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Abstract 

 

This paper discusses the issue of how to solve multi-criteria decision making 

(MCDM) problems by applying fuzzy logic. Multicriteria decision-making 

problems often involve a complex decision process in which multiple requirements 

and fuzzy conditions have to be taken into consideration simultaneously. Fuzzy set 

theory provides the mathematical technique for the systematic handling of 

imprecise data. This paper outlines an evaluation-framework which integrates fuzzy 

logic with multi-criteria decision-making in the context of an infrastructure 

planning. Furthermore, the proposed approach is applied to a real decisional 

problem connected to the planning and construction of a new railway link to 

demonstrate the applicability of the proposed method. The study results show that 

this method is an effective means for tackling MCDM problems in a fuzzy 

environment. 
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1 Introduction 
 

   The planning of any intervention on a transport network requires an analysis of 

the compatibility (economical, technical and environmental) and a comparison of 

the considered alternatives in order to reach a global optimal-solution. 

Several methods of valuation to make rational the decision-making process and to 

facilitate the identification of best choice have been proposed (Matsatsinis and 

Samaras, 2001, Munda et al., 1995, Medda and Nijkamp, 2003, Keeney and Raiffa, 

1993). The proposed approaches contrast rather than complement each other, for 

example in conventional cost-benefit analysis versus qualitative multi-criteria 

methods or Bayesian decision theory versus prospect theory. This situation has 

positively encouraged widespread research on a best method for decision processes,  
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such contrasting characteristics of meta-research on proper assessment methods 

have, at times, also created opposing and even dogmatic schools of thought. 

The multi-criteria methods are particularly suited to decision problems where a 

cardinal preference or ranking of the decision alternatives is required. In addition, 

these methods are the most appropriate quantitative tools for group decision support 

systems (Bose et al., 1997). 

The multi-criteria methods can be divided, on the base of the number of alternatives, 

in two categories. A finite number of alternatives concern the multi-attribute 

problems (MADM); an endless number of alternatives concerns the multi-objective 

problems. In the multi-attribute analysis to each alternative is associated a level of 

satisfaction of the attributes on the base of which the final decision is assumed.  

In evaluating decision alternatives in new problem settings, the assessment data for 

the alternatives performance ratings and for the criteria/attributes weights are often 

not available and have to be assessed subjectively by the decision makers, the 

stakeholders or the experts. The subjective evaluation process is intrinsically 

imprecise, due to the characteristics of new problem settings, particularly in relation 

to newly generated alternatives or vaguely defined qualitative evaluation criteria. 

To reflect the inherent subjectiveness and imprecision involved in the evaluation 

process, the concept of fuzzy sets is often used (Zadeh, 1965, Zadeh, 1975, Yager, 

1978, Zimmermann, 2001). Modelling using fuzzy numbers has proven to be an 

effective way for formulating decision problems where the information available is 

subjective and imprecise (Carlsson, 1982, Chen and Hwang, 1992, Chen and Klein, 

1997, Chen, 2001, Chang et al., 2009, Barilla et al., 2009). 

A fuzzy multi-criteria decision model is used to assess alternatives versus selected 

criteria through a committee of decision makers, where suitability of alternatives 

versus criteria, and the importance weights of criteria, can be evaluated in linguistic 

values represented by fuzzy numbers (Chen and Hwang, 1992). 

In this paper the proposed methodology combines different assessment methods 

within the same framework in relation to a given railway planning problem. 

 

2 Methodology 
 

   A MADM (Multi-attribute decision-making) problem can be expressed by an 

m×n decisional matrix as follows: hkxD  

1 2

1 11 12 1

2 21 22 2

1 2

n

n

n

m m m mn

C C C

A x x x

A x x x

A x x x

D
  (1) 

where Ah, h = 1, ….., m are the alternatives; Ck, k = 1, ….., n are the 

criteria/attributes; xhk is the performance (or rating) of alternative Ah with respect to 

attribute (criteria) Ck. The matrix D can be transformed in a new matrix, constituted 

by fuzzy elements n mD  : 
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where hkx ,  h, k is the fuzzy rating, these values can be indicated by a triangular 

fuzzy number ( , , )
hk hk hk hk

x a b c  [14]. 

