
Applied Mathematical Sciences, Vol. 10, 2016, no. 21, 1047 - 1056
HIKARI Ltd, www.m-hikari.com

http://dx.doi.org/10.12988/ams.2016.6258

Existence of Many Nonradial Solutions

for a Perturbed Dirichlet Problem

N. Daoudi-Merzagui, N. Bekkouche

Department of Mathematics, University of Tlemcen
B.P. 119 Tlemcen 13000, Algeria

A. Boucherif

Deparment of Mathematics and Statistics
KFUPM Box 5046, Dhahran 31261, Saudi Arabia

L. Li

School of Mathematics and Statistics
Chongqing Technology and Business University

Chongqing 400067, P.R. China

Copyright c© 2016 N. Daoudi-Merzagui, N. Bekkouche, A. Boucherif and L. Li. This

article is distributed under the Creative Commons Attribution License, which permits un-

restricted use, distribution, and reproduction in any medium, provided the original work is

properly cited.

Abstract
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1 Introduction

In this paper we discuss the existence and the multiplicity of nonradial solu-
tions for the following perturbed nonlinear elliptic problem{

−∆pu = f (x, u) + g(x), on Ω
u = 0, on ∂Ω

(1)

where Ω is a bounded domain in RN , (N > 2) with smooth boundary ∂Ω,
0 ∈ Ω. Results on existence of solutions to the problem (1) when g = 0
and f (x, u) := u |u|k−1, 1 < k < N +2

N −2
if N ≥ 3 or 1 < k < +∞ if N = 2,

were obtained by Coffman ([14]), Hempel ([15]), Ambrosetti ([5]), Rabinowitz
([18]); and for the most general odd nonlinearities by Ambrosetti - Rabinowitz
([6]) and Rabinowitz ([19]). In these works, the authors rely on the use of
Lusternik-Schnirelman theory or rather on the notion of genus for symmetric
sets. Therefore, the fact that the nonlinearity f in (1) is odd in its second
argument is essential for applying these techniques. The existence of infinitely
many radial solutions in this case has been established by several authors, see
for example ([13]), and ([16]).
However, they shed no light on how to extend them to finding nonradial solu-
tions. Actually, despite the intense development on radial solutions to prob-
lems like (1), results on the existence of nonradial solutions is nowhere near
as abundant. To the best of our knowledge there are only few papers on this
subject in the literature. We quote the earlier works by G. J. Butler ([10]),
and B. L. Shekhter ([21]), the book of M. A. Krasnosel’skii, A. I. Perov, A. I.
Povolotskii, and P. P. Zabreiko ([16]) [6, Section 22], and the paper by E. W.
C. Van Groesen ([23]), for ordinary differential equations. In these works, an
assumption on the behaviour of the nonlinearity near ∞ is considered. In a
more recent work, E.W.Van Groesen ([24]) was concerned with the problem
(1) omitting the behavior near ∞, when N = 2 . F.Alessio, W.Dambrosio
([2]) generalized this result to the case where N > 2. The reader is referred
to [1], [9], [8], [11], [12] and [25] for more results on the existence of nonra-
dial solutions. A natural question is to know whether the infinite number of
solutions persists under perturbations of the original equation. In particular,
does (1) possess infinitely many solutions when g 6= 0. The first result in that
direction for N ≥ 2 is a perturbation theorem of A. Ambrosetti ([4]) stating,
in the case where f (x, u) = |u|k−1 u, k > 1, that for any number ν ∈ N, there
exists εν > 0, such that if ||g||L2 < εν , then problem (1) has at least ν distinct
solutions. A much more general perturbation-multiplicity result was obtained
by A. Bahri, H. Berestycki ([7]). We quote also ([17]) and ([20]) as works
concerning the perturbed equations. Let us remark that the existence of at
least one solution of (1) for g small enough is a straightforward application of



Existence of many nonradial solutions 1049

the implicit function theorem. The result we obtain for (1) in this work can
be considered as an answer to the question mentioned above in the case of
nonradial solutions.

We focus on the existence and the multiplicity of nonradial solutions when
the symmetry of the non-linearity is no longer satisfied, particularly we con-
sider the following perturbed problem{

−∆pu = f (|x| , u ) + g (x) , x ∈ Ω
u = 0, x ∈ ∂Ω

(2)

where Ω = B(0, R) is the ball in RN , centered at 0 and of radius R; N > 2,

1 < p < N, |x| :=

√√√√ N∑
i=1

x2
i , is the Euclidean norm of x in RNand f, g are two

functions, with f odd in u.

The paper is organized as follows, Section 2 contains the basic preliminaries.
Section 3 is devoted to the main result. To illustrate our result we give an
example at the end of the paper.

2 Preliminaries

Throughout this paper we shall use the following notions.

