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Abstract
We report on a simulation model that interprets the transmission

dynamics and incidence of a Dengue virus serotype by means of non-
linear ordinary differential equations, with parameters depending on the
average temperature in Quindío city, Colombia. We have determined
the population growth threshold of the Aedes aegypti mosquitoes. The
basic reproduction number R0 is obtained using the next generation
matrix. A sensitivity analysis is realized for both thresholds. Finally,
we show simulations using the MAPLE code, including all the estimated
parameters.
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1 Introduction
Dengue is an infectious disease that is transmitted to people by a virus car-
rier, Aedes aegypti mosquitoes. This one remains almost all his life cycle in
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zones habited by people, so then, this disease is present principally in urban
areas. This infection is a public healthcare problem, principally in tropical
and subtropical regions, where there is presence of Aedes aegypti [5]. Till now,
five Dengue virus serotypes are known (DEN I, DEN II, DEN III, DEN IV,
DEN V). An infected person after recovering, it becomes immune to the same
serotype but it has partial and transitory immunity to the remaining ones.
The life cycle of the Aedes aegypti mosquito is divided in four stages: egg,
larvae, pupa, and adult. The first three are aquatic and the last stage is aerial.

Dengue virus is only transmitted by the female mosquito bite. Actually, there
are not authorized vaccines nor specific treatments for its control. On the
other hand, the vector control measures are not enough to stop their quickly
emergence and propagation around the world [3, 12]. It is one of the diseases
with higher incidence in Colombia. Therefore, a lot of people care about its
control and prevention in all the country.

Some recent studies report on the Dengue transmission and incidence mod-
els: Hyun Mo Yang, et al., (2010) have estimated the entomologic parameters
for the Dengue as function of the tropical temperatures [5], Yukiko Higa (2011)
has realized an investigation about geographic distribution and evolutionary
development of the Aedes aegypti and Aedes albopictus vectors [6], Sittisede
Polwiang (2015) has demonstrated the impact of the weather in the Dengue
transmission by means of parameters obtained with mathematical equations,
taking into account the mosquitoes population life cycle, from oviposition to
death [7], Helena S.R. et al., (2014) have showed the Dengue effects using
entomological information to obtain the mosquito development as function
of the temperature. To do this, they have used a sensitivity analysis, the
basic reproduction number, and optimal control [3], It has been determined
the temperature effect in the Aedes aegypti vectorial capacity, contributing
to the prevention of a future geographical expansion of the epidemics [10],
Diekmann et al., (2009) have reported the definition and detailed elaboration
of the next generation matrix to obtain the values of the basic reproduction
number [4], Helena Sofia R., et al., (2013) have developed a sensitivity analysis
of an epidemiological model for Dengue [10]. Also, It has been described the
transmission dynamics of Dengue among people and vector, including control
parameters for mosquitoes, showing an effective control of the epidemics [8].
Furthermore, Nita H. Shad, et al., (2015) have investigated the local and global
stability of Dengue with entomological parameters [7].

Sensitivity allows us to measure the relative change of a variable when a pa-
rameter changes [9]. The models are sensitive to the input parameters in
two ways: the variability, that is associated with a sensitive input parameter,
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propagates through the model resulting in a highest contribution to the global
production variability, and the second one, the consequences of the model may
be highly correlated with an input parameter, so that, little changes in the
input parameters produce significant variations in the output values [1, 2, 9].

