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Abstract

In this article, two parameters c and k of Burr type III distribution

based on dual generalized order statistics are estimated by importance

sampling and MCMC procedures. And the prediction of future lower

record values is discussed. The MCMC method is simulated for lower
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record values which can be obtained from dual generalized order statis-

tics as a special case and compared to MLEs. Moreover, a real data

analysis of 50 arthritis pain relief times in hours is included.
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1. Introduction

In 1942, Burr introduced Burr type III distribution for modelling survival

data or lifetime data. The cumulative distribution function and probability

density function of Burr type III distribution, denoted by BurrIII(c, k), are

given by

F (x) = (1 + x−c)−k,

f(x) = ckx−(c+1)(1 + x−c)−(k+1), x > 0, c > 0, k > 0, (1.1)

respectively. BurrIII(c, k) is much flexible and includes different kinds of dis-

tributions with varying degrees of skew and kurtosis. If we replace X with 1/X

in Burr type III distribution, we can derive Burr type XII distribution. [8] and

[11] discussed the properties and usefulness of Burr distributions. BurrIII(c, k)

has been applied in areas of statistical modelling such as meteorology [20],

reliability [21], and forestry [10]. A Bayesian procedure for Burr type III dis-

tribution based on double censoring was discussed in [1].

For statistical inferences and modelling purposes, order statistics are get-

ting popular. In 1995, Kamps introduced the generalized order statistics

(GOS), as a unified approach to many models of ordered random variables such

as ordinary order statistics, upper record values and sequential order statistics.

In 2003, [6] introduced the dual generalized order statistics (DGOS), which is

a dual model of GOS, to unify a variety of models of decreasingly ordered ran-

dom variables such as reversed order statistics, lower record values, and lower

Pfeifer records.

Let F (x) be an absolutely continuous distribution function, f(x) the corre-

sponding density function, and X(r, n, m̃, q), r = 1, 2, · · · , n the corresponding
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DGOS. Then, the joint probability density function of the first n DGOS is

fX(1,n,m̃,q),...,X(n,n,m̃,q)(x1, ..., xn) = q

(
n−1∏
j=1

γj

)[
n−1∏
i=1

Fmi(xi)f(xi)

]
×F q−1(xn)f(xn) (1.2)

for m̃ = (m1,m2, · · · ,mn−1) ∈ Rn−1 and F−1(0) < xn ≤ ... ≤ x1 < F−1(1)

with parameters q ≥ 1, n ≥ 2, and Mr =
∑n−1

j=r mj such that γr = q + n− r +

Mr > 0 for all r ∈ {1, 2, ..., n}.
For the simple approach, we assume m1 = m2 = · · · = mn−1 = m. If

m = 0 and q = 1, then (1.2) becomes the joint probability density function

of n reversed order statistics from the independent and identically distributed

(iid) random samples from F (x). If m = −1, then X(r, n,m, q) denotes the

rth lower q-record value of the iid random variables. Lots of distributional

properties and applications have been investigated by [2], [5], [6], [12], [15],

[16], and [19].

In the article, the main objective is to estimate two parameters c and k of

Burr type III distribution based on DGOS with independent gamma priors. In

Section 2, we remind maximum likelihood estimators in [16] to be compared

with Bayes estimators. In Section 3, we discuss importance sampling, Gibbs

sampler, and the prediction of future lower record values which can be obtained

from DGOS as a special case with m = −1 and q = 1. In Section 4, MCMC

simulation is performed for lower record values. Finally, a real data analysis

of 50 arthritis pain relief times in hours by [22] is included.

2. Maximum Likelihood Estimation

In Section 2 of [16], we showed the maximum likelihood estimation proce-

dure. We want to remind maximum likelihood estimators of two parameters

c and k of Burr type III distribution based on DGOS to make a comparison

with Bayes estimators of c and k in the following section. Please take a look

at [16] for details. From [16], note that maximum likelihood estimator of k is

k̂M = − n

(1 +m)
∑n−1

i=1 lnωi + q lnωn
, (2.1)

where ωi =
xci

1+xci
for i = 1, 2, ..., n. Unfortunately, maximum likelihood estima-

tor of c, ĉM , can not be explicitly expressed but can be obtained through the

nonlinear equation

n

c
−

n∑
i=1

xciυi −
n[(1 +m)

∑n−1
i=1 υi + qυn]

(1 +m)
∑n−1

i=1 lnωi + q lnωn
= 0, (2.2)
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where υi = lnxi
1+xci

for i = 1, 2, ..., n. Maximum likelihood estimators k̂M and ĉM ,

under lower record values, can be computed by solving (2.1) and (2.2) with

m = −1 and q = 1.

