
Applied Mathematical Sciences, Vol. 10, 2016, no. 1, 1 - 11
HIKARI Ltd, www.m-hikari.com

http://dx.doi.org/10.12988/ams.2016.510654

A Matrix-Vector Analytic Construction

for the Pappus-Euler Problem

Brian J. McCartin

Applied Mathematics, Kettering University
1700 University Avenue, Flint, MI 48504-6214 USA

Copyright c© 2015 Brian J. McCartin. This article is distributed under the Creative

Commons Attribution License, which permits unrestricted use, distribution, and reproduc-

tion in any medium, provided the original work is properly cited.

Abstract

A matrix-vector analytic approach is developed which yields a new
straightedge-compass construction for the Pappus-Euler problem of the
Euclidean construction of the principal axes of an ellipse from a pair of
its conjugate diameters.
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1 Introduction

At the conclusion of Chapter 17 of Book VIII of his Collection [7, pp.
437-438], Pappus presented the first explicit ruler and compass construction
(i.e. Euclidean construction) of the principal axes of an ellipse, in magnitude
as well as in position, given any pair of its conjugate diameters. As Pappus
omitted any semblance of proof of the validity of this construction, a synthetic
demonstration was subsequently provided by Euler [6, 16]. For this reason, it
is deemed only fair to call this the Pappus-Euler problem:

Proposition 1 (Propostion 14: Pappus-Euler Problem) Problem P-E:
Given two conjugate diameters of an ellipse, to find the principal axes in both
position and magnitude.
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This was followed in turn by the vector analytic demonstration of McCartin
[17] which possesses the added feature of allowing the distinction between the
major and minor axes of the ellipse. That this is not a trivial issue, the
reader is reminded that in orthogonal regression the major/minor axis of the
concentration ellipse defines the line of best/worst fit, respectively [12].

Using a matrix analytic theorem (Theorem 1 below) relating the principal
axes of an ellipse to any given pair of its conjugate diameters [15], McCartin has
also provided an independent matrix-vector analytic demonstration of Pappus’
construction [18]. In the present paper, this very same theorem will provide the
foundation for a new matrix-vector analytic construction for the Pappus-Euler
problem. (See [8, 21] for a review of some other available constructions.)

2 Euclidean Constructions

For more than two millennia, mathematicians have concerned themselves
with planar geometric constructions utilizing only straightedge and compass [1,
2, 3, 9, 10, 11, 23]. Our legacy in this regard comes to us in the form of Euclid’s
Elements [4]. Consequently, such constructions are conventionally described
as Euclidean. (In addition to permitting the drawing of a line through two
given points and a circle having given center and radius the length of a given
segment, the Euclidean compass has the power to “carry distance” from one
line segment to another [11, p. 6].)

Euclid’s Elements contains some three dozen such constructions only a few
of which are germane to the present study. They are all from Book I and read
as follows.

Proposition 2 (Euclid I.10) To bisect a given finite straight line [4, p. 9].

Proposition 3 (Euclid I.11) To draw a straight line at right angles to a
given straight line from a given point on it [4, p. 9-10].

Proposition 4 (Euclid I.12) To a given infinite straight line, from a given
point which is not on it, to draw a perpendicular straight line [4, pp. 10-11].

Proposition 5 (Euclid I.31) Through a given point to draw a straight line
parallel to a given straight line [4, p. 24].

In addition, certain primitive arithmetic/algebraic constructions, as next
described, will be required.

Proposition 6 (Primitive Constructions) Given two line segments of non-
zero lengths a and b, one may construct line segments of length a + b, a − b,
a · b, a/b and

√
a [2, pp. 121-122].
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Finally, we will employ the following beautiful construction due to Carlyle
[5, p. 99] and Lill [3, pp. 355-356].

Proposition 7 (Graphical Solution of a Quadratic Equation) Draw a
circle having as diameter the line segment joining (0, 1) and (a, b). The ab-
scissae of the points of intersection of this circle with the x-axis are the roots
of the quadratic x2 − ax+ b = 0.

With these implements, one may now perform geometrically all of the basic
operations of matrix-vector algebra. These include forming a scalar multiple of
a vector, vector addition and subtraction, dot product, cross product, forming
a linear combination of two vectors, multiplying a matrix and a vector as well
as multiplying two matrices. This is more than enough artillery with which to
mount a matrix-vector assault upon the Pappus-Euler problem and our intent
is to next launch just such a campaign.

3 Matrix Analytic Theorem
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Figure 1: Matrix Analytic Theorem

The following fundamental result [15] will form the cornerstone of the new
matrix-vector analytic construction to follow. (See Figure 1.)
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Theorem 1 (Principal Axes from Given Pair of Conjugate Diameters)

Given any pair of linearly independent vectors A1 =

[
a11
a21

]
, A2 =

[
a12
a22

]
,

with A1 · A2 6= 0, there is a unique ellipse xTMx = 1 for which they gen-
erate conjugate diameters. Specifically, M = (AAT )−1 where A = [A1|A2].
Moreover the principal semiaxes point in the directions

δmajor =

[
a11a21 + a12a22

a221 + a222 − 1
2

[
||A||2F +

√
||A||4F − 4[det (A)]2

] ]
, (1)

δminor =

[
a11a21 + a12a22

a221 + a222 − 1
2

[
||A||2F −

√
||A||4F − 4[det (A)]2

] ]
, (2)

with corresponding squared magnitudes

σ2
major =

1

2

[
||A||2F +

√
||A||4F − 4[det (A)]2

]
, (3)

σ2
minor =

1

2

[
||A||2F −

√
||A||4F − 4[det (A)]2

]
, (4)

where ||A||2F = ||A1||2 + ||A2||2.

