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Abstract

We study a group pursuit game with players moving on the plane
with bounded velocities. The game is a nonzero-sum pursuit game be-
tween an evader and m pursuers acting independently of each other. The
case of perfect information is considered. We find analytical formulas
for calculating coordinates of the intersection points of the Apollonius
circles. We construct a Nash equilibrium in this game. Existence of
the Nash equilibrium is proved. Finally, we give several examples that
illustrate the obtained results.
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1 Introduction

The process of pursuit represents a typical conflict situation. When only two
players are involved in pursuit we deal with a classical zero-sum differential
pursuit game. These games grew out of military problems and were developed
in [1], [2], [3], [9], [10] and other works.

When more than two players participate in a game and players’ objectives
are not strictly opposite it is rather reasonable to consider this game as a
nonzero-sum one. In terms, in such a case players are not aimed to destruct
each other.

In this paper we study a group pursuit game with one evader and m
pursuers acting independently of each other. The game is supposed to be
a nonzero-sum pursuit game with perfect information. This game was formal-
ized and investigated in [8] and further developed in [6], [12]. As a solution of
the constructed game we find a Nash equilibrium [5].

For this purpose for arbitrary initial positions of the players we construct
the corresponding Apollonius circles and derive analytical formulas for cal-
culating coordinates of all intersection points of the circles. Finally, we give
several examples that illustrate the result.

2 Nonzero-sum group pursuit game

We consider a group pursuit game with pursuers P1, P2, . . . , Pm and evader E.
The players move on a plane with bounded velocities. Denote by α1, α2, . . . , αm

and β the maximal velocities of P1, P2, . . ., Pm and E, respectively. More-
over, we suppose that β < min{α1, α2, . . . , αm}, where α1, α2, . . . , αm, β are
constant.

The players start their motion at the moment t = 0 at the initial positions

P 0
1 = z01 , P

0
2 = z02 , . . . , P

0
m = z0m, E

0 = z0

and have the possibility of making decisions continuously in time. At each
instant t they may choose directions of their motion and velocities within
prescribed limits. The sets of control variables UP , UEi

have the following
forms

UPj
= { uPj

= (u1Pj
, u2Pj

) : (u1Pj
)2 + (u2Pj

)2 ≤ α2
j}, j = 1,m,

UE = { uE = (u1E, u
2
E) : (u1E)2 + (u2E)2 ≤ β2}.

This means that the players move on a plane with bounded velocities and
control the direction of their motion choosing parameters uPj

= (u1Pj
, u2Pj

) and
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uE = (u1E, u
2
E) at each time instant. The motion of the players is described by

the following system of differential equations

żj = uPj
, uPj

∈ UPj
, j = 1,m,

ż = uE, uE ∈ UE
(1)

with initial conditions

z1(0) = z01 , . . . , zm(0) = z0m, z(0) = z0. (2)

Let us denote by P t
1 = zt1,. . ., P

t
m = ztm, Et = zt the current positions of

the players at the time instant t. We consider the case of perfect information.
This means that every player at each time instant t ≥ 0 knows the moment t
and his own and all other player’s positions. Additionally, we assume that the
pursuers use strategies with discrimination against the evader. In other words,
at each moment t pursuers P1, . . . , Pm know the vector-velocities ut

E chosen
by the evader at that time moment.

Now we need to explain how the players choose their control variables
throughout the game according to incoming information. We define a strategy
of the evader as a function of time and the current positions of the players.
A strategy of player E is a function uE(t, zt1, . . . , z

t
m, z

t) with values in UE.
So, the evader uses piecewise open-loop strategies. Denote by UE the set of
admissible strategies of player E.

A strategy of player Pj, j = 1,m, is a function of time, players’ positions
and vector-velocities of the evader, i.e. uPj

(t, zt1, . . . , z
t
m, z

t,ut
E). In words, the

class of admissible strategies of a pursuer consists of strategies with discrim-
ination (counterstrategies). Denote by UPj

the set of admissible strategies of
player Pj, j = 1,m.