3. Bayes Estimation

In this section, to estimate parameters c and k of Burr type III distribution

based on DGOS, we show Bayes estimators under importance sampling and

Gibbs sampler. And we discuss the prediction of future lower record values

which can be obtained from DGOS as a special case with m = −1 and q = 1.

3.1 Importance Sampling

For m1 = m2 = · · · = mn−1 = m, suppose that X(1, n,m, q), X(2, n,m, q),

..., X(n, n,m, q) (q ≥ 1, m is a real number) are n dual generalized order

statistics drawn from BurrIII(c, k). Using (1.1) and (1.2), we can get the

likelihood function

L(c, k|x) ∝ cnkn
n∏
i=1

x
−(c+1)
i (1 + x−ci )−(k+1)

n−1∏
i=1

(1 + x−ci )−mk(1 + x−cn )−k(q−1).

To do importance sampling, we need to modify this function. Note that

x
−(c+1)
i = exp{−(c + 1) lnxi} for each i = 1, ..., n. If we use this technique,

then we have another form of likelihood function

L(c, k|x) ∝ cnkn exp{−
n∑
i=1

ln(1 + xci)} exp{−kϕc(x)}, (3.1)

where ϕc(x) =
∑n

i=1 ln(1 + x−ci ) + m
∑n−1

i=1 ln(1 + x−ci ) + (q − 1) ln(1 + x−cn ).

Assuming that the parameters c and k are unknown, common choices for the

prior distributions of k and c are independent gamma distributions

π1(k) =
β−α

Γ(α)
kα−1e−

k
β ,

π2(c) =
δ−γ

Γ(γ)
cγ−1e−

c
δ ,

where α, β, γ and δ are chosen to have prior knowledge about k and c. Applying
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the priors, the joint posterior density function of c and k can be put as follows:

π(c, k|x) ∝ cn+γ−1 exp{−
n∑
i=1

ln(1 + xci)−
c

δ
}

× kn+α−1 exp{−k(ϕc(x) +
1

β
)}. (3.2)

The marginal posterior density of c is obtained from (2.2), which is

π(c|x) ∝ cn+γ−1 exp(−c
δ

)(ϕc(x) +
1

β
)n+γ exp{−

n∑
i=1

ln(1 + xci)}. (3.3)

Using (3.3) and importance sampling technique, the marginal posterior density

of c is exactly expressed by

π(c|x) =
δ−(n+r)cn+γ−1 exp(− c

δ
)(ϕc(x) + 1

β
)n+γ exp{−

∑n
i=1 ln(1 + xci)}

Γ(n+ γ)E∗((ϕc(x) + 1
β
)n+γ exp{−

∑n
i=1 ln(1 + xci)})

, (3.4)

where E∗ means the expected value with respect to Γ(n + γ, δ) distribution.

Under the squared error loss (SEL) function, Bayes estimator of c is

ĉB = E(c|x) =
E∗(c(ϕc(x) + 1

β
)n+γ exp{−

∑n
i=1 ln(1 + xci)})

E∗((ϕc(x) + 1
β
)n+γ exp{−

∑n
i=1 ln(1 + xci)})

. (3.5)

From (3.2), the conditional posterior density of k, given c and x, can be ob-

tained:

π(k|c, x) =
(ϕc(x) + 1

β
)n+γkn+α exp{−k(ϕc(x) + 1

β
)}

Γ(n+ α)
. (3.6)

Now, we have the marginal posterior density of k, which is

π(k|x) =

∫
π(k|c, x)π(c|x)dc

=
E∗[π(k|c, x)(ϕc(x) + 1

β
)n+γ exp{−

∑n
i=1 ln(1 + xci)}]

E∗[(ϕc(x) + 1
β
)n+γ exp{−

∑n
i=1 ln(1 + xci)}]

. (3.7)

Note that

E(k|c, x) =

∫
kπ(k|c, x)dk =

n+ α

ϕc(x) + 1
β

.