The identity

[det (A)]2 = ||A1||2||A2||2 − (A1 · A2)
2 (5)

implies that

(||A1||2 + ||A2||2)2 − 4[det (A)]2 = (||A1||2 − ||A2||2)2 + 4(A1 · A2)
2, (6)

so that Equations (1-4) may be recast as

δmajor =

[
a11a21 + a12a22

1
2

[
a221 + a222 − a211 − a212 −

√
(||A1||2 − ||A2||2)2 + 4(A1 · A2)2

] ]
,

(7)

δminor =

[
a11a21 + a12a22

1
2

[
a221 + a222 − a211 − a212 +

√
(||A1||2 − ||A2||2)2 + 4(A1 · A2)2

] ]
,

(8)

σ2
major =

1

2

[
||A1||2 + ||A2||2 +

√
(||A1||2 − ||A2||2)2 + 4(A1 · A2)2

]
, (9)

σ2
minor =

1

2

[
||A1||2 + ||A2||2 −

√
(||A1||2 − ||A2||2)2 + 4(A1 · A2)2

]
. (10)



Matrix-vector analytic construction for Pappus-Euler problem 5

A
1

A
2

Figure 2: Conjugate Semidiameters

4 Matrix-Vector Analytic Construction

Proposition 8 (Matrix-Vector Analytic Construction) Problem: Given
two non-orthogonal conjugate diameters of an ellipse, to find the principal axes
in both position and magnitude.

• Step 0: Given any pair of conjugate diameters, other than the principal
axes, it is always possible to choose two semidiameters which enclose an
acute angle. In point of fact, this may be accomplished in four distinct
ways and it is presumed below that such a selection has indeed been made.
(See Figure 2, where {A1,A2} are the required semidiameters.)

• Step 1: In subsequent analytical computations, ||A1|| is used as the unit
of length and one of the coordinate axes is selected to pass through A1,

so that its coordinate vector will be A1 =

[
1
0

]
. The other coordinate

axis lies along the line passing through the origin and perpendicular to
A1 pointing towards the same side of A1 as does A2. Call the unit vector

in this direction A⊥1 =

[
0
1

]
. (See Figure 3.)

• Step 2: Denote the projection of A2 onto A1/A⊥1 as α · ||A1||/β · ||A1||,
respectively, so that the coordinate vector of A2 with respect to the basis
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Figure 3: Projection onto Basis Vectors

{A1,A⊥1 } is A2 =

[
α
β

]
. Thus, the coordinate matrix of the linear

transformation A = [A1|A2] with respect to this basis is A =

[
1 α
0 β

]
.

(See Figure 3.)

• Step 3: By Theorem 1, σ2
minor and σ2

major are the roots of the quadratic

λ2 −
(
||A1||2 + ||A2||2

)
λ+

[
||A1||2||A2||2 − (A1 · A2)

2
]

= 0,

which, with respect to the basis {A1,A⊥1 }, becomes

λ2 − (1 + α2 + β2)λ+ β2 = 0.

Hence, invoking the Carlyle-Lill construction, we may construct λminor

and λmajor which are the squared magnitudes of the semiaxes (in this
scaled coordinate system!). (See Figure 4.)

• Step 4: By Theorem 1, the directions of the principal axes lie along the

eigenvectors of AAT =

[
1 + α2 αβ
αβ β2

]
. These eigenvectors satisfy the

equations [
1 + α2 − λ αβ

αβ β2 − λ

]
x =

[
0
0

]
,

so that

uminor = (1+α2−λminor)A1+αβA⊥1 , umajor = (1+α2−λmajor)A1+αβA⊥1

are orthogonal to the corresponding principal axes. (See Figure 5.)
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Figure 4: Eigenvalues of AAT

• Step 5: Construct vminor/vmajor ⊥ uminor/umajor, respectively, and
passing through the origin. These are the principal directions. (See Fig-
ure 6.)

• Step 6: Scale these vectors appropriately, thereby yielding the sought-
after principal semiaxes of the ellipse. (See Figure 7.)

wmajor = ||A1||
√
λmajor ·

vmajor

||vmajor||
; wminor = ||A1||

√
λminor ·

vminor

||vminor||
.

Q.E.F.

5 Conclusion

In the foregoing, a new matrix-vector analytic construction for the Pappus-
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Figure 5: Normals to Principal Directions: {umajor,uminor}
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Figure 6: Principal Directions: {vmajor,vminor}

Euler problem was provided that complements the original synthetic construc-
tion of Pappus. The importance of such constructions to Applied Mathematics
is most easily appreciated by noting the central role of conjugate diameters
in the development of Newtonian mechanics [22]. Furthermore, the Galton-
Pearson-McCartin Theorem [13, 14] reveals the central role of conjugate diam-
eters in the context of linear regression. Finally, such constructions are directly
applicable to assorted problems of linear regression [19, 20].
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