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Abstract

An improved tanh-coth method is used to obtain exact solutions of
the Bogoyavlenskii equation. The obtained solutions are given in a more
general form than those obtained in previous literature. One of the most
important facts in the paper is that we consider the arbitrary constant
derived from a first integration when the equation is ordinary which is a
frequent error in many works which use similar computational methods.
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1 Introduction

The search of traveling wave solutions for partial differential equations is one of
the most important aspects in the study of nonlinear waves. In this way, many
equivalent methods have been used with the aim to obtain exact solutions to a
great variety of physic models described by nonlinear partial differential equa-
tions (NLPDE’s). One of the most used computational method and that have
been applied successfully to solve several NLPDE’s is given by the improved
generalized tanh-coth method [1]. This paper is devoted to obtain exact so-
lutions using this last method for the system given by following system of
equations
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{
4ut + uxxy − 4u2uy − 4uxv = 0,

uuy = vx,
(1)

where u(x, y, t) and v(x, y, t) are differentiable functions in the independent
variables x, y and t. The equation (1) is known as the Bogoyavlenskii equa-
tion and many properties of them have been derived by several authors. For
instance, the Lax pair and a nonisospectral condition for the spectral param-
eter were presented by Bogoyavlenskii in [2]. The equation (1) was again
derived in an independent way by Kudryashov and Pickering as a member of
a (2+1)Schwarzian breaking soliton hierarchy, furthermore, rational solutions
for it were derived by them [3]. The Painlevé property of (1) were studied
by Estévez et. al. [4]. Exact solutions for Eq. (1) have been derived by the
authors in [5] using the traveling wave method, by the authors in [6] using the
multiple (G

′

G
)-expansión method, and by Zayed et. al. [7] using the modified

simple equation.

2 Exact solution to the Bogoyavlenskii equa-

tion

We use the wave transformation

ξ = x+ y + λt+ ξ0, (2)

where λ is the speed of the wave and ξ0 an arbitrary constant. By substituting
(2) into (1) we obtain the following system of ordinary differential equations{

4λu′(ξ) + u′′′(ξ)− 4u2(ξ)u′(ξ)− 4u′(ξ)v(ξ) = 0,

u(ξ)u′(ξ) = v′(ξ).
(3)

After integration with respect to ξ the second equation in (3) we have

u2(ξ)

2
= v(ξ) + k1. (4)

being k1 the integration constant. By substititing of this last expression into
first equation of (3) and after one integration, finally we get the equation

4(λ+ k1)u(ξ) + u′′(ξ)− 2u3(ξ) + k2 = 0, (5)

with k2 the integration constant.
Using the idea of the improved generalized tanh-coth method [8], we seek

the solution to (5) using the expansion
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u(ξ) =
M∑
i=0

aiφ(ξ)i +
2M∑

i=M+1

aiφ(ξ)M−i, (6)

where M is a positive integer that will be determined by using the balance
method and φ = φ(ξ) satisfies the Riccati equation

φ′(ξ) = α + βφ(ξ) + γφ(ξ)2. (7)

The ai, i = 1, 2, . . . , 2M , α, β, γ are constants to be determined later and the
solution of (7) in the case β2 − 4αγ 6= 0 is given by (see [9]):

φ(ξ) =
−
√
β2 − 4αγ tanh[1

2

√
β2 − 4α(t)γξ + ξ0]− β

2γ
. (8)

Substituting (6) into (5), and balancing u′′(ξ) with v3(ξ) we obtain

M + 2 = 3M,

so that

M = 1.

Therefore, (6) reduces to

u(ξ) = a0(t) + a1(t)φ(ξ) + a2(t)(φ(ξ))−1. (9)

Now, substituting (9) into (5), taking in account (7) and equating to zero the
coefficients of all powers of φ(ξ), we get a set of algebraic equations for a0, a1,
a2, α, β, γ, k1 and k2. Solving the system with aid the Mathematica we obtain
the following general solution:

a0 =
k2

4a1a2
, α = ∓a2; β = ∓ k2

2a1a2
, γ = ∓a1, λ =

32a31a
3
2 − 32a21a

2
2k1 + k22

32a21a
2
2

.

(10)

Using (10), (9), (4), (2) and reversing the substitutions we have the follow-
ing general solution to (1):
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u(x, y, t) =

√
k22−16a31a32 tanh


√

k22−16a31a
3
2

x+y+(−32a21a
2
2k1+32a31a

3
2+k

2
2)

32a21a
2
2

t+ξ0


4a1a2


4a1a2

+

4a21a
2
2

√
k22−16a31a32 tanh


√

k22−16a31a
3
2

x+y+(−32a21a
2
2k1+32a31a

3
2+k

2
2)

32a21a
2
2

t+ξ0


4a1a2

−k2

v(x, y, t) = u2(x,y,t)
2
− k1,

(11)

where a1, a2, k1, k2 and ξ0 are arbitrary constants. Now, in the case that
β2 = 4αγ then the solution of (7) is given by (see [9])

φ(ξ) = −1

γ
(
1

ξ
+
β

2
). (12)

So that, in this case taking into account (10), (9), (4), (2) the solution of
(1) is given in rational form as follow:


u(x, y, t) = 1

x+y+ 1
32

(48a1a2−32k1)t+ξ0
+

a1a2(x+y+ 1
32

(48a1a2−32k1)t+ξ0)
1−√a1a2(x+y+ 1

32
(48a1a2−32k1)t+ξ0)

v(x, y, t) = u2(x,y,t)
2
− k1,

(13)

with a1, a2, k1, and ξ0 arbitrary constants.

3 Conclusions

By means of the improved tanh-coth method, we obtain a solution of the
Bogoyavlenskii equation in a more general form than those obtained by other
authors. In the solutions, we have considered the constants obtained after
integration when the equations are in ordinary form. This is very important
fact in the sense that many authors consider these constants as zero, so that
the solution that they have obtained is less general. Clearly, varying the value
of the parameters we can obtain several type of solutions, for instance periodic
and soliton solutions.
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