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Abstract

In this paper, we study the equilibrium dynamics of an endogenous
growth model with endogenous fertility choice. We show that the model
may have a unique equilibrium which is globally determinate.

Mathematics Subject Classification: 49Q99, 91B62

Keywords: Endogenous fertility; BGP equilibrium; endogenous growth

1 Introduction

This paper focuses on the equilibrium dynamics of an endogenous growth
model with physical capital in which fertility enters the utility function. Our
model is an extension of the work of Yip and Zhang [3], who carried out a
study to provide a reconciliation for the conflicting findings in the literature
on the relationship between population growth and economic growth. In our
endogenous growth framework, we follow the existing literature by allowing
the number of children to enter the utility function (see, e.g., Palivos [1], Yip
and Zhang [4]). The presence of fertility implies that the budget constraint
is no longer convex, and so an extra condition is imposed to guarantee the
sufficiency of the necessary conditions for an optimum. By assuming that the
marginal product of capital minus the population growth rate is monotonically
decreasing with respect to capital, and the elasticity of the marginal produc-
tivity of labor is less than one, we find that there is only one balanced growth
path (BGP) equilibrium.
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2 The model

We consider an economy populated by a continuum of identical infinitely lived
agents who divide their available time between labor l and child-rearing φ(n),
where n denotes the fertility or population growth rate and φ is a C2 strictly
increasing function. Absence of immigration and mortality implies that there
is a one-to-one correspondence between the rate of population growth and the
fertility rate. Note that time index has been dropped for notation simplicity.
Normalizing the time endowment to unity yields the following time constraint

φ(n) + l = 1. (1)

Each agent of the economy derives utility from consumption c and fertility.
We assume preferences to be characterized by a C2 utility function of the form

u(c, n) =
[cv(n)]1−σ − 1

1− σ
, (2)

where σ > 0 is the inverse of the intertemporal elasticity of substitution coef-
ficient, and v is a strictly increasing positive function with the property that

v(n)v′′(n)− [v′(n)]2 ≤ 0, if σ ≥ 1,

v(n)v′′(n)− [v′(n)]2

[v′(n)]2
+

1− σ
σ

< 0, if 0 < σ < 1.
(3)

Observe that if σ = 1, then u(c, n) = ln(c) + ln(v(n)). Hence, for v(n) =

e
n1−ε−1

1−ε , where ε > 0 is the elasticity of the marginal utility of fertility, then (2)
reduces to the utility function postulated in Yip and Zhang [3], i.e. u(c, n) =
ln(c) + (n1−ε − 1) /(1 − ε). The technology used by the agents is represented
by a C2 production function f(k, k̄l), where k is the individual agent’s stock of
capital, and k̄ is the average economy-wide level of capital stock. k̄ yields an
externality such that in equilibrium, when k = k̄, the production function is
linear in accumulating stock of capital, as in Romer [2]. The production func-
tion f is assumed to be strictly increasing, strictly concave, linearly homoge-
neous in capital and fertility, and satisfying the Inada conditions. Thus, each
input is essential for production. In addition, Euler’s theorem on homogeneous
functions implies that kfk(k, k̄l)+ lfl(k, k̄l) = f(k, k̄l), and, consequently, that
fkl(k, k̄l) > 0. For any given value of k, we assume that the opportunity cost
of children in terms of output, φ′(n)fl(k, k̄(1−φ(n))) +k, is strictly increasing
in n, i.e.

φ′′(n)fl(k, k̄(1− φ(n)))− k̄[φ′(n)]2fll(k, k̄(1− φ(n))) > 0. (4)
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Note that condition (4) is automatically fulfilled if there is a constant or in-
creasing marginal cost of child-rearing, i.e. if φ′′(n) ≥ 0. The representative
consumer maximizes the present value of utility

∞∫
0

[cv(n)]1−σ − 1

1− σ
e−ρtdt,

subject to the initial condition k(0) > 0, the time constraint (1), and the
budget constraint

c+
.

k + nk = f(k, k̄l), (5)

where ρ > 0 is the constant rate of time preference. To solve the consumer’s
problem we define the current-value Hamiltonian

H(c, n, k, λ) =
[cv(n)]1−σ − 1

1− σ
+ λ[f(k, k̄(1− φ(n)))− nk − c],

where λ is the co-state variable associated with the constraint (5). Maximiz-
ing H, with respect to the control variables c and n, leads to the following
conditions

Hc = 0 ⇒ uc = λ, (6)

Hn = 0 ⇒ un = λ[k̄φ′(n)fl(k, k̄(1− φ(n))) + k]. (7)

From the Pontryagin maximum principle, we also obtain the following differ-
ential equation

.

