic equation is the most
widely used deterministic model for theoretical study [13]. Moreover, real tu-
mor growth model should be subject to influences from internal and external
random environmental factors such as effects from external therapeutic con-
trol [14–16], and from internal tumor microenvironmental processes [17–19].

Tumor microenvironment comprise of immunogenic and non-immunogenic bio-
logical processes within the tumor site, such as the CD4+ and CD8+ T immune
cells, macrophages, fibroblast cells, extracellular-matrix proteins, inflamma-
tory cells and nutrients. Moreover, clinical and experimental investigations
revealed that tumor microenvironmental factors have strong influence on tu-
mor evolution and progression [20–23], and the study of interaction between
tumor and its microenvironment will give insight into the dynamical complex-
ities associated to tumor growth. In addition, the random nature of the tu-
mor microenvironmental factors induces stochastic effect on the tumor growth
system. In this paper, we model the non-immunogenic microenvironmental
factors fluctuations within the tumor site by positive additive noise η(t), and
the tumor response generates a multiplicative noise ξ(t) on the tumor growth
system, and the noises are correlated having the same origin. The paper is or-
ganized as follows, Section 2 present the model formulation, Section 3 present
the steady state analysis based on the approximate Fokker-Planck equation,
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Section 4 present the numerical results and discussions and Section 5 concludes
the paper.

2 Model Formulation

The theoretical model equation is written in the form of Langevin stochastic
equation

ẋ(t) = f(x) + xξ(t) + η(t), (1)

where the over dot in Eq. (1) represent derivative with respect to time and the
function f(x) is the deterministic evolution equation for tumor growth, which
in this case corresponds to the logistic equation

f(x) = ax− bx2, a > 0, b > 0. (2)

where a and b are the growth and decay constants respectively. In addition,
the stochastic terms ξ(t) and η(t) in Eq. (1) are the multiplicative and additive
white Gaussian noises respectively with the following statistical properties:

〈ξ(t)〉 = 〈η(t)〉 = 0, (3)

〈ξ(t)ξ(t′)〉 = 2Dδ(t− t′), (4)

〈η(t)η(t′)〉 = 2θδ(t− t′), (5)

〈ξ(t)η(t′)〉 = 2φ
√
Dθδ(t− t′), (6)

where D and θ are the multiplicative and additive noise strengths respectively,
φ is the strength of the correlation between multiplicative noise and additive
noise under the condition that φ lie between the interval [0 ≤ φ < 1], and the
state variable x for the tumor growth system is strictly x ≥ 0 since it represent
growth. However, Eq. (1) can be written in an equivalent Stratonovich form
via the following transformation

ẋ(t) = f(x) +G(x)β(t). (7)

Here β(t) is a Gaussian white noise with statistical properties

〈β(t)〉 = 0, (8)

〈β(t)β(t′)〉 = 2δ(t− t′), (9)

where the two time correlation of G(x)β(t) in Eq. (7) be equivalent to the
two time correlations of xξ(t) + η(t) in Eq. (1), such that the relation below
is established [24]

G(x)β(t) = xξ(t) + η(t). (10)
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From Eq’s. (3)-(6) we’ve

G(x) =

√
Dx2 + 2φ

√
Dθx+ θ. (11)

3 Steady state analysis

The corresponding Fokker-Planck equation for the time evolution of probability
density ρ(x, t) in Eq. (1), and interpreted in the sense of Stratonovich is given
by

∂tρ(x, t) = −∂xA(x)ρ(x, t) + ∂xxB(x)ρ(x, t), (12)

where ρ(x, t) is the probability density function for the realization of ξ(t) and
η(t), the modified drift term reads

A(x) = f(x) +G(x)
d

dx
G(x), (13)

thus, A(x) and B(x) in Eq. (12) are the drift and diffusion terms respectively
and are given as

A(x) = ax− bx2 +Dx+ φ
√
Dθ, (14)

B(x) = Dx2 + 2φ
√
Dθx+ θ. (15)

In addition, Eq. (12) can be written in terms of the conservation equation for
probability current

∂tρ(x, t) + ∂xJ(x) = 0, (16)

J(x) = (ax−bx2+Dx+φ
√
Dθ)ρst(x, t)−(Dx2+2φ

√
Dθx+θ)∂xρst(x, t), (17)

where J(x) in Eq. (17) is the probability current density for the system.
At steady state, it is required that the rate of change of probability ρ(x, t)
with time is constant, i.e, ∂tρ(x, t) = 0, thus, we have a stationary current
independent of the state variable x given by

(ax− bx2 +Dx+ φ
√
Dθ)ρst(x)− (Dx2 + 2φ

√
Dθx+ θ)∂xρst(x) = 0. (18)

The steady-state distribution ρst(x) is obtained by solving Eq. (18) with re-
flecting boundary condition, [25,26].