 

2.1 Fuzzy numbers 

In this section, the basic definitions of fuzzy sets utilized in the paper, are briefly 

reviewed (Zadeh, 1965, Kuo et al., 2006, Zimmermann, 2012). 

A fuzzy set A  in a universe of discourse X is a set of ordered pairs: 

   ,
A

A x x x X   

where ( )
A

X  is a membership function which associates with each element x in 

X a real number in the interval [0, 1]. The function value ( )
A

X  is termed the 

grade of membership of x in A . 

The fuzzy number n is of the L–R type if its membership function is of the form 

(Figure 1): 

 

 

Figure 1 - L-R fuzzy number 

 

where m,  and  denote the mean value, the left and right spreads of fuzzy number 

n , respectively L() and R(), are two reference functions mapping from R (real line) 

into [0, 1], and satisfy the following properties (Marková, 1997): 

(1)  L(x) = L(-x), R(x) = R(-x), 

(2)  L(0) = 1, R(0) = 1, 

(3)  L and R are two strictly increasing function on [0, ). 

A triangular fuzzy number n  can be defined by a triplet (a1, a2, a3) (Figure 2) and 

its membership function n  is of the form: 
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Figure 2 - Triangular fuzzy number 

 

Triangular fuzzy numbers are also special cases of L-R fuzzy number with 

L(x)=R(x)=1 − x. 

A is a fuzzy matrix, if at least an entry in A  is a fuzzy number (Bose et al., 1997). 

A linguistic variable is a variable whose values are linguistic terms (Zadeh, 1975). 

The concept of linguistic variable is very useful in dealing with situations which are 

too complex or too ill-defined to be reasonably described in conventional 

quantitative expressions. These linguistic values can be represented by fuzzy 

numbers as shown in the following example. 

 

V
P

P M
P F

M
G G

V
G

1

1 2 3 4 5 6 7 8 9 10  

 

 

Figure 3 - Linguistic terms for fuzzy ratings 0 

 

 

2.2 New technique for decision making 

In order to ensure compatibility between evaluation of objective criteria and 

linguistic ratings of subjective criteria, a normalization method is utilized to 

transform the various criteria scales into a comparable scale. 

To avoid complex calculation, we used the linear scale normalization proposed by 

Hsu and Chen (1994) and Chen and Klein (1997), to transform the various criteria 

scales into a comparable scale. Through this method, we obtain the normalized 

fuzzy decision matrix, denoted by R . 

 hk m n
r


R , 

 

1

a2
x

(x)

a1 a3

Very poor (VP) (0, 0, 1) 

Poor (P) (0, 1, 3) 

Medium poor (1, 3, 5) 

Fair (F) (3, 5, 7) 

Medium good (MG) (5, 7, 9) 

Good (G) (7, 9, 10) 

Very good (VG) (9, 10, 10) 
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c c k
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 (4) 

 

where B is benefit criteria set, C is cost criteria set.  

The normalization method mentioned above is used to preserve the property that 

the ranges of normalized triangular fuzzy numbers belong to [0, 1]. 

After normalization of various indicators scales, to define a preference relation of 

alternative Ai over Aj, we compared, for each criteria, the distance between 

comparative sequence (possible alternative) Ai and some predetermined targets 

(Tran and Duckstein, 2002): i.e. the crisp maximum (cmax) and the crisp minimum 

(cmin). 

Hence, an alternative is ranked first if its total distance to the crisp maximum is the 

smallest but its total distance to the crisp minimum is the greatest. 

The cmax and cmin are chosen as follows: 

 

 max

1

sup
hk

m

h

rc s


 
  

 
  k = 1 ... n (5) 

 

 min

1

inf
hk

m

h

rc s


 
  

 
  k = 1 ... n (6) 

 

where  hk
rs  is the support of the fuzzy number 

hk
r . 