2 Model
We set up a simulation model based on non-linear ordinary differential equa-
tions, which interprets the transmission dynamics and incidence of Dengue by
integrating the average temperature-dependent parameters at the Quindío city.
The model has the following variables and parameters: x1(t) : average number
of susceptible people, x2(t) : average number of infected people, y1(t) : aver-
age number of non-carrier mosquitoes of one of the dengue serotypes, y2(t) :
average number of mosquitoes carrying one of the virus serotypes, z(t) : av-
erage number of immature stages (egg, larvae, and pupa) at time t, K(t) is
the charge capacity of the immature stages, ∆ is the constant flux/mobility of
the susceptible people, α is the bite rate per day, β is the transmission rate of
the virus from mosquito to human, σ transmission rate of the virus from hu-
man to mosquito, µ is the natural mortality rate, ε mosquito natural mortality
rate, θ the infected people recovery rate by treatment, ω is the developing rate
from pupa to adult stage, π is the death rate of the immature stages, φ the
oviposition rate, and f the eggs’ fraction that turns to female mosquitoes. The
dynamic system that plays the infection process is,

dx1(t)

dt
= ∆− βα y2(t)

x1(t) + x2(t)
x1(t)− µx1(t) ≡ f(·) (1)

dx2(t)

dt
= βα

y2(t)

x1(t) + x2(t)
x1(t)− (θ + µ)x2(t) ≡ g(·) (2)

dy1(t)

dt
= ωz(t)− σα x2(t)

x1(t) + x2(t)
y1(t)− εy1(t) ≡ h(·) (3)

dy2(t)

dt
= σα

x2(t)

x1(t) + x2(t)
y1(t)− εy2(t) ≡ w(·) (4)

dz(t)

dt
= fφ(y1(t) + y2(t))

(
1− z(t)

K

)
− (π + ω)z(t) ≡ v(·) (5)

where, ∆, α, µ, θ, ω, ε, φ,K, π > 0, 0 < β, σ, f < 1 and initial conditions
x1(0) = x10, x2(0) = x20, y1(0) = y10, y2(0) = y20, z(0) = z0.

The infection-free stationary solutions are:

E0 =

(
∆

µ
, 0, 0, 0, 0

)
, E1 =

(
∆

µ
, 0,

ωK

ερ
(ρ− 1), 0,

K

ρ
(ρ− 1)

)
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Where
ρ =

fφω

ε(π + ω)

is the mosquito population growth threshold and the system trajectories (1-5)
are as follows,

x1(t) = x1(0) + ∆t− βα
∫ t

0

y2(s)x1(s)

x1(s) + x2(s)
ds− µ

∫ t

0

x1(s)ds

x2(t) = x2(0) + βα

∫ t

0

y2(s)x1(s)

x1(s) + x2(s)
ds− (θ + µ)

∫ t

0

x2(s)ds

y1(t) = y1(0) + ω

∫ t

0

z(s)ds− σα
∫ t

0

x2(s)y1(s)

x1(s) + x2(s)
ds− ε

∫ t

0

y1(s)ds

y2(t) = y2(0) + σα

∫ t

0

x2(s)y1(s)

x1(s) + x2(s)
ds− ε

∫ t

0

y2(s)ds

z(t) = z(0) + fφ

∫ t

0

(y1(s) + y2(s))

(
1− z(s)

K

)
ds− (π + ω)

∫ t

0

z(s)ds

2.1 Relative vectorial capacity Cvr

This one describes the vector’s ability to spread out the disease among humans.
It is defined as the product of all factors whose interaction produces an infected
vector (with a particular pathogen). This pathogen could be transmitted to
their vertebrate host. In mathematical terms, Cvr has the following form [7],

Cvr(T ) =
α2(T )β(T )σ(T )e−ε(T )η(T )

ε(T )

where η is the extrinsic incubation period [14] and T is the temperature.

2.2 Basic reproduction number R0

Mathematically, R0 is the spectral radius of the next generation matrix (G),
namely, it is the maximum eigenvalue of that matrix.

R0 = ξ(G) = max {λi} , i = 1, 2, 3, · · · , n.

where, ξ is the spectral radius of the G matrix and G = FA−1, being F =(
∂Γ(X)
∂Xi

)
(X0) and A =

(
∂V (X)
∂Xi

)
(X0): F is a non-negative matrix and A is

a non-singular M-matrix; Γ(X) and V (X) are matrixes, that belong to the
dynamic system of the process (1)-(5), so that,

Ẋ = Γ(X)− V (X)
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with, X = (x1, x2, y1, y2, z)
T and X0 is the initial population vector [10, 11].

