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Abstract

The paper must have abstract. In this paper, we present an ap-
proximate analytical algorithm to solve non-linear quadratic Riccati
differential equations of fractional order based on the optimal homo-
topy asymptotic method (OHAM). OHAM has the benefit of adjusting
the convergence rate and the region of the solution series via several aux-
iliary parameters over the homotopy analysis method (HAM) that has
only one auxiliary parameter. The proposed algorithm is applied to ini-
tial value problems of the fractional order Riccati equations employing
both non-integer and integer derivatives. Additionally, our proposed al-
gorithm outcomes are compared against the Adams-Bashforth-Moulton
numerical method (ABFMM) and other well-known analytical methods.

Keywords: Riccati equation, Fractional differential equation, Caputo frac-
tional derivative, Optimal homotopy asymptotic method
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1 Introduction

An approximate analytical method is presented for the Riccati differential
equations of arbitrary order. The general form of the fractional order Riccati
differential equation has the form

Dα
∗ u(t) = A(t) +B(t)u(t) + C(t)u2(t), 0 < t ≤ T, n− 1 < α ≤ n, (1)

subject to the initial conditions

u(k)(0) = ck, k = 0, 1, . . . , n− 1, (2)

where A(t), B(t) and C(t) are given functions, ck, k = 0, 1, . . . , n − 1, are
arbitrary constants, and Dα

∗ is the Caputo fractional differential operator, in-
troduced in section 2, of order α.

The advantages of using fractional order differential equations in mathe-
matical modelling is their non-local property. It is well-known that the integer
order differential operator is a local operator; while the fractional order dif-
ferential operator is a non-local operator in that the next system state relies
on its current state as well as its proceeding states. Nevertheless, because
of several inherent differences between integer order differential equation and
fractional order differential equation, many methods that are available to solve
the integer order differential equations are unsuitable for the fractional order
differential equations [6].

Variations of Eq. (1), with different orders, play a significant role in numer-
ous applications. The solitary wave solution of a nonlinear partial differential
equation [9] and the one dimensional static Schrödinger equation [23] are ad-
dressed by employing Riccati differential equations using integer order deriva-
tives. Many classical and modern dynamic systems were modelled incorporat-
ing the Riccati equations using fractional order derivatives [11, 20, 27]. Several
applied science and engineering applications; including robust stabilization,
network synthesis, diffusion problems, optimal filtering, controls, stochastic
theory and financial mathematics, have involved the use of Riccati differential
equations [5, 7, 16, 32, 36].

There are several methods that are used to solve fractional order Ric-
cati differential equations, such as Adomian decomposition method (ADM)
[2], variational iteration method (VIM) [1], homotopy perturbation method
(HPM) [3, 4, 21, 34], homotopy analysis method (HAM) [8, 38], combina-
tion of Laplace, Adomian decomposition and Padé approximation methods
[22], Taylor matrix method [15], a combination of finite difference and Padé-
variational iteration numerical scheme [37] and fractional variational iteration



Fractional order Riccati equations 1133

method (FVIM) [31].
Marinca et al. [19, 28, 29, 30] introduced a new analytical method in 2008,

namely the optimal homotopy asymptotic method (OHAM), to solve a variety
of nonlinear problems. Furthermore, they showed that HAM and HPM are par-
ticular cases of OHAM. The OHAM is an approximate analytical tool method
that is simple and straightforward and does not necessitate the presence of any
large or small parameters; unlike the traditional perturbation techniques.The
OHAM has been successfully applied for obtaining an approximate solution of
fractional differential equation [18].

In this paper, a new algorithm based on the OHAM for solving the nonlin-
ear Riccati differential Eq. (1) subject to the initial conditions given in (2) is
proposed. Some basic definitions and important relations of fractional differ-
ential equations are introduced in Section 2. A brief analysis of the numerical
method ABFMM for solving fractional order Riccati differential equations is
illustrated in Section 3. The analysis of the proposed algorithm of OHAM is
presented in Section 4. Some numerical experiments are discussed in Section
5 to illustrate the superiority of OHAM over some existing methods.