Evader E is considered caught if the positions of Pj and E coincide at some
time moment.

So, tPj
(·) is the meeting time of pursuer Pj and evader E which is defined

as follows

tPj
(z01 , . . . , z

0
m, z

0, uP1(·), . . . , uPm(·), uE(·)) = min{t : ztj = zt}, j = 1,m.

If there is no such t, then tPj
= +∞. We say that the game is over if any of

the pursuers captures the evader.
Let

tE(z01 , . . . , z
0
m, z

0, uP1(·), . . . , uPm(·), uE(·)) = min{tP1 , . . . , tPm}.

Here tE is the first time moment for evader E when he meets any of the
pursuers. Let KE be the payoff function of the evader. It is equal to its
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meeting time multiplied by some number γ > 0. Here γ is a price of a time
unit. Thus,

KE(z01 , . . . , z
0
m, z

0, uP1(·), . . . , uPm(·), uE(·)) =
= γ · tE(z01 , . . . , z

0
m, z

0, uP1(·), . . . , uPm(·), uE(·)). (3)

The payoff function of player Pj (j = 1,m) is given as follows

KPj
(z01 , . . . , z

0
m, z

0, uP1(·), . . . , uPm(·), uE(·)) =
= −γ · tPj

(z01 , . . . , z
0
m, z

0, uP1(·), . . . , uPm(·), uE(·)). (4)

The objective of each player in the game is to maximize his own payoff
function, i.e. each pursuer has a reason to meet the evader before the other
players do and the evader wants to be caught as late as possible.

So, we define this nonzero-sum pursuit game in a normal form

Γ(z01 , . . . , z
0
m, z

0) = 〈N, {Ui}i∈N , {Ki}i∈N〉, (5)

where N = {P1, . . . , Pm, E} is the set of players, Ui is the set of admissible
strategies of player i, and Ki is a payoff function of player i defined by (3) and
(4), i ∈ N . The constructed game depends on initial positions of the players.
Let us fix players’ initial positions and consider the game Γ(z01 , . . . , z

0
m, z

0).

3 The Apollonius circle

In this game we suppose that the pursuers use the parallel pursuit strategy
(Π-strategy) [8] which is defined below.

Definition 3.1 The parallel pursuit strategy (Π-strategy) is a behavior of a
pursuer which provides a segment P tEt connecting current players’ positions
P t and Et at each time moment t > 0 to be parallel to the initial segment P 0E0

and its length strictly decreases.

It is known that if pursuer Pj uses the parallel pursuit strategy and evader
E uses all possible strategies from UE, then all possible meeting points of
evader E and pursuer Pj cover the Apollonius disk. If the evader moves along
a straight line with the maximal velocity, then the meeting point of E and Pj

lies on the Apollonius circle.
Let us remind the following definition given in [8].

Definition 3.2 The Apollonius circle A(z0j , z
0) for initial positions P 0

j = z0j
and E0 = z0 of pursuer Pj and evader E, respectively, is the set of points M
such that

|E0M |
β

=
|P 0

j M |
αj

,

where αj > β > 0.
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Denote byAj the Apollonius disk corresponding to the Apollonius circleA(z0j , z
0).

The set of all intersection points of the Apollonius circles is denoted by A.
First let us consider a three person game: with pursuers P1, P2 and one

evader E. We have two intersection points of the Apollonius circles, so, A =
{ẑ12, z̃12}, where ẑ12 is the farthest from E0 intersection point and z̃12 is the
closest to E0 intersection point of the Apollonius circles (Figure 1).

