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Abstract

In this paper, we obtain common fixed point for non-compatible and faintly

compatible maps on IFMS. Also, we furnish examples for that results. Our results

are improved and generalized their results without the notion of continuity.

Mathematics Subject Classification: 46S40, 47H10, 54H25

Keywords: common fixed point, discontinuous, faintly compatible

1 Introduction

The concept of fuzzy sets was introduced by Zadeh[14]. The fuzzy metric
space with the concept of fuzzy sets was introduced Kramosil and Michalek[5],
Kaleva and Seikkala[4]. We consider the definition of fuzzy metric space sug-
gested by George and Veeramani[2] which is a modification of the definition
given in [5]. Fuzzy fixed point theory has been developed mostly on this fuzzy
metric space. Furthermore, Jungck and Rhoades[3] improved the concept of
compatible maps. Bisht and Shahzad[1] introduced the notion of faintly com-
patible maps on fuzzy metric spaces. Also, Manro and Tomar[7] and Manro
et.al.[6] proved the effectiveness of the faintly compatible maps in the existence
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of common fixed point, and the other authors([8],[13]) obtained the common
fixed point for commuting maps in fuzzy metric space.

Recently, Park et.al.[9] introduced the IFMS, many authors have proved
common fixed point theorems and obtained some results in IFMS([9], [10]).

In this paper, we obtain common fixed point for non-compatible and faintly
compatible maps in IFMS. We improve and generalize the results of Bisht and
Shahzad[1] replacing continuity of maps by a weaker condition, reciprocally
continuity in IFMS. Also, we furnish example for that results.

2 Preliminaries

Let us recall(see [12]) that a continuous t−norm is a operation ∗ : [0, 1] ×
[0, 1]→ [0, 1] which satisfies the following conditions: (a)∗ is commutative and
associative, (b)∗ is continuous, (c)a ∗ 1 = a for all a ∈ [0, 1], (d)a ∗ b ≤ c ∗ d
whenever a ≤ c and b ≤ d (a, b, c, d ∈ [0, 1]). Also, a continuous t−conorm is
a operation � : [0, 1] × [0, 1] → [0, 1] which satisfies the following conditions:
(a)� is commutative and associative, (b)� is continuous, (c)a � 0 = a for all
a ∈ [0, 1], (d)a � b ≥ c � d whenever a ≤ c and b ≤ d (a, b, c, d ∈ [0, 1]).

Definition 2.1. ([9])The 5−tuple (X,M,N, ∗, �) is said to be an intuitionistic
fuzzy metric space(shortly, IFMS) if X is an arbitrary set, ∗ is a continuous
t−norm, � is a continuous t−conorm and M,N are fuzzy sets on X2 × (0,∞)
satisfying the following conditions; for all x, y, z ∈ X, such that

(a)M(x, y, t) > 0,
(b)M(x, y, t) = 1 if and only if x = y,
(c)M(x, y, t) = M(y, x, t),
(d)M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s),
(e)M(x, y, ·) : (0,∞)→ (0, 1] is continuous,
(f)N(x, y, t) > 0,
(g)N(x, y, t) = 0 if and only if x = y,
(h)N(x, y, t) = N(y, x, t),
(i)N(x, y, t) �N(y, z, s) ≥ N(x, z, t+ s),
(j)N(x, y, ·) : (0,∞)→ (0, 1] is continuous.
Note that (M,N) is called an IFM on X. The functions M(x, y, t) and

N(x, y, t) denote the degree of nearness and the degree of non-nearness between
x and y with respect to t, respectively.

Definition 2.2. ([11])Let {xn} be a sequence of IFMS X.
(a){xn} is convergent to a point x ∈ X, if for each ε > 0, there exists

n0 ∈ N such that M(xn, x, t) > 1− ε, N(xn, x, t) < ε, for all n ≥ n0.
(b){xn} is called a Cauchy sequence if for each ε > 0 and each t > 0,

there exists n0 ∈ N such that M(xn, xn+p, t) > 1− ε, N(xn, xn+p, t) < ε for all
n ≥ n0.
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Definition 2.3. Let (A, S) be be a pair of self-maps on an IFMS X.
(a)([10])(A, S) is compatible(or asymptotically commuting), if for all t > 0,

lim
n→∞

M(ASxn, SAxn, t) = 1, lim
n→∞

N(ASxn, SAxn, t) = 0

whenever {xn} ⊂ X such that limn→∞Axn = limn→∞ Sxn = x for some x ∈ X.
(b)(A, S) is non-compatible, if (A, S) is not compatible, that is, if there