2 Basic definitions and preliminaries

In this section we state some definitions and results from the literature which
are relevant to our work. We will adopt Caputo’s definition for the fractional
derivative which is a modification of the Riemann–Liouville definition. This
has the advantage of being more appropriate for initial value problems in which
the initial conditions are given in terms of the field variables and their integer
order, which is the case in most physical processes [33].

Definition 2.1 A real function f(t), t > 0 is said to be in the space Cµ (µ > 0)
if it can be written as f(t) = tpf1(t) for some p > µ where f1(t) is continuous
in [0,∞), and it is said to be in the space Cm

µ iff fm ∈ N ∪ {0} [24].

Definition 2.2 The Riemann-Liouville fractional integral operator (Jα) of or-
der α ≥ 0, of a function f ∈ Cµ, µ ≥ −1, is defined as [17]

Jαf(t) =
1

Γ(α)

∫ t

0

(t− τ)α−1f(τ)dτ, α > 0, t > 0,

J0f(t) = f(t),

where Γ(z) is the well-known Gamma function.

Details and properties of the operator Jα can be found in [35]. Note that: For
f ∈ Cµ, µ ≥ −1, α, β ≥ 0 and λ > −1, we have
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• JαJβf(t) = Jα+βf(t),

• JαJβf(t) = JβJαf(t),

• Jαtλ = Γ(λ+1)
Γ(λ+1+α)

tλ+α.

Definition 2.3 Let f ∈ Cm
−1, m ∈ N ∪ {0}. Then the Caputo fractional

derivative of f of order α > 0 is defined as [17, 25, 26]

Dα
∗ f(t) = Jm−αf (m)(t) =

1

Γ(m− α)

∫ t

0

(t− τ)m−α−1f (m)(τ)dτ, t > 0,

where m− 1 < α ≤ m.

For m− 1 < α ≤ m, m ∈ N , and f, g ∈ Cm
µ , µ ≥ −1, the following properties

hold [35]

• Dα
∗ (af(t) + bg(t)) = aDα

∗ f(t) + bDα
∗ g(t), a, b ∈ R,

• Dα
∗ J

αf(t) = f(t),

• JαDα
∗ f(t) = f(t)−

∑k−1
j=0 f

(j)(0) t
j

j!
, t > 0.

3 Adams-Bashforth-Moulton method

Here we introduce the Adams-Bashforth-Moulton method (ABFMM) [12, 13]
which is based on the predictor-corrector scheme [12, 10] to solve the Riccati
equation for non-integer order. Results of this method are used as a benchmark
for comparison in our study. Let us write Eq. (1) as

Dαu(t) = r(t, u(t)) 0 < t ≤ T, (3)

subject to the initial conditions

u(k)(0) = ck, k = 0, 1, . . . , dαe − 1,

where r(t, u(t)) = A(t)+B(t)u(t)+C(t)u2(t). The above fractional differential
equation is equivalent to the Volterra integral equation [14]

u(t) =

dαe−1∑
k=0

ck
tk

k!
+

1

Γ(α)

∫ t

0

(t− τ)α−1r(τ, u(τ))dτ. (4)
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The step size is equally spaced i.e. h = T/N where tn = nh for n = 0, 1, . . . , N .
Then Eq. (4) can be rewritten in the updated form as follows

ũ(tn+1) =

dαe−1∑
k=0

ck
tk

k!
+

hα

Γ(α + 2)

(
r(tn+1, ũ

p(tn+1) +
n∑
j=0

aj,n+1r(tj, ũ(tj))

)
,

(5)
where aj,n+1 and ũp(tn+1) are given by

aj,n+1 =


nα+1 − (n− α)(n+ 1)α, j = 0
(n− j + 2)α+1 + (n− j)α+1 − 2(n− j + 1)α+1, 1 ≤ j ≤ n
1, j = n+ 1

ũp(tn+1) =

dαe−1∑
k=0

ck
tk

k!
+

1

Γ(α)

n∑
j=0

bj,n+1r(tj, ũ(tj),

and

bj,n+1 =
hα

α
((n+ 1− j)α − (n− j)α) .

The error of this approximation is of order p, which is given by the following
expression:

o(hp) = max
j=0,1,...,N

|u(tj)− ũ(tj)|,

where, p = min(2, 1 + α).

4 Analysis of the method

The OHAM was introduced and developed by Marinca et al. [29, 19, 28, 30].
This method is a modification of the HAM which is based on minimizing the
residual error. In OHAM, the control and adjustment of the convergence region
are conveniently provided.

