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Abstract

In the continuing flurry of graph theory research fields, we propose
a combinatorial approach based on the deletion and the contraction
operations in order to evaluate the number of spanning trees in a very
large network. This latter can be represented by three families of book
graphs: The simple book graph Bm,p, the chain of book graph Cm,p,n

and the closed chain of book graph Gm,p,n with n number of book graph
where m number of p-cycles.. Finally, we give the numerical results for
each book graph to show the simplicity and efficiency of our proposed
methods when compared with the matrix tree theorem.
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1 Introduction

The number of spanning trees is an interesting invariant of a graph. The eval-
uation of this number is not only interesting from a mathematical structures,
but also, it is an important measure of reliability of a network [1,2,3], because
if we have a large number of spanning trees in a topology of a network, we will
have more possibility of connecting two nodes connected by defective edges,
what ensures the continuity of service and guarantees a good reliability of the
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network.

The number of spanning tree was enumerated by several methods, the first
known method is that of the Kirchhoff [4], it is based on the matrix repre-
sentation of Laplace, named by ”the matrix tree theorem”[5]. This theorem
defines the complexity of a graph G as the determinant of its Laplacian ma-
trix, it simplifies the computation of the number of spanning trees but in large
graphs, it is not practical, because it is expensive in terms of calculation. As
a solution to this problem, several techniques have been proposed by deriving
recursive functions to facilitate the enumeration of spanning trees of planar
graphs whatever their size. We survey the combinatorial methods without us-
ing the determinant of the matrix laplacian.

In this paper, we propose a type of network known as the Book Network
which is composed of a number of subnets having arbitrary two nodes in com-
mon. We represent this letter by a book graph Bm,p (m number of p-cycles,
m ≥ 1, p ≥ 3) with a common edge e (see Fig 1). We calculate its number
of spanning trees. Then, we give the complexity of some families of graphs
derived from a book graph such as a chain and a closed chain, based on two
combinatorial methods: contraction and deletion methods which make it pos-
sible to model a graph, by deleting an edge and contracting two vertices in
order to facilitate the calculation of the numbers of the spanning trees.

Figure 1: Book graph Bm,4.

2 Preliminary Notes

In this section, we present all the methods which we used for our results, and
we quote all the theorems and the definitions which we have needs to develop
our calculations.
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Definition 2.1 Let G be a planar graph and e an edge of G:

• Deletion method: The graph G− e is the result of the deletion of edge
e of G.

• Contraction method: The graph G.e is obtained after the contraction
of the edge e of G (See Fig 2).

Figure 2: graph G, G− e and G.e.

The deletion and the contraction methods are important results in the
enumerative combinatorics, that are due to the origin Fussner, which allows
the research of the spanning trees of a planar graph.

Formula of Fussner [6] Let G be a planar graph. If e = v1v2 ∈ E(G) (See
Fig 2), then:

τ(G) = τ(G− e) + τ(G.e) (1)

Let G be a chain of n planar graphs C. We denote G = C • C • . . . • C
where • is an articulation point [7] (See Fig 3). The number of spanning trees
in the graph G is given by the following formula:

τ(G) =
n∏
τ(C) (2)

Figure 3: A graph G = C • C • . . . • C

Now, we are interested by the planar graph of type G = C1:C2 (see Fig 4).

Theorem 2.2 [8] Let G = C1:C2 be a planar graph with ”:” represents
a separation pair u, v. The number of spanning trees in G is given by the
following formula :

τ(G) = τ(C1)×τ(C2.uv) + τ(C1.uv)×τ(C2) (3)
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Figure 4: A planar graph G = C1:C2

Now, we consider a closed chain of planar graphs Gn (see Fig 5).

Theorem 2.3 [9] Let Gn be a closed chain formed by a set of n planar
graphs C connected by articulation points, and u and v two cut vertices of C.
The number of spanning trees in Gn is given by the following formula:

τ(Gn) = n× τ(C)n−1 × τ(C.uv) (4)

Figure 5: A closed chain of planar graphs Gn (formed by n copies of C )

3 Main Results

In this section, we present some results to calculate the number of spanning
trees of book graph Bm,p, the chain of book graph Cm,p,n and the closed chain
of book graph Gm,p,n.

3.1 The number of spanning trees of a book graph

Book graph Bm,p where m number of p-cycles (m ≥ 1, p ≥ 3) is a graph com-
posed of a number of subgraphs having an edge e in common (see Fig 1).
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Theorem 3.1 Let Bm,p denote a book graph where m number of p-cycles
(m≥ 1, p ≥ 3). The complexity of the book graph Bm,p is given by:

τ(Bm,p) =
−m(p− 2)(p− 1) + (p− 1)(m+1) − (p− 1)

(p− 2)2
+(p−1)(m−1)+m(p−1)

(5)

Proof: We use the equation 1:

We obtain τ(Bm,p) = τ(Bm,p − e) + τ(Bm,p.e), then:

τ(Bm,p) = τ(Bm,p − e) +m× (p− 1) (6)

We calculate the complexity of Bm,p − e by using the Theorem 2.2

We obtain τ(Bm,p−e) = τ(B1,p−e)×τ(Bm−1,p.e)+τ(Bm−1,p−e)×τ(B1,p.e),
then:

τ((Bm,p − e) = (m− 1)(p− 1) + (p− 1)× τ(Bm−1,p − e)
τ(Bm−1,p − e) = (m− 2)(p− 1) + (p− 1)× τ(Bm−2,p − e)
τ(Bm−2,p − e) = (m− 3)(p− 1) + (p− 1)× τ(Bm−3,p − e)

...