λ = ρλ−Hk ⇒
.

λ = ρλ− λ[fk(k, k̄(1− φ(n)))− n], (8)

plus the transversality condition at infinity

lim
t→∞

e−ρtλk = 0. (9)

Equations (1), (6) − (9) constitute the set of necessary conditions for an op-
timum. They are in general not sufficient for a maximum, but they become
sufficient if the maximized current-value Hamiltonian, i.e. the function H after
we have substituted the control variables by (6) and (7), is concave in the state
variable k.

Proposition 2.1. If the marginal product of capital minus the population
growth rate is monotonically decreasing with respect to capital, i.e.

∂[fk(k, k̄(1− φ(n)))− n]

∂k
< 0, (10)

then the necessary conditions (1), (6)− (9) are also sufficient for optimality.
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Proof. It follows from (6) that c−σv1−σ = λ and so c = c(λ, n) ≡ λ−
1
σ v(n)

1−σ
σ .

Expliciting (7) yields c1−σv(n)−σv′(n) = λ[k̄φ′(n)fl(k, k̄(1−φ(n)))+k], and so

λ−
1
σ v(n)

1−σ
σ
−1v′(n) = k̄φ′(n)fl(k, k̄(1− φ(n))) + k. (11)

Setting

F (n, k, λ) ≡ λ−
1
σ v(n)

1−σ
σ
−1v′(n)− k̄φ′(n)fl(k, k̄(1− φ(n)))− k = 0, (12)

then in view of assumption (3), for any given k and λ, we have

Fn(n, k, λ) = λ−
1
σ v(n)

1−σ
σ
−2[v′(n)]2

[
v(n)v′′(n)− [v′(n)]2

[v′(n)]2
+

1− σ
σ

]
− k̄[φ′′(n)fl(k, k̄(1− φ(n)))− k̄[φ′(n)]2fll(k, k̄(1− φ(n)))] < 0.

So an application of the Implicit function theorem to the curve in (12) yields
n = n(λ, k), and F (n(λ, k), k, λ) = 0. Next, we define the maximized current-
value Hamiltonian as

H0(k, λ) = max
c,n

H(c, n, k, λ) = H(c(λ, n(k, λ)), n(k, λ), k, λ)

=
[c(λ, n(k, λ))v(n(k, λ))]1−σ − 1

1− σ
+ λ[f(k, k̄(1− φ(n(k, λ))))− n(k, λ)k − c(λ, n(k, λ))].

Assumption (3) ensures that the Hessian of the current-value Hamiltonian is
negative definite with respect to c and n, which is a sufficient condition for a
maximum of H. Differentiating H0 with respect to k, and then substituting
(6) and (7), we obtain H0

k(k, λ) = λ[fk(k, k̄(1−φ(n(k, λ))))−n(k, λ)]. Hence, if
∂[fk(k, k̄(1− φ(n)))− n]/∂k < 0, then H0(k, λ) is concave in its state variable
k, for given costate variable λ.

3 Equilibrium analysis

Since our objective is to study the transitional dynamics along balanced growth
paths implied by the model, we first recall this concept. A balanced growth
path (BGP) equilibrium is a collection of functions of time {c, k}, solving the

optimal control problem, such that the growth rates of c and k,
.
c/c and

.

k/k,
are constant over time, and n is constant. To facilitate the analysis of balanced
growth, we will reduce the dimension of our system to a more tractable one.
Set x = ck−1. Differentiating (6) with respect to time yields

.
c

c
= − 1

σ

.

λ

λ
+

1− σ
σ

v′(n)

v(n)
.
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Hence, combining with (7), it follows

.
x

x
= x− 1− σ

σ
n+

1− σ
σ

v′(n)

v(n)
− ρ

σ
+

1

σ
fk(k, k̄(1−φ(n)))− 1

k
f(k, k̄(1−φ(n))).