Now, we apply the OHAM to the following nonlinear fractional differential
equation

A(u(t)) + f(t) = 0, t ∈ Ω (6)

or
Dα
∗ u(t) +N (u(t)) + f(t) = 0, t ∈ Ω (7)

subject to the initial conditions

B(u,
du

dt
) = 0, (8)

where A = Dα
∗ +N , Dα

∗ is the fractional differential operator considered as a
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linear operator, N is a nonlinear operator, Ω is the problem domain, t denotes
the independent variable, u(t) is an unknown function, f(t) is a known function
and B is a boundary operator.
According to OHAM, the homotopy ϕ(t; q) : Ω × [0, 1] → R is constructed
which satisfies

(1− q)[L(ϕ(t; q) + f(t)]−H(q)[A(ϕ(t; q)) + f(t)] = 0, (9)

where q ∈ [0, 1] is an embedding parameter, H(q) is a nonzero auxiliary func-
tion for q 6= 0, and H(0) = 0, ϕ(t; q) is an unknown function. By substituting
q = 0 and 1 in Eq. (9), we have ϕ(t; 0) = u0(t) and ϕ(t; 1) = u(t), respectively.
Hence as q increases from 0 to 1, the solution ϕ(t; q) varies continuously from
u0(t) to the exact solution u(t).
By substituting q = 0 in Eq. (9), the initial approximation u0(t) = ϕ(t; 0) is
obtained as the solution of the following problem.

Dα
∗ (u0(t)) + f(t) = 0, B(u0,

du0

dt
) = 0. (10)

We choose the auxiliary function H(q) in the form

H(q) = qC1 + q2C2 + q3C3 + . . . , (11)

where C1, C2, C3,. . . are parameters which can be determined later. Expanding
ϕ(t; q, C1, C2, C3, . . .) in a Taylor series with respect to q, one has

ϕ(t; q, C1, C2, C3, · · · ) = u0(t) +
∞∑
i=1

ui(t, C1, C2, C3, . . .)q
i. (12)

Substituting Eqs. (12) and (11) into Eq. (9) and equating the coefficient of
like powers of q, then the zero order deformation equation is obtained as given
in Eq. (10). The first and the second order deformation equations are given
by

Dα
∗ (u1(t)) = C1N0(u0(t)), B(u1,

du1

dt
) = 0, (13)

Dα
∗ (u2(t)) = Dα

∗ (u1(t))+C2N0(u0(t))+C1[Dα
∗ (u1(t))+N1(u0(t), u1(t))], B(u2,

du2

dt
) = 0,

(14)

and hence, the general governing equations for uj(t) are given by

Dα
∗ (uj(t)) = Dα

∗ (uj−1(t))+
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CjN0(u0(t)) +

j−1∑
i=1

Ci[D
α
∗ (uj−i(t)) +Nj−i(u0(t), u1(t), · · · , uj−1(t))],

B(uj,
duj
dt

) = 0; j = 3, 4, . . . ,

(15)

where Nm(u0(t), · · · , um(t)) is the coefficient of qm, obtained by expanding
N (ϕ(t; q, C1, C2, C3, . . .)) in series with respect to the embedding parameter q,

N (ϕ(t; q, C1, C2, C3, . . .)) = N0(u0(t)) +
∞∑
j=1

Nj(u0, u1, ..., uj)q
j, (16)

where ϕ(t; q, C1, C2, C3, . . .) is given in Eq. (12). It should be noted that uj for
j ≥ 0 are governed by linear equations with linear boundary conditions from
the original problem and this can be easily solved. The convergence of the
series given in Eq. (12) depends upon the auxiliary parameters C1, C2, C3, . . ..
If it converges at q = 1, we have

u(t;C1, C2, C3, . . .) = u0(t) +
∞∑
j=1

uj(t;C1, C2, C3, . . .). (17)

Truncating the series solution (17) at level j = m, then the approximate
solution at level m is given by

um(t, C1, C2, C3, . . . , Cm) = u0(t) +
m∑
i=1

ui(t, C1, C2, C3, . . . , Ci). (18)

Substituting Eq. (18) into Eq. (7), we obtain the following expression for the
residual error