Then the following distances can be calculated: 

dhk = DT  max ;
hk

c r   (7) 

 

hk = DT  min ;
hk

c r   (8) 

 

The distance between a triangular fuzzy numbers (a1, a2, a3) and the crisp maximum 

and minimum, can be calculated as [18]: 

          

   

2 2 22

2 2 3 1 3 2 2 1

2 1 3 2

1 1
2

2 9

1

9

( ; )
T hkD a M a M a a M a a a a

a a a a

M r          

  

  
 

 (9) 

where M is either cmax or cmin. 
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After each distance is calculated, we obtain two distance matrix H and K denoted 

by: 

H = [dhk]mxn K = [hk]mxn (10) 

At last, considering the different importance of each criterion, we have two final 

distance for each considered alternative as: 

1

n

h hk k

k

P d w


   
1

n

h hk k

k

Q w


   (11) 

where wk is the weight of criterion Ck. 

The weights can be calculated using different mathematical approach (Saaty, 1988, 

Saaty, 2000, Saaty, 2006). 

 

3. Numerical example 
 

In this section, we illustrate an application of the illustrated assessment 

methodology for a transport planning decision. We want to demonstrate the 

applicability of the proposed approach to transport infrastructures design problems. 

These types of problems have particular characteristics for the complexity of the 

considered variables (environmental, social and technical/economical) and of the 

interested stakeholders. 

The principal difficulties depend from the numerous aspects to be considered in the 

choice and from the necessity to consider assessment conflicting criteria. 

The hierarchical structure of the analysed evaluation problem consists of 3 levels. 

The first level represents the ultimate goal of the evaluation problem (risk 

assessment of landfills), the second level represents the different type of decision 

criteria and the third represents the spatial or non-spatial attributes of the precedent 

criteria level. 
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Figure 4 – Example of hierarchical structure for railway planning problem 

 

For the numerical application, a railway-planning problem has been analysed and 3 

different solutions (A, B, C) and 13 evaluation criteria have been considered (Figure 

4).  
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4. Results 
 

In this section, we illustrate the computational steps of the proposed method. 

Step 1. The decision makers use the AHP eigenvector method to calculate the 

weights of all criteria (Saaty, 1988). 

Step 2. The decision-makers use the linguistic variables (Figure 3) and numerical 

values to evaluate the rating of the alternatives with respect to each criterion (Table 

2). 

Step 3. According to Figure 3, the fuzzy decision matrix is constructed as shown in 

Table 3. Where the crisp numbers have been transformed in triangular fuzzy 

number considering the fuzzy concept “approximately equal”. 

 

 

Table 2 - The decision matrix 

 

 
 

 

Table 3 - The fuzzy decision matrix 

 

 
 

Step 4. Construct the fuzzy normalized decision matrix by using Eq. (3). The results 

are shown in Table 4. 

Step 5. Determine the crisp maximum (cmax) and the crisp minimum (cmin). 

Step 6. Calculate the distance between each alternative and the crisp maximum and 

minimum by Eq. 9. Then, construct the two distance matrixes H and K as shown in 

Tables 5 and 6. 

 

 

Table 4 - The fuzzy normalized decision matrix 

 

 
 

 

 

 C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12 C13 

 cost benefit benefit Cost cost benefit cost cost cost benefit cost cost cost 

A 14.47 VG G 80.74 MG VG 5.09 G 1121 G 328 G 9.1 

B 15.37 VG G 93.53 MP G 5.45 F 1130 G 412 MG 14.5 

C 14.13 G F 145.66 MP VG 5.39 MP 461 MP 174 MP 6.0 

 

 
 C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12 C13 

A  (13.02, 14.47, 15.92) (9, 10, 10) (7, 9, 10) (72.67, 80.74, 88.81) (5, 7, 9) (9, 10, 10) (4.58, 5.09, 5.60) (7, 9, 10) (1009, 1121, 1233) (7, 9, 10) (295, 328, 361) (7, 9, 10) (8.19, 9.10, 10.01) 
               