Using the equilibrium condition k = k̄ this becomes

.
x

x
= x− 1− σ

σ
n+

1− σ
σ

v′(n)

v(n)
− ρ

σ
+

1

σ
fk(1, 1− φ(n))− f(1, 1− φ(n)). (13)

where the homogeneity of degree one of f as well as the homogeneity of degree
zero of the first partial derivatives of f have been used. Next, we would like
to express n as a function of x. Rewriting (11) in terms of n and x, and using
the condition k = k̄, yields the curve

G(x, n) ≡ x
v′(n)

v(n)
− [φ′(n)fl(1, 1− φ(n)) + 1] = 0. (14)

As

Gn = x
v(n)v′′(n)− [v′(n)]2

(v(n))2
−[φ′′(n)fl(1, 1−φ(n))−[φ′(n)]2fll(1, 1−φ(n))] < 0,

the Implicit function theorem allows to write n as a function of x, i.e.

n = ψ(x). (15)

Moreover, we have G(ψ(x), x) = 0. Implicit differentiation of this identity
yields

ψ′(x) = −Gx(x, ψ(x))

Gn(x, ψ(x))
= −v

′(ψ(x))

v(ψ(x))

1

Gn(x, ψ(x))
. (16)

Hence ψ′(x) > 0. In conclusion, we have found that (13) rewrites as

.
x

x
= h(x). (17)

with

h(x) ≡ x− 1− σ
σ

ψ(x) +
1− σ
σ

v′(ψ(x))

v(ψ(x))
− ρ

σ

+
1

σ
fk(1, 1− φ(ψ(x)))− f(1, 1− φ(ψ(x))).

Furthermore, we rewrite equation (9) as

lim
t→∞

e−ρtx−1 = 0. (18)
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Equation (17), with the initial condition k(0) > 0 and the transversality con-
dition (18), forms a first-order nonlinear system which describes the global
dynamics of the economy. All solutions x(t) of (17) converge to a steady state
equilibrium point x∗ such that h(x∗) = 0. Any such solution will satisfy the
transversality condition (18), since k(t) and c(t) will eventually grow at the
same constant rate, implying that x(t) = c(t)k−1(t) will eventually assume a
constant value. It is clear that each steady state equilibrium point of (18)
corresponds to a BGP equilibrium along which

.
x/x = 0. Note that we confine

our analysis to interior BGPs only. We do this because x = 0 would imply that
the level of consumption is zero, which does not make sense from the economic
point of view.

Lemma 3.1.

(a) If σ = 1, then lim
x→0

h(x) < 0, lim
x→+∞

h(x) = +∞.

(b) If σ > 1, then lim
x→0

h(x) = −∞, lim
x→+∞

h(x) = +∞.

(c) If 0 < σ < 1, then lim
x→0

h(x) = +∞, lim
x→+∞

h(x) = +∞.

Proof. A straightforward calculation yields the statement.

Proposition 3.2. Let

εl ≡ −
lfll(1, l)

fl(1, l)

denote the elasticity of the marginal productivity of labor evaluated at (1, l).

(i) If σ ≥ 1, the model has at least one BGP equilibrium. Moreover, the
number of BGP equilibrium points is odd. For εl ≤ σ, the model has a
unique but unstable BGP equilibrium. For εl > σ, the economy may have
multiple steady states.

(ii) If 0 < σ < 1, the model may have multiple steady states.

Proof. Differentiating h(x) with respect to time gives

h′(x) = 1− 1− σ
σ

ψ′(x)

(
1− v(ψ(x))v′′(ψ(x))− [v′(ψ(x))]2

[v(ψ(x))]2

)
+φ′(ψ(x))ψ′(x)

[
fl(1, 1− φ(ψ(x)))− 1

σ
fkl(1, 1− φ(ψ(x)))

]
.

Using Euler’s theorem, the derivative of h(x) rewrites as

h′(x) = 1− 1− σ
σ

ψ′(x)

(
1− v(ψ(x))v′′(ψ(x))− [v′(ψ(x))]2

[v(ψ(x))]2

)
+ φ′(ψ(x))ψ′(x)fl(1, 1− φ(ψ(x)))

(
1− εl

σ

)
.
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Let σ ≥ 1. The first part of the statement comes from (a) of Lemma 3.1. If we
assume that εl ≤ σ, then it follows that h′(x) > 0, i.e. h(x) is monotonically
increasing. Consequently, by continuity of h(x), there exists a unique point
x∗ such that h(x∗) = 0, and hence a unique BGP such that x(t) = x∗ along
this path. Since h′(x∗) > 0, we have that

.
x(t) < 0 for x(t) < x∗ and

.
x(t) > 0

for x(t) > x∗, i.e. x∗ is unstable in the sense that any initial value x(0) 6= x∗

generates a trajectory that monotonically diverges from x∗. In other words,
there exists only one initial value, x(0) = x∗, such that a trajectory that starts
from x(0) converges to x∗. Hence the unique BGP is determinate. If we
assume that εl > σ, then h′(x) does not help to understand the dynamic of
our model. However, the continuity of h(x) as well as the fact that h(0) < 0
and h(∞) = +∞ leads to affirm that the economy may have multiple steady
states.
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