R(t;C1, C2, C3, . . . , Cm) =

Dα
∗ (um(t;C1, C2, C3, . . . , Cm)) +N (um(t;C1, C2, C3, . . . , Cm)) + f(t). (19)

If R = 0, then um is the exact solution. In general, such a case will not arise
for nonlinear and fractional problems. For the determination of the required
auxiliary parameters C1, C2, C3, . . ., there are many methods such as Galerkins
method, the Ritz method, the least squares method and the collocation method
to find the optimal values of C1, C2, C3, . . .. Here, we apply the method of least
squares to compute the auxiliary parameters as we find it accurate and easy
to implement.
In theory, at the mth order of approximation, we define the exact square
residual error, Jm(C1, C2, C3, . . . , Cm), as

Jm(C1, C2, C3, . . . , Cm) =

∫ b

a

R2(t;C1, C2, C3, . . . , Cm)dt, (20)
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where the values a and b depend on the given problem. Thus, at the given
level of approximation m, the corresponding optimal values of convergence
control parameters C1, C2, C3, . . . , Cm are obtained by minimizing the exact
square residual error, Jm, which corresponds to the following set of n algebraic
equations

∂Jm
∂Ci

= 0 i = 1, 2, · · · ,m. (21)

It is interesting to point out that when these parameters are determined, then
the mth order approximate solution given by Eq. (18) will be constructed.
Further details of OHAM can be found in [29, 19, 28, 30].

5 Numerical Experiments

In this section, two examples are presented to illustrate the effectiveness of the
OHAM for solving the fractional order Riccati equation.
Example 1. Consider the following fractional order Riccati equation [34]

Dα
∗ u(t) = −u2(t) + 1, 0 ≤ t ≤ 1, 0 < α ≤ 1, (22)

subject to the initial condition

u(0) = 0. (23)

The exact solution of the equation for α = 1 is given as

u(t) =
e2t − 1

e2t + 1
. (24)

In view of our algorithm based on OHAM, presented in section 3, we can
construct the following homotopy

(1− q)(Dα
∗ϕ(t; q)− 1) = H(p)[Dα

∗ϕ(t; q) + ϕ2(t; q)− 1], (25)

where

ϕ(t; q) = u0(t) +
∞∑
j=1

uj(t)q
j, (26)

H(q) = qC1 + q2C2 + q3C3 + · · · . (27)

Substituting Eq. (26) and Eq. (27) into Eq. (25), and equating the coefficients
of the same powers of q, yields the following set of linear fractional differential
equations

q0 : Dα
∗ u0(t) = 1, (28)
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q1 : Dα
∗ u1(t) = (1 + C1)Dα

∗ u0(t) + C1u
2
0(t)− C1 − 1, (29)

q2 : Dα
∗ u2(t) = (1 +C1)Dα

∗ u1(t) +C2D
α
∗ u0(t) +C2u

2
0(t) + 2C2u0(t)u1(t)−C2,

(30)
and so on. Applying the operator Jα to both sides of Eqs. (28)-(30) and using
the initial condition, we obtain

u0(t) =
1

Γ(α + 1)
tα, (31)

u1(t;C1) =
22αΓ(α + 1

2
)C1√

πΓ(α + 1)Γ(3α + 1)
t3α, (32)

u2(t;C1, C2) =
2(2α+1)3(−3α− 1

2
)√πΓ(α+ 1

2)(C2
1 + C1 + C2)

Γ(α+ 1)2Γ(α+ 1
3)Γ(α+ 2

3)
t3α

+
2(8α+4)3(−3α− 1

2
)5(−5α− 1

2
)
√
π3Γ(α+ 1

2)Γ(2α+ 1
2)C2

1

Γ(α+ 1)3Γ(α+ 1
3)Γ(α+ 2

3)Γ(α+ 1
5)Γ(α+ 2

5)Γ(α+ 3
5)Γ(α+ 4

5)
t5α. (33)

and so on. From Eq. (18), the third order approximate solution can be
obtained by using the formula

u3(t) = u0(t) + u1(t;C1) + u2(t;C1, C2) + u3(t;C1, C2, C3). (34)

Table 1 shows the optimal values of the convergence control constants C1, C2,
and C3 in u3(t) given in Eq. (34) for different values of α which can be obtained
using the procedure mentioned in (19)-(21).