Therefore,

Γ =


βα y2(t)

x1(t)+x2(t)
x1(t)

σα x2(t)
x1(t)+x2(t)

y1(t)

fφ (y1(t) + y2(t))
(

1− z(t)
k

)
 and V =

 (θ + µ)x2(t)
εy2(t)

(π + ω)z(t)


Using these matrixes we have obtained the next generation matrix, G = FA−1

G =

 0 βα
ε

0
σαkωµ(ρ−1)

(θ+µ)∆ερ
0 0

0 fφ
ρε
−fφω(ρ−1)

ερ(π+ω)


The eigenvalues of G are λ1 = −(ρ − 1), λ2,3 = ±

√
βσµα2ωk(ρ−1)

∆ρε2(θ+µ)
where the

max{λ123} =
√

βσµα2ωk(ρ−1)
∆ρε2(θ+µ)

, then, the basic reproduction number is

R0(ρ) = ξ(G) = max{λ123} =

√
βσµα2ωk(ρ− 1)

∆ρε2(θ + µ)

and the relative vectorial capacity

Cvr(ρ) = θR0(ρ)

In terms of the average temperature, we have:

R0(T ) =

√
β(T )σ(T )µα2(T )ωk(ρ− 1)

∆ρε2(θ + µ)

and
Cvr(T ) = θR0(T )

3 Results and conclusions
In [7] and [12] are described the entomological parameters of the model in
terms of the temperature. These were used to estimate the values shown in
Table 1. for the average temperature of the Quindío city 21◦C.
The sensitivity indices of the basic reproduction number and mosquito popu-
lation growth threshold are calculated through the following expressions:

IR0
Γ =

∂R0

∂Γ
× Γ

R0

, IρΓ =
∂ρ

∂Γ
× Γ

ρ
, IR0

Γρ
=
∂R0

∂ρ
× ∂ρ

∂Γρ
× Γρ
R0
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Table 1: Estimated parameters and sensitivity analysis of R0.

Parameter Value IρP Value IρP IR0
P Value IR0

P IR0
Pρ

Value IR0
Pρ

α 0.1846 1 1
β 0.6468 0.5 0.5
σ 0.6272 0.5 0.5
ε 0.0364 1 1 -1 -1 − 1

2(ρ−1)
-0.0062

φ 4.0584 1 1 1
2(ρ−1)

0.0062
∆ 20 -0.5 -0.5
µ 0.0000375375 θ

2(θ+µ)
0.4997

θ 0.0714 − θ
2(θ+µ)

-0.4997
ρ 81.0869 1

2(ρ−1)
0.0062

ω 0.08 π
π+ω

0.7575 0.5 0.5 ω
2ε(ρ−1)(π+ω)

0.0416
π 0.25 − π

π+ω
-0.7575 − π

2(ρ−1)(π+ω)
-0.0047

k 1000 0.5 0.5
f 3 1 1 1

2(ρ−1)
0.0062

η 0.0287
Cvr 0.3794
R0 5.3137

where, Γ represents the parameter.

The sensitivity values of the mosquito population growth threshold show that
an increasing in ε, φ, f and ω generates an increment in the threshold. While
an increment in the average number of immature stages leads to an increase
in ρ. For the basic reproduction number, this one tends to increase as the bite
rate per day (α) rises, or when the natural mortality rate of the mosquito (ε)
decreases, see Table 1.

Also, it is possible to see that the basic reproduction number is positively-
sensitive to the developing rate from pupa to adult stage (ω) and negatively-
sensitive to the natural mortality rate of the mosquito (ε). In Figure 1 is
showed the behavior of the basic reproduction number (R0) in terms of the
mosquito population growth threshold (ρ). Also, it is showed the infection and
mosquito evolution as function of the time.
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Figure 1: R0(ρ) behavior (left panel), and the infection as function of the time
(right panel).
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