A(z , z ) 0 0

0

A(z  , z ) 0 

E0

0

O0

O 0

P 0

P

2 

1 

1 

1 

2 

2 

 z ~ 
12 

z 12 

^ 

Figure 1 — The Apollonius circles for the game Γ(z01 , z
0
2 , z

0)

For the Apollonius circle A(z0j , z
0) = S(O0

j , R
0
j ) of radius R0

j with center at
O0

j we have the following formulas

∣∣∣E0O0
j

∣∣∣ = β2 ·

∥∥∥z0j − z0∥∥∥
α2
j − β2

, R0
j = αj · β ·

∥∥∥z0j − z0∥∥∥
α2
j − β2

, j = 1, 2,

where ‖·‖ is a distance in Euclidean space.
Now let us consider the game Γ(z01 , . . . , z

0
m, z

0). For this game

A = {(ẑij, z̃ij) : i, j = 1,m, i < j}.

Figure 2 — The Apollonius circles for the game with an evader and m pursuers
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In order to find a Nash equilibrium in the game Γ(z01 , . . . , z
0
m, z

0) we need
to know coordinates of the intersection points of the corresponding Apollonius
circles. Further we define the farthest from the initial position E0 intersection
point ẑ that belongs to the set A1 ∩ . . . ∩ Am ∩ A (shaded area in Figure 2).

As Apollonius circles are crossed in pairs, we consider two arbitrary pur-
suers Pi, Pj and evader E and determine two points ẑij and z̃ij from A. Given
i, j = 1, n, i < j, we get the whole set A.

For this purpose let us fix initial positions of the players:

E : z0 = (x0E, y
0
E), Pi : z0i = (x0Pi

, y0Pi
), Pj : z0j = (x0Pj

, y0Pj
).

We construct the curvilinear coordinate system z0X ′Y ′ with the beginning
at z0 that is the initial position of evader E. The axises z0X ′ and z0Y ′ go
through the initial positions of pursuers Pi and Pj, respectively. Additionally,
we consider Cartesian coordinate system z0XY with the same beginning at
the point z0.

Denote by ϕ an angel between axises z0X and z0X ′ and by ψ an angel
between z0Y and z0Y ′. Here ϕ and ψ are defined by the formulas

cosϕ =
x0E − x0Pi

‖z0 − z0i ‖
, cosψ =

x0E − x0Pj∥∥∥z0 − z0j ∥∥∥ ,
sinϕ =

y0E − y0Pi

‖z0 − z0i ‖
, sinψ =

y0E − y0Pj∥∥∥z0 − z0j ∥∥∥ .
Using the formulas for coordinate’s transformation{

x = x′ cosϕ+ y′ cosψ,
y = x′ sinϕ+ y′ sinψ,

we obtain
O0

i = (ai cosϕ ; ai sinϕ), ai = |E0O0
i |,

O0
j = (aj cosψ; aj sinψ), aj = |E0O0

j |.

The intersection points ẑij = (x̂ij, ŷij) and z̃ij = (x̃ij, ỹij) can be found from
the following system of equations{

(x− ai cosϕ)2 + (y − ai sinϕ)2 = R2
i ,

(x− aj cosψ)2 + (y − aj sinψ)2 = R2
j .

(6)

Subtracting the second equation from the first one we have the following equal-
ity

2x(aj cosψ − ai cosϕ) + 2y(aj sinψ − ai sinϕ) + a2i − a2j = R2
i −R2

j . (7)

Now we need to consider several cases and subcases:
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1. Let aj cosψ − ai cosϕ = 0, then we have two subcases:

(a) aj sinψ − ai sinϕ = 0.

It means that both circles have the same center. If their radiuses
are equal (Ri = Rj), then these circles coincide. In other case, the
circle of a smaller radius lies inside the circle of a lager radius. So,
such circles are not crossed and we should not take into account
the pursuer whose Apollonius circle has a lager radius (in fact, this
pursuer can never capture the evader earlier than the other one).

(b) aj sinψ − ai sinϕ 6= 0.