Table 1: Values of auxiliary parameters for the third-order OHAM solution of
Eq. (22) for different orders.
auxiliary parameters α = 1 α = 0.25 α = 0.5 α = 0.75 α = 0.9

C1 -0.7647692611 -0.4161392146 -0.4929758923 -0.6255388128 -0.7106697135

C2 -0.0018224597 -0.0455885997 -0.0252795594 -0.0103605496 -0.0042934878

C3 0.0000355106 -0.0070352669 -0.0042059429 -0.0011524576 -0.0002328713

Table 2 shows approximate solutions for Eq. (22), when α = 1, obtained
using the third order OHAM solution, the exact solution given in (24), the
numerical method ABFMM [12], with h = 0.001, the fourth-component ho-
motopy perturbation method (HPM) solution [34] and the eleventh-component
Adomian decomposition method (ADM) solution [1]. In Fig. 1, we plot the
third order OHAM solution, when α = 1, and the exact solution given in (24).
From the numerical results shown in Fig. 1 and Table 2, we can conclude that
the approximate solutions obtained using OHAM are in good agreement with
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Table 2: Comparison of numerical results for the solution of Eq. (22) when
α = 1.

t Exact OHAM ABFMM [12] HPM [34] ADM [1]
0 0.0000000000 0.0000000000 0.0000000000 0.0000000000 0.000000

0.1 0.0996679946 0.0996718794 0.0996679944 0.0996679946 0.099667
0.2 0.1973753202 0.1974023559 0.1973753198 0.1973753092 0.197375
0.3 0.2913126124 0.2913840225 0.2913126119 0.2913121971 0.291312
0.4 0.3799489622 0.3800652965 0.3799489615 0.3799435784 0.379948
0.5 0.4621171572 0.4622479172 0.4621171563 0.4620783730 0.462117
0.6 0.5370495669 0.5371479432 0.5370495658 0.5368572343 0.537049
0.7 0.6043677771 0.6044080838 0.6043677757 0.6036314822 0.604367
0.8 0.6640367702 0.6640492005 0.6640367687 0.6617060368 0.664037
0.9 0.7162978701 0.7163488085 0.7162978685 0.7099191514 0.716300
1 0.7615941559 0.7616344154 0.7615941542 0.7460317460 0.761622

Table 3: Comparison of numerical results for the solution of Eq. (22), when
α = 0.25 and α = 0.5, (Error= |u3

OHAM(t)− uABFMM(t)| ).
α = 0.25 α = 0.5

t OHAM ABFMM [12] HPM [34] Error OHAM ABFMM [12] HPM [34] Error
0 0.000000 0.000000 0.000000 0 0.000000 0.000000 0.000000 0

0.1 0.486984 0.487151 0.334466 1.67E-04 0.331621 0.330106 0.273875 1.51E-03
0.2 0.538973 0.540879 0.576509 1.91E-03 0.438686 0.436835 0.454125 1.85E-03
0.3 0.570009 0.571773 0.738363 1.76E-03 0.505937 0.504885 0.573932 1.05E-03
0.4 0.592567 0.593261 0.826507 6.94E-04 0.553768 0.553779 0.644422 1.10E-05
0.5 0.610211 0.609616 0.848948 5.95E-04 0.590524 0.591191 0.674137 6.67E-04
0.6 0.624346 0.622749 0.816636 1.60E-03 0.620381 0.621011 0.671987 6.30E-04
0.7 0.635615 0.633677 0.743767 1.94E-03 0.645483 0.645482 0.648003 1.00E-06
0.8 0.644340 0.643005 0.647567 1.33E-03 0.666771 0.666016 0.613306 7.55E-04
0.9 0.650691 0.651121 0.547686 4.30E-04 0.684379 0.683549 0.579641 8.30E-04
1 0.654753 0.658290 0.465263 3.54E-03 0.697850 0.698737 0.558557 8.87E-04

exact solution for all values of t. It is clear that the overall error can be made
smaller by computing further terms using the OHAM.