B  (13.83, 15.37, 16.91) (9, 10, 10) (7, 9, 10) (84.17, 93.52, 102.87) (5, 7, 9) (7, 9, 10) (4.91, 5.45, 6.00) (3, 5, 7) (1017, 1130, 1243) (7, 9, 10) (371, 412, 453) (5, 7, 9) (13.05, 14.50, 15.95) 
               

C  (12.72, 14.13, 15.54) (7, 9, 10) (3, 5, 7) (131.09, 145.66, 160.23) (1, 3, 5) (9, 10, 10) (4.85, 5.39, 5.93) (1, 3, 5) (415, 461, 507) (1, 3, 5) (157, 174, 191) (1, 3, 5) (5.40, 6.00, 6.60) 

 

  C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12 C13 

A  (0.80, 0.88, 0.98) (0.9, 1.0, 1.0) (0.7, 0.9, 1.0) (0.82, 0.90, 1.00) (0.11, 0.14, 0.2) (0.9, 1.0, 1.0) (0.82, 0.90, 1.00) (0.1, 0.11, 0.14) (0.34, 0.37, 0.41) (0.7, 0.9, 1.0) (0.43, 0.48, 0.53) (0.1, 0.11, 0.14) (0.54, 0.59, 0.66) 

               

B  (0.75 ,0.83, 0.92) (0.9, 1.0, 1.0) (0.7, 0.90, 1.0) (0.71, 0.78, 0.86) (0.11, 0.14, 0.2) (0.7, 0.9, 1.0) (0.76, 0.84, 0.93) (0.14, 0.2, 0.33) (0.33, 0.37, 0.41) (0.7, 0.9, 1.0) (0.35, 0.38, 0.42) (0.11, 0.14, 0.2) (0.34, 0.37, 0.41) 

               

C  (0.82, 0.90, 1.00) (0.7, 0.9, 1.0) (0.3, 0.5, 0.7) (0.45, 0.50, 0.55) (0.2, 0.33, 1.0) (0.9, 1.0, 1.0) (0.77, 0.85, 0.94) (0.2, 0.33, 1.0) (0.82, 0.90, 1.00) (0.1, 0.3, 0.5) (0.82, 0.90, 1.00) (0.2, 0.33, 1.0) (0.82, 0.90, 1.00) 
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Table 5 - The distance matrix H 

 
 

Table 6- The distance matrix K 

 
 

Step 7. Calculate the two final distances/scores for each alternative by Eqs. (11). 

 

PA = 0.42   PB = 0.47   PC = 0.45 

QA = 0.85   QB = 0.80   QC = 0.83 

 

The results of the analysis allow affirming that the best alternative is the option A 

because its total distance to the crisp maximum is the smallest but its total distance 

to the crisp minimum is the greatest. 

 

5. Conclusions 
 

This paper proposes a fuzzy multi-criteria decision-making approach to solve the 

decisional problem of a transport infrastructure planning. 

In the proposed methodology, the concepts of fuzzy numbers, crisp numbers and 

linguistic variables can be applied to evaluate both the linguistic and crisp data 

without any constraints.  

In the second part of the paper, the proposed method was applied to a real decisional 

problem: the planning of a new rail link. In the applicative phase the analysis tool 

was defined in a way that allows to explicit in the best manner the problem, aiming 

at the two main aspects:  

1. representation of the linguistic indicators by the use of  fuzzy numbers;  

2. use of weights (that is the preferences of the choice setters).  

Although the presented method is illustrated by a planning alternative selection 

problem, it could also be applied to many other areas of management decision 

problems or strategy selection problems. 

 

 

References 
 

[1] D. Barilla, G. Leonardi and A. Puglisi, Risk assessment for hazardous 

materials transportation, Applied Mathematical Sciences, 3 (2009), 2295-2309. 