exists a sequence {xn} in X such that limn→∞Axn = limn→∞ Sxn = x for
some x ∈ X, and

lim
n→∞

M(ASxn, SAxn, t) 6= 1, lim
n→∞

N(ASxn, SAxn, t) 6= 0

or non-existent for all t > 0.
(c)([10])(A, S) is said to be weakly compatible, if the pair commute on the

set of their coincidence points, i.e., for x ∈ X, Ax = Sx implies ASx = SAx.
(d)(A, S) is said to be conditionally compatible, if whenever the set of

sequences {xn} satisfying limn→∞Axn = limn→∞ Sxn, is non-empty, there
exists a sequence {zn} in X such that limn→∞Azn = limn→∞ Szn = u, for
some u ∈ X and for all t > 0,

lim
n→∞

M(ASzn, SAzn, t) = 1, lim
n→∞

N(ASzn, SAzn, t) = 0.

(e)([11])(A, S) is reciprocally continuous, if limn→∞ASxn = Ax, limn→∞ SAxn =
Sx, whenever {xn} ⊂ X such that limn→∞Axn = limn→∞ Sxn = x, for some
x ∈ X.

(f)(A, S) is faintly compatible, iff (A, .S) is conditionally compatible and
A, S commute on a non-empty subset of the set of coincidence points, whenever
the set of coincidence points is non-empty.

(g)([10])(A, S) satisfy the property(EA), if there exists {xn} ⊂ X such that
limn→∞Axn = limn→∞ Sxn = x, for some x ∈ X.

Lemma 2.4. ([9])Let X be an IFMS and x, y ∈ X, t > 0. If there exists
k ∈ (0, 1) such that

M(x, y, kt) ≥M(x, y, t), N(x, y, kt) ≤ N(x, y, t),

then x = y.

3 Main results

Theorem 3.1. Let (A, S) be the self maps pair of an IFMS X with satisfy-
ing,for every x, y ∈ X and some 0 < k < 1

M(x, y, kt) ≥M(x, y, t), N(x, y, kt) ≤ N(x, y, t). (3.1)
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Also, if
(a)(A, S) is a non-compatible,
(b)(A, S) is faintly compatible.
Then A and S have a unique common fixed point provided that the pair of

self maps (A, S) is reciprocally continuous.

Proof. Let {xn} be a sequence in X such that limn→∞Axn = limn→∞ Sxn = u
for some u ∈ X. Then, from (a), since (A, S) is non-compatible,

lim
n→∞

M(ASxn, SAxn, t) 6= 1, lim
n→∞

N(ASxn, SAxn, t) 6= 0

or non-existent for all t > 0. Also, from (b), since (A, S) is faintly compatible,
there exists a {zn} ∈ X such that limn→∞Azn = limn→∞ Szn = u, for some
u ∈ X satisfying

lim
n→∞

M(ASzn, SAzn, t) = 1, lim
n→∞

N(ASzn, SAzn, t) = 0.

Furthermore, since (A, S) is reciprocally continuous, we have limn→∞ASzn =
Au, limn→∞ SAzn = Su and also Au = Su. Since (A, S) is faintly compatible,
we get ASu = SAu. Therefore AAu = ASu = SAu = SSu. From (3.1),

M(Au,AAu, kt) ≥M(Su, SAu, t) = M(Au,AAu, t),

N(Au,AAu, kt) ≤ N(Su, SAu, t) = N(Au,AAu, t).

By Lemma 2.4, Au = AAu. Also, Au = AAu = SAu and Au is a common
fixed point of A and S.

If u, v ∈ X such that Au = Su = u, Av = Sv = v, then

M(u, v, kt) = M(Au,Av, kt) ≥M(Su, Sv, t) = M(u, v, t),

N(u, v, kt) = N(Au,Av, kt) ≤ N(Su, Sv, t) = N(u, v, t).

By Lemma 2.4, u = v and hence the common fixed point is unique. this
complete the proof.

Example 3.2. Let X be an IFMS and X = [0, 4] and M,N be the usual IFM
on IFMS X. Define A, S : X → X by

Ax =

{
1 if x ≤ 1,

2 if x > 1,
Sx =

{
2− x if x ≤ 1,

4 otherwise.