The exact solution of Eq. (22) for the fractional order case is not known,
however multiple numerical solutions are available, for example, using ABFMM
[12]. Tables 3 and 4 show approximate solutions for Eq. (22) using the third-
order OHAM, the HPM [34] and ABFMM, with h = 0.001, for different values
of α. From the numerical results in Tables 3 and 4, it is to be noted that the
OHAM solution follows the numerical one whereas HPM needs more modifi-
cation. The third order approximate solutions of Eq. (22) and the residual
errors are shown in Fig. 2 and Fig. 3, respectively, for different values of α.

Example 2. Let us consider the following fractional order Riccati equation
[34]

Dα
∗ u(t) = 2u(t)− u2(t) + 1, 0 ≤ t ≤ 1, 0 < α ≤ 1, (35)

u(0) = 0. (36)
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Table 4: Comparison of numerical results for the solution of Eq. (22), when
α = 0.75 and α = 0.9, (Error= |u3

OHAM(t)− uABFMM(t)| ).
α = 0.75 α = 0.9

t OHAM ABFMM [12] HPM [34] Error OHAM ABFMM [12] HPM [34] Error
0 0.000000 0.000000 0.000000 0 0. 0.000000 0.000000 0

0.1 0.190228 0.190101 0.184795 1.27E-04 0.130055 0.130037 0.129923 1.80E-05
0.2 0.310403 0.309975 0.313795 4.28E-04 0.238881 0.238789 0.239089 9.20E-05
0.3 0.405260 0.404614 0.414562 6.46E-04 0.336160 0.335962 0.336458 1.98E-04
0.4 0.482235 0.481631 0.492889 6.04E-04 0.422849 0.422583 0.422898 2.66E-04
0.5 0.545411 0.545089 0.462117 3.22E-04 0.499377 0.499135 0.498910 2.42E-04
0.6 0.597772 0.597781 0.597393 9.00E-06 0.566300 0.566172 0.565304 1.28E-04
0.7 0.641673 0.641819 0.631772 1.46E-04 0.624407 0.624396 0.623241 1.10E-05
0.8 0.678884 0.678849 0.660412 3.50E-05 0.674628 0.674627 0.674004 1.00E-06
0.9 0.710501 0.710174 0.687960 3.27E-04 0.717846 0.717735 0.718554 1.11E-04
1 0.736799 0.736836 0.718260 3.70E-05 0.754635 0.754588 0.756867 4.70E-05

The exact solution of the equation for α = 1 is given as

u(t) = 1 +
√

2 tanh

(
√

2t+
1

2
log

(√
2− 1√
2 + 1

))
. (37)

In view of our algorithm based on OHAM, presented in section 3, we can
construct the following homotopy

(1− q)(Dα
∗ϕ(t; q)− 1) = H(q)[Dα

∗ϕ(t; q) + ϕ2(t; q)− 2ϕ(t; q)− 1], (38)

where

ϕ(t; p) = u0(t) +
∞∑
j=1

uj(t)p
j, (39)

H(q) = qC1 + q2C2 + q3C3 + · · · . (40)

Substituting Eq. (39) and Eq. (40) into Eq. (38), and equating the coefficient
of the same powers of q, yields the following set of linear fractional differential
equations.

q0 : Dα
∗ u0(t) = 1, (41)

q1 : Dα
∗ u1(t) = (1 + C1)Dα

∗ u0(t) + C1u
2
0(t)− 2C1u0(t)− C1 − 1, (42)

q2 : Dα
∗ u2(t) = (1 + C1)Dα

∗ u1(t)− 2C1u1(t) + C2D
α
∗ u0(t)

+C2u
2
0(t)− 2C2u0(t) + 2C1u0(t)u1(t)− C2, (43)

and so on. Applying the operator Jα to both sides of (41)-(43) and using the
initial condition, we obtain

u0(t) =
1

Γ(α + 1)
xα, (44)
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u1(t;C1) = − 2C1

Γ(2α + 1)
t2α +

2(2α+1)3(−3α− 1
2

)
√
πΓ(α + 1

2
)C1

Γ(α + 1)2Γ(α + 1
3
)Γ(α + 2

3
)
t3α (45)

u2(x;C1, C2) = −
2(C2

1 + C1 + C2)

Γ(2α+ 1)
t2α

+

2(2α+1)3(−3α− 1
2
)√πΓ(α+ 1

2
)(C2

1 + C1 + C2)

