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Abstract

In this paper an improved asymptotic formula for a disconnection
probability of a graph placed on a two dimensional surface is obtained.
A deduction of this formula is based on concepts of the Euler charac-
teristic, a plane evolvent of the surface, a fundamental group of two
dimensional manifold and etc.
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Introduction

Assume that G is an undirected connected graph with the nodes set U and
with the edges set V. The graph G is placed on the two dimensional manifold
S so that its edges do not intersect in their internal points. Suppose that
the graph G edges fail independently with the probability h → 0 (are high
reliable). The cut c of the graph G is a such set of its edges so that their
deletion makes this graph disconnected. A cocycle is a cut which is minimal
by theoretically set inclusion in the graph G.

Our problem is to calculate an asymptotic of a disconnection probability
Ph for so defined random graph. From Burtin-Pittel formula [1, 2] we have
that Ph ∼ cmh

m, h → 0, where m is the minimal cocycle length in the graph
G and cm is the number of cocycles with the minimal length. This formula
was applied to planar graphs (graphs placed on a plane), to graph placed on
a torus and it is learned that in some cases its accuracy is not so good. This
property shows itself mainly for graphs placed on a torus.

In this paper we consider a problem to make more accuracy asymptotic for-
mula for graphs placed on two dimensional manifolds with sufficiently general
form: the torus, the Mobius strip, the projective plane, the Klein bottle and
some others. To solve this problem concepts of the Euler characteristic, the
plane evolvent, the fundamental group of two dimensional manifold [6], for-
mulas of a calculation of numbers of simple (without self intersection) cycles
[7, 8] in the graph G∗ which is dual to the graph G. A dual graph is a graph
in which nodes are faces (polygons placed on a manifold) of the graph G and
edges are edges which separate these faces in the graph G.

Problem considered in this paper is connected with models of nanostruc-
tures [3, 4]. This paper is initiated by the article [5] in which convex polytopes
are used for modeling of fullerenes and graphenes.

1 Main idea of asymptotic formula obtaining

Assume that the set V consists of n edges. Denote Ck the set of all cocycles
with the length k (containing k edges), m is the minimal cocycle length in the
graph G. Then the set C of all graph G cocycles satisfies the equality

C =
⋃

m≤k≤n
Ck. (1)
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Designate F (C ′) the probability that all edges fail in some cocycle from the
set C ′ ⊆ C. Then from the equality (1) we have

Ph = F (C). (2)

Define

A =
⋃

m≤k<l

Ck, B =
⋃

l≤k≤n
Ck, C = A

⋃
B.

Lemma 1.1 For any l > 1 the formula

Ph = F (A) + O(hl), h→ 0. (3)

is true.

Proof. By the definition

Ph = F
(
A
⋃

B
)

= F (A) + F (B)− F
(
A
⋂

B
)
,

and

F
(
A
⋂

B
)
≤ F (B) ≤

∑
l≤k≤n

F (Ck) =
∑

l≤k≤n
ckh

k = O(hl).

Consequently we have Formula (3). So Lemma 1.1 is proved.

2 Connection between cocycles in initial graph

and simple cycles in dual graph

Denote

l = l(m) = min
{
k : k = 1, 2, . . . , k ≥ 3m

2

}
.

Duality condition. For any k, m ≤ k < l(m) between cocycles with the
length k in the graph G and simple cycles in the dual graph G∗ there is one-
to-one relation.

Remark 2.1 From [9, Section I, §1] we have that there is one-to-one rela-
tion between all cocycles of planar graph G and all simple cycles of dual graph
G∗.

Lemma 2.2 Assume that the graph G placed on two dimensional manifold
S satisfies the duality condition. Then for any cocycles a, b which satisfy the
inclusions a ∈ Ck, b ∈ Ct, m ≤ k, t < l(m), the number L of edges in the
aggregation a

⋃
b is larger or equal to l(m).
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Proof. From a construction between edges in the graph G and in the dual
graph G∗ there is one to one relation. Denote a∗ (denote b∗) the simple cycle
appropriate the cocycle a (appropriate the cocycle b). Then L equals the
number of edges in the aggregation of simple cycles a∗

⋃
b∗.