In this subcase the ordinates of the intersection points are equal
and defined by the formula

ŷij = ỹij =
R2

i −R2
j − a2i + a2j

2(aj sinψ − ai sinϕ)
. (8)

Substituting formula (8) to equation (7), we find

x1,2ij = ai cosϕ±
√
R2

i − (y − ai sinϕ)2. (9)

It is easy to check that the inequality |y − ai sinϕ| ≤ Ri is satis-
fies for the Apollonius circles corresponding to one evader and two
pursuers.

2. If aj cosψ − ai cosϕ 6= 0, then

x =
R2

i −R2
j + a2j − a2i

2(aj cosψ − ai cosϕ)
− y aj sinψ − ai sinϕ

aj cosψ − ai cosϕ
. (10)

Using the following notations

c =
R2

i −R2
j + a2j − a2i

2(aj cosψ − ai cosϕ)
, b =

aj sinψ − ai sinϕ

aj cosψ − ai cosϕ

and substituting formulas (9) to (7), we get the following equation

y2(b2 +1)−2y(ai sinϕ− b ·ai cosϕ+c · b)+c2−2c ·ai cosϕ+a2i −R2
i = 0.

This quadratic equation has two real roots

y1,2ij =
ai sinϕ− b · ai cosϕ + cb±

√
R2

i (b2 + 1)− (c− ai cosϕ− b · ai sinϕ)2

b2 + 1
.

(11)

The inequality R2
i (b

2 + 1) ≤ (c − ai cosϕ − b · ai sinϕ)2 is holds for all
initial positions of the players and x1ij, x

2
ij can be found from (10).
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Thus, using formulas (8) and (9) or (10) and (11), we can calculate the
coordinates of all intersection points of the Apollonius circles at the initial
time moment.

4 Nash equilibrium in the game Γ(z0
1, . . . , z

0
m, z

0)

In nonzero-sum games there is a number of solution concepts that are based on
some additional assumptions for players’ behaviour and structure of a game.
One of them is Nash equilibrium [5].

Let us construct a Nash equlibrium in this game and formulate the main
result of the paper.

Theorem 4.1 In the game Γ(z01 , . . . , z
0
m, z

0) there exists a Nash equilibrium.
It is constructed as follows:

• evader E moves along a straight line with the maximal velocity to the
point ẑ, where

ẑ = arg max
zij∈A1∩...∩Am

‖ z0 − zij ‖, i 6= j, i, j = 1,m,

zij are the intersection points of the Apollonius circles which belong to
the intersection of all Apollonius disks;

• players P1, . . . , Pm use the parallel pursuit strategy (Π-strategy).

The optimality of Π-strategy for a pursuit game with ”life-line” was proved
in [7].

Further we give some examples that illustrate Theorem 4.1 and the results
of the previous section.

Example 4.2 1 Let us consider a 4-person pursuit game Γ(z01 , z
0
2 , z

0
3 , z

0).
The players’ initial positions are the following:

z01 = (5; 7), z02 = (10; 6), z03 = (13; 12), z0 = (8; 8).

The players move on a plane with the maximal velocities

α1 = α2 = α3 = 3, β = 2.

In Figure 3 there are three Apollonius circles constructed at the initial time
moment. So, in this game we have six intersection points of the Apollonius
circles that make up the set A and are listed in Table 1.

1All calculations are performed from formulas (8) – (11) by means of a created computer
program.
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Figure 3 — The Apollonius circles for the game with an evader and three pursuers

The set A1 ∩ . . . ∩ Am is presented in Figure 3 by the shaded area. The
intersection points that belong to this area are listed in the second column of
Table 1.

According to Theorem 4.1, evader E is captured at the point z̃13 = (7,2; 10,85)
by pursuers P1 and P3.