Γ(α+ 1)2Γ(α+ 1
3

)Γ(α+ 2
3

)
+

(8)3(−3α− 1
2
)πC2

1

Γ(α+ 1)Γ(α+ 1
3

)Γ(α+ 2
3

)

 t3α

−

2(−4α+1)3(3α+
1
2
)Γ(α+ 1

3
)Γ(α+ 2

3
)C2

1√
πΓ(2α+ 1)2Γ(2α+ 1

2
)

+
2(−4α+1)√πC2

1

Γ(α+ 1)2Γ(2α+ 1
2

)

 t4α

+
2(8α+4)3(−3α− 1

2
)5(−5α− 1

2
)π

3
2 Γ(α+ 1

2
)Γ(2α+ 1

2
)C2

1

Γ(α+ 1)3Γ(α+ 1
3

)Γ(α+ 2
3

)Γ(α+ 1
5

)Γ(α+ 2
5

)Γ(α+ 3
5

)Γ(α+ 4
5

)
t5α (46)

and so on. From Eq. (18), the third order approximate solution can be
obtained by using the formula

u3(t) = u0(t) + u1(t;C1) + u2(t;C1, C2) + u3(t;C1, C2, C3). (47)

Table 5 shows the optimal values of the convergence control constants C1, C2,

Table 5: Values of auxiliary parameters for the third-order OHAM solution of
Eq. (35) for different orders.
auxiliary parameters α = 1 α = 0.25 α = 0.5 α = 0.75 α = 0.9

C1 -1.1359566363 -0.9902232695 -1.1755715072 1.2098520258 -1.1583109862

C2 0.2616729933 0.8471223014 1.0004637483 0.7728257720 0.4464233960

C3 -0.0609082055 -0.5151531380 -0.4650950514 -0.2417261664 -.1198033485

Table 6: Comparison of numerical results for the solution Eq. (35) when α = 1.
t Exact OHAM ABFMM [12] HPM [34] VIM [1]
0 0.0000000000 0.0000000000 0.0000000000 0.0000000000 0.000000

0.1 0.1102951969 0.1112136763 0.1102951933 0.1102943724 0.110295
0.2 0.2419767996 0.2443164581 0.2419767925 0.2419648204 0.241977
0.3 0.3951048486 0.3980915664 0.3951048385 0.3951055971 0.395113
0.4 0.5678121662 0.5702708053 0.5678121542 0.5681149562 0.567845
0.5 0.7560143934 0.7571636961 0.7560143809 0.7575644842 0.756086
0.6 0.9535662164 0.9535657064 0.9535662047 0.9582588343 0.953666
0.7 1.1529489669 1.1529057040 1.1529489566 1.163458660 1.153037
0.8 1.3463636553 1.3475927635 1.3463636463 1.365239549 1.346379
0.9 1.5269113132 1.5295224574 1.5269113048 1.554959751 1.526411
1 1.6894983915 1.6907027573 1.6894983828 1.723809524 1.686027

and C3 in u3(t) given in Eq. (47) for different values of α which can be obtained
using the procedure mentioned in (19)-(21). Table 6 shows approximate



Fractional order Riccati equations 1143

Table 7: Comparison of numerical results for the solution Eq. (35), when
α = 0.25 and α = 0.5, (Error= |u3

OHAM(t)− uABFMM(t)| ).
α = 0.25 α = 0.5

t OHAM ABFMM [12] HPM [34] Error OHAM ABFMM [12] HPM [34] Error
0 0.000000 0.000000 0.000000 0 0.000000 0.000000 0.000000 0

0.1 1.196745 1.214979 0.390444 1.82E-02 0.602365 0.592655 0.321730 9.71E-03
0.2 1.395025 1.388662 0.790120 6.36E-03 0.926392 0.933124 0.629666 6.73E-03
0.3 1.492667 1.482078 1.195399 1.06E-02 1.166943 1.173948 0.940941 7.00E-03
0.4 1.550036 1.544207 1.593142 5.83E-03 1.347039 1.346627 1.250737 4.12E-04
0.5 1.588682 1.589967 1.967395 1.28E-03 1.480002 1.473864 1.549439 6.14E-03
0.6 1.618727 1.625781 2.301220 7.05E-03 1.576924 1.570550 1.825456 6.37E-03
0.7 1.645614 1.654968 2.577871 9.35E-03 1.648135 1.646180 2.066523 1.95E-03
0.8 1.672507 1.679451 2.781786 6.94E-03 1.703519 1.706864 2.260633 3.34E-03
0.9 1.701325 1.700441 2.899489 8.84E-04 1.752540 1.756629 2.396839 4.09E-03
1 1.733260 1.718740 2.920436 1.45E-02 1.804183 1.798206 2.466004 5.98E-03