We consider the Sobolev space W 1,p
0 (Ω), the closure of C1

c (Ω) in W 1,p (Ω),

which endowed with the norm ‖u‖ :=

∫
Ω

|∇u|p dx

 1
p

, is a reflexive Banach

space.
From the compact embedding W 1,p (Ω) 	 Lp (Ω) (see ([22])) , there exists a
positive constant c (N, p), such that for every u ∈ W 1,p

0 , we have,

‖u‖Lp ≤ c (N, p) ‖u‖W 1,p
0

(3)

Now, we introduce the standard parametrization of Ω = B(0, R), in polar
coordinates (r, θ1, ..., θN−1),

Ω = {(r, θ1, ..., θN−1) ; r ∈ [0, R] , θi ∈ [0, π] , i = 1, ..., N − 2, θN−1 ∈ [−π, π]}

Remark 1 We will agree to call nonradial solution of (2) any solution of (2)
which does not depend only on r but depends on θi also.
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3 Main result

In this section we state and prove our main result.
The problem (2), is considered with 1 < p < N ; N > 2. Using the polar
coordinates (r, θ1, ..., θN−1), the assumptions on the functions f and g, are as
follows.

(H1) (i) f : Ω × R → R, is a Caratheodory function which is odd in its
second argument.

(ii) lim
|u|→+∞

f (r,u)

|u|p−1 = 0, for almost every r ∈ [0, R]

(iii) lim
u→0

f (r,u)

|u|p−1 = +∞, for almost every r ∈ [0, R] .

(H2) g : Ω → R, is a function in Lq (Ω) which is constant with respect to
θN−1; q satisfies 1

p
+ 1

q
= 1.

Theorem 1 If conditions (H1), (H2) hold, then the problem (2) has a sequence
(uk)k≥1 of nonradial solutions in W 1,p

0 (Ω).

Proof. To prove this result we shall rely on a variational method. For all u
∈ R and for almost every x ∈ Ω, we define F, the antiderivative of f , by

F (|x|, u) :=

u∫
0

f (|x|, s) ds,

and we consider the energy functional associated to (2), defined for u ∈
W 1,p

0 (Ω) by

I (u) =

∫
Ω

[
1

p
|∇u|p − F (|x|, u) − g (x) .u (x)

]
dx. (4)

Clearly, I is well defined on W 1,p
0 (Ω). I is a differentiable functional, whose

derivative at the point u ∈ W 1,p
0 (Ω), is the functional I ′(u) ∈

(
W 1,p

0

)∗
(Ω)

defined, for all v ∈ W 1,p
0 (Ω) by,

I ′ (u)(v) =

∫
Ω

|∇u|p−1∇vdx−
∫

Ω

f (|x|, u (x))v dx−
∫
Ω

g (x) v dx. (5)

Obviously, if u ∈ W 1,p
0 (Ω) is a critical point of the functional I, then u is a

weak solution of problem (2) .
To study the existence of nonradial solutions, we look for solution which are
odd and 2π

k
-periodic, in the (N − 1) component, (k is a positive integer). So,

we look for solutions belonging to the set Ek, defined for all positive integers
k, by

Ek =

{
u ∈ W 1,p

0 (Ω) ;u (r, θ1, ..., θN−2, .) is odd, and
2π

k
-periodic.

}
(6)
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The sets Ek, k ≥ 1, are natural constraints for problem (2), in the sense that
every critical point of the energy functional I associated to (2), on Ek, is a
critical point of I, on the whole space W 1,p

0 (Ω) (see ([24])) .
To prove the existence of critical point for the functional I, on Ek, we state
and prove some auxiliary lemmas.

Lemma 2 Under assumptions (H1)− (i)(ii) and (H2), we have:
1-For every k ≥ 1, the set Ek is weakly closed in W 1,p

0 (Ω) .
2- The functional I is sequentially weakly lower semicontinuous and coercive
on Ek, (i.e. lim

‖u‖→+∞
u∈Ek

I (u) = +∞).

Proof. The statement 1 of lemma (2), is a consequence of the fact that Ek is
convex and strongly closed.
To prove statement 2 of lemma (2) ,we, first, combine the weak lower semicon-
tinuity of the L2− norm and Fatou’s lemma and (H1)(i), to obtain the weakly
lower semi continuity of I. Secondly, (H1) (i)− (ii) imply that, for every ε >
0, there exists δ = δ(ε) > 0, such that, for almost every x ∈ Ω,

F (|x|, u) ≤ ε

p
|u|p + max

|u|≤δ
|F (|x|, u)| .

Hence∫
Ω

F (|x|, u dx ≤
∫
Ω

(
ε

p
|u|p + max

|u| ≤δ
|F (|x|, u)|

)
dx =

ε

p
‖u‖pLp + C(δ),

where, C(δ) :=

∫
Ω

max
|u| ≤δ

|F (|x|, u)| dx < +∞.