Using this identity, under the squared error loss (SEL) function, Bayes esti-

mator of k is

k̂B = E(k|x) =
E∗((n+ α)(ϕc(x) + 1

β
)n+γ−1 exp{−

∑n
i=1 ln(1 + xci)})

E∗((ϕc(x) + 1
β
)n+γ exp{−

∑n
i=1 ln(1 + xci)})

. (3.8)
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3.2 Gibbs Sampler

To make estimations of c and k, Gibbs sampler is considered. From Section

3.1, the joint posterior density function (3.2) of c and k is

π(c, k|x) ∝ cn+γ−1 exp{−
n∑
i=1

ln(1 + xci)−
c

δ
}

× kn+α−1 exp{−k(ϕc(x) +
1

β
)},

where ϕc(x) =
∑n

i=1 ln(1+x−ci )+m
∑n−1

i=1 ln(1+x−ci )+(q−1) ln(1+x−cn ). From

the joint posterior density function of c and k, the full conditional distributions

of k and c are given by, respectively,

π(k|c, x) ∝ kn+α−1 exp{−k(ϕc(x) +
1

β
)}, (3.1)

which is directly sampled from a gamma distribution, and

π(c|k, x) ∝ cn+γ−1 exp{−
n∑
i=1

ln(1 + xci)−
c

δ
} exp{−kϕc(x)}, (3.2)

where c can not be directly sampled from this so Metropolis algorithm with a

normal proposal density is applied into Gibbs sampler.

3.3 Prediction of Future Observation

Lower record values of size n can be obtained from DGOS scheme as a spe-

cial case by taking m = −1 and q = 1. Let XL(1) = x1, XL(2) = x2, ..., XL(n) =

xn be lower record values of size n. We want to predict the t-th lower record

value with 1 < n < t. To find it, we need the conditional distribution of

X = Xt given xn and [3] presented the form, which is

f ∗(x|xn; c, k) =
(lnF (xn)− lnF (x))t−n−1f(x; c, k)

Γ(t− n)F (xn; c, k)
. (3.1)

For BurrIII(c, k) with (1.1),

f ∗(x|xn; c, k) =
ckt−nx−(c+1)(1 + x−c)−(k+1)

Γ(t− n)(1 + x−cn )−k
{ln(

1 + x−c

1 + x−cn
)}t−n−1. (3.2)

To make a prediction of the t-th lower record value, we should get the posterior

predictive density of x|xn, which is

p(x|xn) =

∫ ∞
0

∫ ∞
0

f ∗(x|xn; c, k)π(c, k|x)dcdk. (3.3)
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The posterior predictive distribution of x|xn can not be explicitly expressed but

we can take samples from it, if we first draw c and k from their joint posterior

density π(c, k|x) and then simulate x from f ∗(x|xn; c, k). In particular, we are

interested in the right next lower record value, which is XL(n+1) = xn+1. If we

take t = n+ 1, the conditional distribution of X = Xn+1 given xn is

f ∗(x|xn; c, k) =
ckx−(c+1)(1 + x−c)−(k+1)

(1 + x−cn )−k
. (3.4)

4. Numerical Studies

In this section, we perform simulation studies for maximum likelihood es-

timators and Bayes estimators under the lower record value case. And we

include the real data analysis of 50 relief times (hours) with arthritis in [22].

4.1 Simulation Studies

Lower record values of size n can be obtained from dual GOS scheme as a

special case by taking m = −1 and q = 1. If we apply m = −1 and q = 1,

then the joint posterior density function of c and k is

π(c, k|x) ∝ cn+γ−1 exp{−
n∑
i=1

ln(1 + xci)−
c

δ
}

× kn+α−1 exp{−k(ln(1 + x−cn +
1

β
)}. (4.1)

From the joint posterior density function (4.1), the full conditional distribu-

tions of k and c are

π(k|c, x) ∝ kn+α−1 exp{−k(ln(1 + x−cn ) +
1

β
)}, (4.2)

which is a Γ(n+ α, (ln(1 + x−cn ) + 1
β
)−1) distribution, and

π(c|x) ∝ cn+γ−1 exp{−
n∑
i=1

ln(1 + xci)−
c

δ
− k ln(1 + x−cn )}, (4.3)

where c can not be directly sampled from this so Metropolis algorithm with a

normal proposal density is applied into Gibbs sampler. The simulation proce-

dure for Bayes etimators k̂B and ĉB based on lower record values is conducted

in the following steps:
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Figure 1: Trace of k

1. For k = 2 and c = 3, take samples from Burr type III distribution, which

can be generated from the inverse cdf, Xi = (u
−1/k
i − 1)−1/c, where ui is

the uniformly distributed random variate. The first value is considered

as the minimum. If the second is smaller than the minimum, it is next

lower record value. If it is bigger than the minimum, then the second is

discarded and the third is going to be compared to the minimum. By

this way, a sample of lower record vlaues of size n could be obtained from

Burr type III distribution.