 C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12 C13 

w 0.11 0.09 0.10 0.13 0.04 0.07 0.09 0.09 0.08 0.07 0.05 0.04 0.05 

A 0.17 0.03 0.17 0.14 1.21 0.03 0.14 1.25 0.89 0.17 0.75 1.25 0.57 

B 0.24  0.03  0.17  0.31  1.21  0.17  0.22  1.12  0.89  0.17  0.88  1.21  0.89  

C 0.14  0.17  0.71  0.71  0.87  0.03  0.21  0.87  0.14  0.99  0.14  0.87  0.14  

 

 C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11 C12 C13 

w 0.11 0.09 0.10 0.13 0.04 0.07 0.09 0.09 0.08 0.07 0.05 0.04 0.05 

A 1.11  1.26  1.12  1.13  0.07  1.26  1.13  0.02  0.38  1.12  0.53  0.02  0.70  

B 1.03  1.26  1.12  0.96  0.07  1.12  1.05  0.16  0.38  1.12  0.40  0.07  0.39  

C 1.13  1.12  0.57  0.57  0.46  1.26  1.06  0.46  1.13  0.29  1.13  0.46  1.13  

 



A fuzzy model for a railway-planning problem                         1341 
 

 

[2] U. Bose, A. M. Davey and D. L. Olson, Multi-attribute utility methods in 

group decision making: past applications and potential for inclusion in GDSS, 

Omega, 25 (1997), 691-706.  

http://dx.doi.org/10.1016/s0305-0483(97)00040-6  

 

[3] C. Carlsson, Tackling an MCDM-problem with the help of some results from 

fuzzy set theory, European Journal of Operational Research, 10 (1982), 270-

281. http://dx.doi.org/10.1016/0377-2217(82)90226-0  

 

[4] C.-W. Chang, C.-R. Wu and H.-L. Lin, Applying fuzzy hierarchy multiple 

attributes to construct an expert decision making process, Expert Systems with 

Applications, 36 (2009), 7363-7368. 

http://dx.doi.org/10.1016/j.eswa.2008.09.026  

 

[5] C.-B. Chen, and C. M. Klein, An efficient approach to solving fuzzy MADM 

problems, Fuzzy Sets and Systems, 88 (1997), 51-67. 

http://dx.doi.org/10.1016/s0165-0114(96)00048-6  

 

[6] C.-T. Chen, A fuzzy approach to select the location of the distribution center, 

Fuzzy Sets and Systems, 118 (2001), 65-73. 

http://dx.doi.org/10.1016/s0165-0114(98)00459-x  

 

[7] S.-J. Chen, and C.-L. Hwang, Fuzzy Multiple Attribute Decision Making 

Methods, Springer Berlin Heidelberg, 1992. 

http://dx.doi.org/10.1007/978-3-642-46768-4_5  

 

[8] H.-M. Hsu, and C.-T. Chen, Fuzzy hierarchical weight analysis model for 

multicriteria decision problem, Journal of the Chinese Institute of Industrial 

Engineers, 11 (1994), 126-136. 

 

[9] Keeney, R. L. and H. Raiffa, Decisions with Multiple Objectives: Preferences 

and Value Trade-Offs, Cambridge University Press, 1993. 

http://dx.doi.org/10.1017/cbo9781139174084  

 

[10] M.-S. Kuo, G.-S. Liang and W.-C. Huang, Extensions of the multicriteria 

analysis with pairwise comparison under a fuzzy environment, International 

Journal of Approximate Reasoning, 43 (2006), 268-285. 

http://dx.doi.org/10.1016/j.ijar.2006.04.006  

 

[11] A. Marková, T-sum of L-R fuzzy numbers, Fuzzy Sets and Systems, 85 (1997), 

379-384. http://dx.doi.org/10.1016/0165-0114(95)00370-3  

 