Table 8: Comparison of numerical results for the solution Eq. (35), when
α = 0.75 and α = 0.9, (Error= |u3

OHAM(t)− uABFMM(t)| ).
α = 0.75 α = 0.9

t OHAM ABFMM [12] HPM [34] Error OHAM ABFMM [12] HPM [34] Error
0 0.000000 0.000000 0.000000 0 0.000000 0.000000 0.000000 0

0.1 0.257228 0.245426 0.216866 1.18E-02 0.153695 0.150709 0.148857 2.99E-03
0.2 0.489967 0.475089 0.428892 1.49E-02 0.320789 0.314863 0.310476 5.93E-03
0.3 0.719623 0.710017 0.654614 9.61E-03 0.504711 0.498664 0.491687 6.05E-03
0.4 0.941228 0.938531 0.891404 2.70E-03 0.701229 0.697538 0.690145 3.69E-03
0.5 1.148308 1.149058 1.132763 7.50E-04 0.904397 0.903667 0.901000 7.30E-04
0.6 1.334857 1.334328 1.37024 5.29E-04 1.107138 1.107861 1.117602 7.23E-04
0.7 1.496331 1.491921 1.594278 4.41E-03 1.301808 1.301433 1.331964 3.75E-04
0.8 1.630274 1.622988 1.794879 7.29E-03 1.480853 1.477703 1.535233 3.15E-03
0.9 1.736720 1.730608 1.962239 6.11E-03 1.637486 1.632739 1.718223 4.75E-03
1 1.818403 1.818508 2.087384 1.05E-04 1.766381 1.765275 1.872000 1.11E-03

solutions for Eq. (35), when α = 1, obtained using the third order OHAM
solution, the exact solution given in (37), the numerical method ABFMM
[12], with h = 0.001, the fourth-component homotopy perturbation method
(HPM) solution [34] and the third-component variational iteration method
(VIM) solution [1]. In Fig. 4, we plot the third order OHAM solution, when
α = 1, and the exact solution given in (37). From the numerical results shown
in Fig. 4 and Table 6, it can be concluded that the approximate solutions
obtained using OHAM are in good agreement with the exact solution for all
values of t. Tables 7 and 8 show approximate solutions for Eq. (35) using
the third-order OHAM, the HPM [34] and ABFMM, when h = 0.001, for the
different values of α. From the numerical results in Tables 7 and 8, it is clear
that the OHAM solutions are in high agreement with the ABFMM numerical
solutions. The third order approximate solutions of Eq. (35) and the residual
errors are shown in Fig. 5 and Fig. 6, respectively, for different values of α.
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6 Conclusion

In this paper, we have utilized the OHAM to obtain approximate analytical
solutions to fractional order Riccati equations. The obtained results indicate
that the OHAM could be reliable and effective tool in solving fractional differ-
ential equations. The OHAM provides a simple way to control and adjust the
convergence of the series solution using the auxiliary constants Cis which are
optimally determined. Furthermore, by using different forms of the auxiliary
function, more accuracy can be obtained.
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Figure 1: Comparison of third-order OHAM solution and exact solu-
tion in Example 1.

Figure 2: A third order OHAM solution of Eq. (22) for different
values of α

(a) α = 0.25 (b) α = 0.5 (c) α = 0.75 (d) α = 0.9

Figure 3: The residual errors for Eq. (22) by using 3-rd order OHAM
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Figure 4: Comparison of third-order OHAM solution and exact solu-
tion in Example 2.

Figure 5: A 3-rd order OHAM solution of Eq. (35) for different values
of α

(a) α = 0.25 (b) α = 0.5 (c) α = 0.75 (d) α = 0.9

Figure 6: The residual errors for Eq. (35) by using 3-rd order OHAM