By a definition a minimal cycle length in the dual graph G∗ equals m > 0.
If simple cycles a∗, b∗ have not common nodes or have only one common node
then L ≥ 2m. Assume that simple cycles a∗, b∗ have at least two common
nodes. Fix node 1 which belongs to both cycles a∗, b∗. Move from the node 1
along cycles a∗, b∗ clockwise to next common node 2 (see Figure 1). Assume
that ka, kb are numbers of edges at the path 1, 2 in cycles a∗, b∗ relatively.
Put Ka a number of edges in the cycle a∗.

Figure 1. Aggregation of two simple cycles

By a definition L ≥ Ka+kb and in the aggregation of cycles a∗, b∗ it is possible
to separate out three simple cycles with numbers of edges Ka ≥ m, ka + kb ≥
m, kb + Ka − ka ≥ m. Adding these inequalities we obtain: 2(Ka + kb) ≥ 3m,
consequently L ≥ 3m/2 and so L ≥ l(m). Lemma 2.2 is proved.

Theorem 2.3 If the duality condition takes place for the graph G placed
on the manifold S then the asymptotic formula

Ph =
∑

m≤k<l

ckh
k + O(hl), h→ 0. (4)

is true.

Proof. From Lemma 1.1 we have that it is enough only to prove the formula

F (A) =
∑

m≤k<l

ckh
k + O(hl), h→ 0, (5)
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To calculate F (A) we use the following inequalities:∑
m≤k<l

F (Ck)−
∑

m≤k<t<l

F
(
Ck

⋂
Ct

)
≤ F (A) ≤

∑
m≤k<l

P (Ck), (6)

∑
f∈Ck

F (f)−
∑

f,g∈Ck, f 6=g

F
(
f
⋃

g
)
≤ F (Ck) ≤

∑
f∈Ck

F (f) (7)

F
(
Ck

⋂
Ct

)
≤

∑
f∈Ck, g∈Ct

F
(
f
⋃

g
)
. (8)

By a definition of ck we have the inequality∑
f∈Ck

F (f) = ckh
k, k ≥ 1, (9)

and from Lemma 2.2

F
(
f
⋃

g
)

= O(hl), f ∈ Ck, g ∈ Ct, m ≤ k ≤ t < l, f 6= g. (10)

Relations (6) - (10) lead to Formula (5) and consequently to Formula (4).
Theorem 2.3 is proved.

3 Numerical experiment for planar graph

Consider the connected planar graph G (see Figure 2).

Figure 2. Planar graph G.

In this graph m = 3, l = 5, c3 = 22, c4 = 33. Disconnection probability of
this graph is calculated by the Monte-Carlo method with 106 realizations (its
result is designated PMC), by Burtin-Pittel asymptotic formula (its result is
designated PBP ), by improved asymptotic formula (4) (its result is designated
Ph). Denote

∆BP =
|PMC − PBP |

PMC

, ∆h =
|PMC − Ph|

PMC

.

All results are represented in Table 1.
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h PMC PBP Ph ∆BP ∆h

0,01 0,000023 0,000022 0,00002233 0,043 0,029
0,02 0,000179 0,000176 0,000181 0,017 0,011

Table 1. Results of calculations for planar graph from Figure 2.

4 Numerical experiment for torus

Consider the connected graph G placed on the torus (see Figure 3). The torus
has the plane evolvent in a form of a quadrat with glued opposite sides [6]. In
the definition of the graph G we assume that nodes of faces on opposite sides
are placed so that they are glued also.

Heuristically the duality condition may be treated so that the minimal
length of a belt (a cycle of faces serially connected by their edges and non
collapsible into a point on a torus) in the dual graph G∗ is not smaller than
l(m). In next paper this condition will be analyzed in details.

Figure 3. Graph G placed on a torus.

In this graph m = 3, l = 5, c3 = 42, c4 = 57 and an appropriate minimal
belt length is not smaller than 5. Using designations of previous section it is
possible to represent results of calculations for the graph placed on the torus.

h PMC PBP Ph ∆BP ∆h

0,01 0,000043 0,000042 0,00004257 0,023 0,01
0,02 0,000361 0,000336 0,00034512 0,069 0,044

Table 2. Results of calculations for graph from Figure 3 placed on torus.
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