[12] N. F. Matsatsinis, and A. P. Samaras, MCDA and preference disaggregation 

in group decision support systems, European Journal of Operational Research, 

130 (2001), 414-429. http://dx.doi.org/10.1016/s0377-2217(00)00038-2  

http://dx.doi.org/10.1016/s0305-0483%2897%2900040-6
http://dx.doi.org/10.1016/0377-2217%2882%2990226-0
http://dx.doi.org/10.1016/j.eswa.2008.09.026
http://dx.doi.org/10.1016/s0165-0114%2896%2900048-6
http://dx.doi.org/10.1016/s0165-0114%2898%2900459-x
http://dx.doi.org/10.1007/978-3-642-46768-4_5
http://dx.doi.org/10.1017/cbo9781139174084
http://dx.doi.org/10.1016/j.ijar.2006.04.006
http://dx.doi.org/10.1016/0165-0114%2895%2900370-3
http://dx.doi.org/10.1016/s0377-2217%2800%2900038-2


1342                                              Giovanni Leonardi 
 

 

[13] F. Medda, and P. Nijkamp, A combinatorial assessment methodology for 

complex transport policy analysis, Integrated Assessment, 4 (2003), 214-222. 

http://dx.doi.org/10.1076/iaij.4.3.214.23773  

 

[14] G. Munda, P. Nijkamp and P. Rietveld, Qualitative multicriteria methods for 

fuzzy evaluation problems: an illustration of economic-ecological evaluation, 

European Journal of Operational Research, 82 (1995), 79-97. 

http://dx.doi.org/10.1016/0377-2217(93)e0250-2  

 

[15] T. L. Saaty, What is the Analytic Hierarchy Process?, Springer Berlin 

Heidelberg, 1988. http://dx.doi.org/10.1007/978-3-642-83555-1_5  

 

[16] T. L. Saaty, Fundamentals of Decision Making and Priority Theory with the 

Analytic Hierarchy Process, Rws Publications, 2000. 

 

[17] T. L. Saaty, Rank from comparisons and from ratings in the analytic 

hierarchy/network processes, European Journal of Operational Research, 168 

(2006), 557-570. http://dx.doi.org/10.1016/j.ejor.2004.04.032  

 

[18] Tran, L. and L. Duckstein, Comparison of fuzzy numbers using a fuzzy 

distance measure, Fuzzy Sets and Systems, 130 (2002), 331-341. 

http://dx.doi.org/10.1016/s0165-0114(01)00195-6  

 

[19] R. R. Yager, Fuzzy decision making including unequal objectives, Fuzzy Sets 

and Systems, 1 (1978), 87-95. 

http://dx.doi.org/10.1016/0165-0114(78)90010-6  

 

[20] L. A. Zadeh, Fuzzy Sets, Information and Control, 8 (1965), 338-353. 

http://dx.doi.org/10.1016/s0019-9958(65)90241-x  

 

[21] L. A. Zadeh, The concept of a linguistic variable and its application to 

approximate reasoning—I, Information Sciences, 8 (1975), 199-249. 

http://dx.doi.org/10.1016/0020-0255(75)90036-5  

 

[22] H.-J. Zimmermann, Fuzzy Set Theory-and its Applications, Springer 

Netherlands, 2001. http://dx.doi.org/10.1007/978-94-010-0646-0  

 

[23] H.-J. Zimmermann, Fuzzy Sets, Decision Making, and Expert Systems, 

Springer, 2012. 

 

 

Received: February 1, 2016; Published: April 4, 2016 

 

http://dx.doi.org/10.1076/iaij.4.3.214.23773
http://dx.doi.org/10.1016/0377-2217%2893%29e0250-2
http://dx.doi.org/10.1007/978-3-642-83555-1_5
http://dx.doi.org/10.1016/j.ejor.2004.04.032
http://dx.doi.org/10.1016/s0165-0114%2801%2900195-6
http://dx.doi.org/10.1016/0165-0114%2878%2990010-6
http://dx.doi.org/10.1016/s0019-9958%2865%2990241-x
http://dx.doi.org/10.1016/0020-0255%2875%2990036-5
http://dx.doi.org/10.1007/978-94-010-0646-0