τ(B3,p − e) = 2(p− 1) + (p− 1)× τ(B2,p − e)
τ(B2,p − e) = (p− 1) + (p− 1)× τ(B1,p − e) with τ(B1,p − e) = 1
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We multiply the equation of τ(Bm−1,p − e) by (p − 1), the equation of
τ(Bm−2,p − e) by (p− 1)2 and so on until the last equation τ(B2,p − e) which
will be multiplied by (p − 1)(m−2). Summing all the obtained equations, we
can find this formula.

τ(Bm,p − e) = (m− 1)(p− 1) + (m− 2)(p− 1)2 + (m− 3)(p− 1)3 + ...+

2(p− 1)(m−2) + (p− 1)(m−1) + (p− 1)(m−1).

τ(Bm,p − e) = (p− 1)(m−1)
[

1

(p− 1)0
+

2

(p− 1)1
+

3

(p− 1)2
+ ...+

(m− 3)

(p− 1)(m−4)
+

(m− 2)

(p− 1)(m−3)
+

(m− 1)

(p− 1)(m−2)

]
+ (p− 1)(m−1).

and, g(x) = 1 + x+ x2 + x3 + ...+ xn−1 = 1−xn

1−x

Then, g′( 1
x
) = 1 + 2

x
+ 3

x2 + ...+ n−1
xn−2

We can see that τ(Bm,p − e) = (p− 1)(m−1) × g′( 1
p−1) + (p− 1)(m−1)

with g′(x) = −nxn−1(1−x)+1−xn

(1−x)2

First, we calculate g′( 1
p−1) , and we replace it in τ(Bm,p − e), then:

τ(Bm,p − e) = −m(p−2)(p−1)+(p−1)(m+1)−(p−1)
(p−2)2 + (p− 1)(m−1),m ≥ 1, p ≥ 3

We replace in τ(Bm,p) of equation 6 the formula τ(Bm,p−e), then the result.

The numerical result: The following table gives some values of the com-
plexity of a book graph Bm,p. These computations were performed by using
Maple.

m p τ(Bm,p)
5 10 14904
10 49 2, 76× 1015

16 30 17, 89× 1021

20 59 6, 51× 1033

24 39 4, 44× 1036

30 100 15, 10× 1057

Table 1: The numerical result of the complexity of a book graph Bm,p.

This table present the numerical results of number of spanning trees of
book graph having a large number of vertices, which shows the efficiency of
our methods compared to using the Matrix-Tree Theorem.
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3.2 The number of spanning trees of a chain of book
graph

Let Cm,p,n be the chained book graph, it is composed of n book graph con-
nected by an articulation point where m number of p-cycles (m≥ 1, p ≥ 3,
n ≥ 2)(see Fig 6).

e

m

e

m

e

m

Figure 6: Cm,p,n chain of book graph

Theorem 3.2 Let Cm,p,n denote a chain composed of n book graph with m
number of p-cycles. The complexity of Cm,p,n is given by the following formula,
for m≥ 1, p ≥ 3, n ≥ 2:

τ(Cm,p,n) =

[
−m(p− 2)(p− 1) + (p− 1)(m+1) − (p− 1)

(p− 2)2
+ (p− 1)(m−1) +m(p− 1)

]n
(7)

Proof: We use the equation 2.

We obtain τ(Cm,p,n) = (τ(Bm,p))
n. We replace in τ(Cm,p,n) the formula

τ(Bm,p) of Theorem 3.1, then the result.

3.3 The number of spanning trees of a closed chain of
book graph

Let Gm,p,n be the closed chain of book graph, it is formed by a set of n book
graph connected by articulation points where m number of p-cycles (m≥ 1,
p ≥ 3, n ≥ 2) (see Fig 7).

Theorem 3.3 Let Gm,p,n denote a closed chain of n book graph, where m
number of p-cycles. The complexity of Gm,p,n is given by the following formula,
for m≥ 1, p ≥ 3, n ≥ 2:

τ(Gm,p,n) = nm(p− 1)

[
−m(p− 2)(p− 1) + (p− 1)(m+1) − (p− 1)

(p− 2)2
+ (p− 1)(m−1) +m(p− 1)

]n−1

(8)
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Proof: We use the Theorem 2.3, we obtain:

τ(Gm,p,n) = n× τ(Bm,p)
(n−1) × τ(Bm,p.e)

We replace in τ(Gm,p,n) the formula τ(Bm,p) of Theorem 3.1, and

τ(Bm,p.e) = m(p− 1), then the result.

Figure 7: Gm,p,n closed chain of book graph

The numerical result: The following table gives some values of the com-
plexity of a chain of book graph Cm,p,n, and a closed chain of book graph
Gm,p,n.These computations were performed by using Maple.

m p n τ(Cm,p,n) τ(Gm,p,n)
2 6 6 64× 106 192× 106

16 30 2 319, 90× 1042 16, 60× 1024

20 59 3 276, 27× 1099 147, 62× 1069

24 39 4 390, 08× 10144 320, 20× 10111

30 100 5 784, 17× 10288 771, 36× 10234

Table 2: The numerical result of the complexity of a chain of book graph Cm,p,n,
and a closed chain of book graph Gm,p,n.

This table present the numerical results of number of spanning trees of a
chain of book graph and a closed chain of book graph having a large number
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of vertices, which shows the efficiency of our methods compared to using the
Matrix-Tree Theorem.

4 Conclusion

In summary, the number of spanning trees in a graph is a very useful number
with many applications. In this paper, we studied the modelling of a book
network by a book graph. We enumerated its spanning trees by using the
contraction and deletion methods, we investigated the complexity of a chain
of book graph and the complexity of a closed chain of book graph, and in the
end, we present some numerical results of spanning trees for each type of graph
book to show the quality and the simplicity of our proposed methods for large
graphs.
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