ρst(x) = NB(x)−
1
2 exp

[∫ x A(x′)

B(x′)
dx′
]
, (19)

where N is a constant which is choosing to normalize ρst(x) such that∫ ∞
−∞

ρst(x)dx = 1, (20)
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N =

[∫ ∞
−∞

B(x)−
1
2 exp

[∫ x A(x′)

B(x′)
dx′
]
dx

]−1
. (21)

Therefore, the explicit expression for ρst(x) is given by

ρst(x) = NB(x)−
1
2 exp [−U(x)/D] , (22)

where U(x) is an effective potential given as

U(x) = bx−Q1 ln

∣∣∣∣∣(Dx+ φ
√
Dθ)2

Dθ(1− φ2)
+ 1

∣∣∣∣∣
+

Q2√
Dθ(1− φ2)

arctan

(
Dx+ φ

√
Dθ√

Dθ(1− φ2)

)
,

(23)

Q1 =
(a+D)

2
+ φb

√
θ

D
, (24)

Q2 =

(
a+ 2φb

√
θ

D

)
φ
√
Dθ − bθ. (25)

For quantitative analysis of the steady state properties of tumor response to the
surrounding non-immunogenic microenvironmental factors effects, we compute
the mean 〈x〉st of the tumor population define as

〈x〉st =

∫ x

0

xρst(x)dx. (26)

4 Results and Discussion

We make the numerical simulation for the steady state distribution ρst(x) and
the mean 〈x〉st of the tumor population in Eq’s. (22) and (26), and analyze the
effect of non-immunogenic tumor microenvironmental factors on tumor growth
dynamics. Figure 1 show the effect of the non-immunogenic tumor microenvi-
ronmental factors modeled by additive noise η(t) with strength θ on the steady
state distribution ρst(x), it is observed that the value of the steady state dis-
tribution ρst(x) is decreases with increasing θ and the position of the extrema
is unaffected. This indicates that the non-immunogenic microenvironmental
factors within the tumor site have a diffusive effect on tumor growth dynamics.
Figure 2 depict the response of tumor to the non-immunogenic microenviron-
mental factors effects modeled by multiplicative noise ξ(t) with strength D,
it is observed that increasing the strength of the tumor response D affects
the position of the extrema of the steady state distribution ρst(x), and since
x represent tumor population, then the position of the extrema shifts from
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Figure 1: Plot of the steady state distribution ρst(x) against the tumor pop-
ulation x at varying tumor microenvironmental factors strength θ. Other pa-
rameter values remain fixed at D = 0.3, φ = 0.6, a = 1.0, b = 0.1 (units are
arbitrary).

large tumor population to small tumor population. This indicates that the
non-immunogenic microenvironmental factors within the tumor site may in-
hibits tumor growth but not sufficient enough to cause extinction, in addition,
this property indicates that the multiplicative noise induce a drift effect on the
tumor growth system as first reported in [14]. Figure 3 depict the effect of cor-
relation strength φ on the steady state distribution ρst(x) and by contrasting
between Figures 3(a) and 3(b), it is observed that the stronger the strength
θ of the surrounding non-immunogenic microenvironmental factors effect the
more effective the cross-correlation φ. In other words, this indicates that the
surrounding non-immunogenic microenvironmental factors effects on tumor
growth dynamics is directly proportional to the cross-correlation strength φ
between noises. Furthermore, in order to quantitatively analyze the effect of
the non-immunogenic tumor microenvironmental factors on tumor growth dy-
namics, we use the mean of the tumor population 〈x〉st in Eq. (26). Figure
4 shows the effect of the tumor response with strength D on the mean of the
tumor population 〈x〉st, it is observed that increasing the strength D of tu-
mor response to the non-immunogenic microenvironmental factors effects, the
mean 〈x〉st of the tumor population decreases which is an inhibitive effect.

5 Conclusion

We make the steady state analysis for the effect of non-immunogenic mi-
croenvironmental factors on tumor growth dynamics. Moreover, the non-
immunogenic microenvironmental factors within the tumor site are random
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Figure 2: Plot of the steady state distribution ρst(x) against the tumor popula-
tion x at varying tumor response strength D. Other parameter values remain
fixed at θ = 0.3, φ = 0.6, a = 1.0, b = 0.1 (units are arbitrary).
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Figure 3: (a) Plot of the steady state distribution ρst(x) against the tumor
population x at varying cross-correlation strength φ. D = 0.5, θ = 0.3, a =
1.0, b = 0.1 (b) Plot of the steady state distribution ρst(x) against the tumor
population x at varying cross-correlation strength φ. Other parameter values
remain fixed at D = 0.5, θ = 3.0, a = 1.0, b = 0.1. (units are arbitrary).

processes with external influence on the tumor and are therefore modeled as
additive noise η(t) with strength θ, and the corresponding tumor response
to the non-immunogenic microenvironmental factors effect generates a mul-
tiplicative noise ξ(t) on the tumor growth system with strength D, and the
two driven noises are correlated. We find that the non-immunogenic microen-
vironmental factors within the tumor site θ have a diffusive effect on the tu-
mor growth system, and the stronger the correlation strength φ the more the
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Figure 4: Plot of the stationary mean 〈x〉st against the tumor population x at
varying tumor response strength D. Other parameter values remain fixed at
θ = 6.0, φ = 0.6, a = 1.0, b = 0.1 (units are arbitrary).

tumor response to the non-immunogenic microenvironmental factors effects.
Furthermore, both the steady state distribution ρst(x) and the mean 〈x〉st of
the tumor population decreases from large tumor population to small tumor
population at increasing D, which indicates that the tumor response to the
non-immunogenic tumor microenvironmental factors effects within the tumor
site may inhibit tumor growth.
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