(a)Let xn = 1 − 1
n
∈ X. Then limn→∞Axn = 1, limn→∞ Sxn = 1,

limn→∞ASxn = 2 and limn→∞ SAxn = 1. Hence

lim
n→∞

M(ASxn, SAxn, t) 6= 1, lim
n→∞

N(ASxn, SAxn, t) 6= 0.
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Therefore (A, S) is non-compatible.
(b)Let zn = 1. Then limn→∞Azn = 1, limn→∞ Szn = 1, limn→∞ASzn = 1

and limn→∞ SAzn = 1. Hence

lim
n→∞

M(ASzn, SAzn, t) = 1, lim
n→∞

N(ASzn, SAzn, t) = 0.

Therefore (A, S) is conditionally compatible. Also, A1 = S1 and AS1 = SA1.
Hence (A, S) is faintly compatible

(c)(3.1) is satisfied for all x, y ∈ X with k = 1
2
.

(d)Let xn ∈ X be such that limn→∞Axn = z and limn→∞ Sxn = z ∈
X. Then z = 1 if x ≥ 1. Also, limn→∞ASxn = Az and limn→∞ SAxn =
Sz. Therefore, (A, S) is reciprocally continuous. Hence x = 1 is the unique
common fixed point of A, S. Furthermore, A, S are discontinuous at common
fixed point x = 1.

Theorem 3.3. Let (A, S) be the self maps pair of an IFMS X with satisfying,
whenever Sx 6= Sy and x, y ∈ X,

M(Ax,Ay, t) > M(Sx, Sy, t), N(Ax,Ay, t) < N(Sx, Sy, t). (3.2)

Also, if
(a)(A, S) is a non-compatible,
(b)(A, S) is faintly compatible.
Then A and S have a unique common fixed point provided that the pair of

self maps (A, S) is reciprocally continuous.

Proof. Let {xn} ⊂ X such that limn→∞Axn = limn→∞ Sxn = u, for some
u ∈ X. Since (A, S) is non-compatible,

lim
n→∞

M(ASxn, SAxn, t) 6= 1, lim
n→∞

N(ASxn, SAxn, t) 6= 0.

or non-existent. Also, since (A, S) is faintly compatible, there exist a sequence
{zn} ⊂ X satisfying limn→∞Azn = limn→∞ Szn = v for some v ∈ X such that

lim
n→∞

M(ASzn, SAzn, t) = 1, lim
n→∞

N(ASzn, SAzn, t) = 0.

For reciprocally compatible (A, S), we have limn→∞ASzn = Av, limn→∞ SAzn =
Sv and so Av = Sv. Also, since (A, S) is faintly compatible, we have ASv =
SAv and AAv = ASv = SAv = SSv. Suppose that Av 6= AAv(Sv 6= SAv),
then by (3.2), we have

M(Av,AAv, t) > M(Sv, SAv, t) = M(Av,AAv, t),

N(Av,AAv, t) < N(Sv, SAv, t) = N(Av,AAv, t).

This is a contradiction. Hence Av = AAv = SAv and so Av is a common fixed
point of A and S. The proof for uniqueness follows from Theorem 3.1. This
complete the proof.
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Example 3.4. Let X = [2,∞) and M,N be the usual IFM on IFMS X.
Define A, S : X → X by

Ax =

{
2 if x = 2,

6 if x > 2,
Sx =

{
2 if x = 2,

x+ 4 if x > 2.

(a)Let xn = 2 + 1
n
∈ X. Then limn→∞Axn = 6, limn→∞ Sxn = 6,

limn→∞ASxn = 6 and limn→∞ SAxn = 10. Hence

lim
n→∞

M(ASxn, SAxn, t) 6= 1, lim
n→∞

N(ASxn, SAxn, t) 6= 0.

Therefore (A, S) is non-compatible.
(b)Let zn = 2 ∈ X. Then we have limn→∞Azn = 2, limn→∞ Szn = 2,

limn→∞ASzn = 2 and limn→∞ SAzn = 2. Hence

lim
n→∞

M(ASzn, SAzn, t) = 1, lim
n→∞

N(ASzn, SAzn, t) = 0.

Furthermore, A, S commute at the only point of coincidence x = 2. Therefore
(A, S) is faintly compatible

(c)(3.2) is satisfied for all x, y ∈ X.
(d)Let xn ∈ X be such that limn→∞Axn = z and limn→∞ Sxn = z ∈

X. Then z = 2 if x = 2. Also, limn→∞ASxn = Az and limn→∞ SAxn =
Sz. Therefore, (A, S) is reciprocally continuous. Hence x = 2 is the unique
common fixed point of A, S. Furthermore, A, S are discontinuous at common
fixed point x = 2.
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