From (H2) and Hőlder inequality, we have∫
Ω

g (x)u (x) dx ≤ ‖g‖Lq ‖u‖Lp . (7)

Therefore

I (u) ≥ 1

p
‖u‖p − ε

p
‖u‖pLp − C(δ)− ‖g‖Lq ‖u‖Lp .

Now, (3) implies

I (u) ≥ 1

p
‖u‖p (1− εc (N, p))− ‖g‖Lq ‖u‖Lp − C(δ)

≥ 1

p
‖u‖p (1− εc (N, p))− ‖g‖Lq c (N, p) ‖u‖ − C(δ),

then, for ε < 1
2c (N,p))

, lim
‖u‖→+∞

I (u) = +∞. This implies that I is coercive.
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Then, from lemma (2) and using the direct method of the calculus of
variations, we immediately obtain that for all integer k ≥ 1, I admits a
minimiser on Ek. So, there exists uk ∈ Ek such that I (uk) = inf

Ek

I. Set

mk := inf
Ek

I

Lemma 3 For all k ≥ 1, we have

−∞ < m1 ≤ mk < 0.

Proof. From the coercivity of I on E1, we obtain that m1 > −∞. Moreover,
since Ek ⊂ E1, we have m1 ≤ mk for all k ≥ 1. Finally, to prove that mk < 0
for all k ∈ N∗, we consider the domain Ωk defined by,

Ωk =
{

(r, θ1, ..., θN−1) ∈ Ω ; θN−1 ∈
[
0,
π

k

)}
.

There exists an eigenvalue λn of −∆p on W 1,p
0 (Ωk) such that λn > 1. Let vn

be the corresponding eigenfunction. For more details on eigenvalues of −∆p

see ([3]).
We have that vn ∈ L∞. Consider the periodic and odd prolongation vkn of vn
over Ω. Then vkn ∈ Ek ∩ L∞, and∫

Ω

∣∣∇vkn∣∣p dx = 2k

∫
Ωk

∣∣∇vkn∣∣p dx = 2kλn

∫
Ωk

∣∣vkn∣∣p dx = λn

∫
Ω

∣∣vkn∣∣p dx. (8)

Using (H1)− (iii), there exists β := β(λn) > 0, such that

F (|x|, u) >
λn
p
|u|p , if |u| ≤ β.

Now, Considering

Ψ (u) :=
1

2
(I (u) + I (−u)) , (9)

we see that

Ψ (u) =

∫
Ω

[
1

p
|∇u|p − F (|x|, u)

]
dx.

For all s ∈] −β
1+‖vkn‖L∞

, β

1+‖vkn‖L∞
[, we have

∣∣svkn∣∣ < β, and

Ψ
(
svkn
)

=

∫
Ω

1

p

∣∣∇svkn∣∣p dx− ∫
Ω

F (|x|, svkn)dx

≤ 1

p
(

∫
Ω

∣∣∇svkn∣∣p dx− ∫
Ω

λn
∣∣svkn∣∣p dx)

≤ |s|p

p
(1− λn)

∫
Ω

∣∣∇vkn∣∣p dx < 0.
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Hence from (9), I
(
svkn
)
< 0 or I

(
−svkn

)
< 0, from which we conclude that

inf
Ek

Ik = mk < 0.

Lemma 4 : For all k ≥ 1 there exists uk ∈ Ek� {0} , a nonradial solution of
(2) such that I (uk) = mk. Moreover, there exists M > 0 such that

‖uk‖ ≤M (10)

Proof. As already noticed, uk is a weak solution of problem (2). Since
I (uk) < 0 = I (0), uk 6= 0 and uk is odd in θN−1, then uk cannot be ra-
dial. So, uk is a nonradial solution of (2) .
Moreover, by lemma (3) m1 ≤ mk = I (uk) < 0. Then for all k ≥ 1

|I (uk)| < |m1| . (11)

Hence, there exists a constant M > 0 such that, for all k ≥ 1

‖uk‖ < M. (12)

Indeed, if not, there exists k0 ≥ 1, such that ‖uk0‖ → +∞, then the coercivity
of I implies I (uk0)→ +∞ this is a contradiction to (11).
This achieves the proof of our main result.

Example 5 We consider (2)with, N = 4, p = 3

f (|x|, u) := u
1
3 cos

(
u.e−|x|

2
)
,

g (r, θ1, θ2, θ3) = (r cos θ1 ln(2 + sin θ1) + θ2)
2
3

It is easy to see that f , and g satisfy the assumptions (H1) and (H2). Then,
an application of theorem (1) gives the existence of nonradial solutions for (2)
in this case.
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