2. For given values of prior parameters (α, β, γ, δ), take one sample from

the full conditional distribution of k, which is (4.2).

3. Using the sample from step 2, take one sample from the full conditional

distribution of c, which is (4.3).

4. Using the sample from step 3, take one sample from the full conditional

distribution of k. Repeat these steps as many as possible.

Since we do not know the exact prior distributions, we give α = 0.01, β =

100, γ = 0.01, δ = 100, making both priors have big variances. From step

1, one sample of lower record values of size n = 10 is obtained from Burr

type III distribution, which is 1.969, 0.83341, 0.70104, 0.56631, 0.5579, 0.4794,

0.42009, 0.36956, 0.359549, 0.224189. With these lower record values, we have

k̂B = 2.428044 and ĉB = 3.366577, which are close to the true values even with

small sample sizes. Figure 1 and Figure 2 show that, from the beginning of

iterations to the end, the trajectories of both traces are consistent.

To make a comparison with Bayes etimators k̂B and ĉB based on lower

record values, another simulation study for maximum likelihood estimators k̂M
and ĉM , under lower record values, should be done. k̂M and ĉM of lower record
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Figure 2: Trace of c

Figure 3: Trace of k from real data

Figure 4: Trace of c from real data



692 Chansoo Kim, Seongho Song and Woosuk Kim

Table 1: 50 arthritis pain relief times in hours

0.70 0.84 0.58 0.50 0.55 0.82 0.59 0.71 0.72 0.61

0.62 0.49 0.54 0.36 0.36 0.71 0.35 0.64 0.84 0.55

0.59 0.29 0.75 0.46 0.46 0.60 0.60 0.60 0.52 0.68

0.80 0.55 0.84 0.34 0.34 0.70 0.49 0.56 0.71 0.61

0.57 0.73 0.75 0.44 0.44 0.81 0.80 0.87 0.29 0.50

Table 2: Reciprocals of Table 1

1.428571 1.190476 1.724138 2.000000 1.818182

1.219512 1.694915 1.408451 1.388889 1.639344

1.612903 2.040816 1.851852 2.777778 2.777778

1.408451 2.857143 1.562500 1.190476 1.818182

1.694915 3.448276 1.333333 2.173913 2.173913

1.666667 1.666667 1.666667 1.923077 1.470588

1.250000 1.818182 1.190476 2.941176 2.941176

1.428571 2.040816 1.785714 1.408451 1.639344

1.754386 1.369863 1.333333 2.272727 2.272727

1.234568 1.250000 1.149425 3.448276 2.000000

values can be calculated by solving (2.1) and (2.2) with m = −1, q = 1, and

the same lower record values from the previous simulation procedure. Then

we have k̂M = 2.19071396 and ĉM = 3.045782521, which are much closer to

the true values.

We have 10 lower record values and want to predict the 11-th lower record

value. With k̂B, ĉB, and x10, we can predict x11 = 0.1977316 from (3.4).

4.2 Real Data Analysis

[22] presents a data of 50 relief times (hours) with arthritis. Table 1 contains

the relief times of 50 patients. It shows that Burr Type XII distribution is a

good fit to the data.

Note that Burr Type XII distribution can be derived from Burr Type III

distribution by replacing X with 1/X. If we take reciprocals of entries in

Table 1, then we can get a data suitable for Burr Type III distribution. Table

2 shows the reciprocals, which have BurrIII(c, k). From this data, we take lower

record values and have three lower record values 1.428571, 1.190476, 1.149425.

With these lower record values, we get k̂B = 18.45848, ĉB = 10.94784, k̂M =

18.35768 and ĉM = 12.41269. Figure 3 and Figure 4 show that the trajectories

of both traces look consistent from the beginning of iterations to the end. With
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these values, we predict x4 = 1.123027.
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