Table 1

A A1 ∩ . . . ∩ Am ∩ A ẑ
ẑ12 = (8,63; 12,16)
z̃12 = (7,48; 6,38) z̃12 = (7,48; 6,38)
ẑ13 = (10,27; 5,01)
z̃13 = (7,2; 10,85) z̃13 = (7,2; 10,85) z̃13 = (7,2; 10,85)
ẑ23 = (3,01; 9,35)
z̃23 = (9,77; 9,2) z̃23 = (9,77; 9,2)

In this game there exists a unique Nash equilibrium in which the players
get the following payoffs KP1 = KP3 = −1, 48, KP2 = −∞, KE = 1, 48. The
total pursuit time is equal to 1, 48.
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Example 4.3 Let us consider a 5-person pursuit game Γ(z01 , z
0
2 , z

0
3 , z

0
4 , z

0).
The players’ initial positions are the following:

z01 = (5; 8), z02 = (8; 5), z03 = (11; 8), z04 = (8; 11), z0 = (8; 8).

The players move on a plane with the maximal velocities

α1 = α2 = α3 = α4 = 3, β = 2.

In Figure 4 there are four Apollonius circles constructed at the initial time
moment. So, in this game we have twelve intersection points of the Apollonius
circles that make up the set A and are listed in Table 2.

Figure 4 — The Apollonius circles for the game with an evader and four pursuers

The set A1 ∩ . . . ∩ Am is presented in Figure 4 by the shaded area. The in-
tersection points that belong to this area are listed in the second column of
Table 2.
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Table 2

A A1 ∩ . . . ∩ Am ∩ A ẑ
ẑ12 = (11,44; 11,44)
z̃12 = (6,96; 6,96) z̃12 = (6,96; 6,96) z̃12 = (6,96; 6,96)
ẑ13 = (8; 5,32)
z̃13 = (8; 10,7)
ẑ14 = (11,44; 4,56)
z̃14 = (6,96; 9,04) z̃14 = (6,96; 9,04) z̃14 = (6,96; 9,04)
ẑ23 = (4,56; 11,44)
z̃23 = (9,04; 6,96) z̃23 = (9,04; 6,96) z̃23 = (9,04; 6,96)
ẑ24 = (5,32; 8)
z̃24 = (10,7; 8)
ẑ34 = (4,56; 4,56) z̃34 = (9,04; 9,04) z̃34 = (9,04; 9,04)
z̃34 = (9,04; 9,04)

According to Theorem 4.1, evader E can be captured at several points, and
namely,

• at z̃12 = (6,96; 6,96) by pursuers P1 and P2;

• at z̃14 = (6,96; 9,04) by pursuers P1 and P4;

• at z̃23 = (9,04; 6,96) by pursuers P2 and P3;

• at z̃34 = (9,04; 9,04) by pursuers P3 and P4.

Here there exist several symmetrical Nash equilibria. The total pursuit time
is equal to 0, 73.

Taking into account the fact that the evader can be captured only by one or
two pursuers we have a situation when the evader has an opportunity to choose
one or another Nash equilibrium according to its preferences with respect to one
or another pursuer. For example, if the evader prefers pursuers P1 and P2, then
the players get the following payoffs KP1 = KP2 = −0, 73, KP3 = KP4 = −∞,
KE = 0, 73. And if the evader prefers pursuers P3 and P4, the situation for
the players changes complectly and their payoffs are KP3 = KP4 = −0, 73,
KP1 = KP2 = −∞, KE = 0, 73.

5 Conclusion

In the considered game there may be several Nash equilibria depending on
initial positions of the players. For example, in a symmetric case the evader
obtains the same payoff in all Nash equilibria. Thus, the evader has an op-
portunity to choose one or another Nash equilibrium according to its pref-
erences with respect to one or another pursuer. However, this equilibria are
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distinguishable for pursuers. As a result, we have a competition between the
pursuers in the game. To resolve this situation one can use a framework of
multicriteria games [4] or apply a cooperative approach to this group pursuit
game [6], [12].
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supported by the grant 15-33-11190 of the Russian Foundation for Humanities.
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