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Abstract

Let G and H be two given graphs. The notation F → (G,H) means

that any red-blue coloring on the edges of F will create either a red

subgraph G or a blue subgraph H in F . A graph F is a Ramsey (G,H)-

minimal graph if F → (G,H) and F ∗ 6→ (G,H) for any proper subgraph

F ∗ ⊂ F . The set of all (G,H)-minimal graphs is denoted by R(G,H).

In this paper we give some necessary conditions for the members of

R(2K2, 2Cn) for n ≥ 3 and determine some graphs in R(2K2, 2C3) and

R(2K2, 2C4).
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1 Introduction

All graphs in this paper are finite, undirected and simple. Let F , G and H

be graphs. The notation F → (G,H) means that in any red-blue coloring on

the edges of F , F will contains either a red subgraph G or a blue subgraph H.

We denote F ∗ 6→ (G,H) to mean that there is some red-blue coloring of F ∗

such that F ∗ contains no red G and no blue H. This coloring is defined as the

(G,H)-coloring of F ∗. Graph F is Ramsey (G,H)-minimal if F → (G,H) and

F ∗ 6→ (G,H) for any proper subgraph F ∗ ⊂ F . The set of all (G,H)-minimal

graphs is denoted by R(G,H). Other definitions and notations refer to [2].

2 Preliminary Notes

Finding the characterization of all graphs F in R(G,H) is a difficult problem.

Determining whether the set R(G,H) is finite or infinite for any given graphs

G and H is also interesting. Some partial results related to the finite problems

have been obtained as follows.

For every integer m and graph H, Burr et al. [2] proved that R(mK2, H) is

finite. In the same paper, they also determined thatR(2K2, C3) = {K5, 2C3, L}
(see Figure 1).

Figure 1: R(2K2, C3) [2]

Yulianti et al. [4] gave some necessary conditions for graphs in R(2K2, Cn),

n ≥ 3. In particular, they determined some graphs in R(2K2, C4) (see Figure

2). Moreover, Tatanto and Baskoro [3] gave some necessary conditions for

graphs in R(2K2, 2Pn), n ≥ 4. Based on these papers, we give some necessary

conditions for graphs in R(2K2, 2Cn), n ≥ 3. In particular, we determine some

graphs in R(2K2, 2C3) and R(2K2, 2C4).

3 Main Results

In this section we give some necessary conditions for graphs in R(2K2, 2Cn),

n ≥ 3.

Lemma 3.1 Let F ∈ R(2K2, 2Cn), n ≥ 3. Then:
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Figure 2: Some graphs in R(2K2, C4) [4]

(a) F − v ⊇ 2Cn for every v ∈ V (F ).

(b) F − E(C3) ⊇ 2Cn for every triangle C3 in F .

(c) Every edge e ∈ E(F ) is contained in some Cn in F .

Proof.

(a) Suppose that there exists some vertex v ∈ V (F ) such that 2Cn 6⊆ F − v.

If we color all edges incident to v by red and the remaining edges by blue,

then we have a (2K2, 2Cn)-coloring of F . Then we get a contradiction.

(b) Suppose that (b) is violated for some C3 in F . If we color E(C3) by red

and the remaining edges by blue, then we have a (2K2, 2Cn)-coloring of

F . It is a contradiction.

(c) Suppose that there exists some edge e ∈ E(F ) that is not in any cycle

Cn in F . By the minimality of F , we can take a (2K2, 2Cn)-coloring of

F − e. If we color e by blue then we also have a (2K2, 2Cn)-coloring of

F . We get a contradiction. �

Corollary 3.2 The only graph with three components in R(2K2, 2Cn) is

3Cn.

Proof. It is clear that 3Cn ∈ R(2K2, 2Cn). Suppose that there exists a further

three-components graph M ∈ R(2K2, 2Cn). From Lemma 3.1(c), every com-

ponent of M must contain a subgraph isomorphic to Cn. Clearly, Cn ⊆ M .

The minimality of M implies that M ' 3Cn. �

Lemma 3.3 If F and G are two connected graphs in R(2K2, Cn) then F ∪
G ∈ R(2K2, 2Cn) for n ≥ 3.

Proof. Let F and G be two connected graphs in R(2K2, Cn) for n ≥ 3.

First, we show that F ∪ G → (2K2, 2Cn). Consider any red-blue coloring
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of the edges of F ∪ G. Suppose that there is no red 2K2 in F ∪ G. Since

F,G ∈ R(2K2, Cn), then F ⊇ Cn and G ⊇ Cn. Therefore, F ∪G ⊇ 2Cn. Then

we have F ∪G→ (2K2, 2Cn).

Next, we show that (F ∪ G)∗ := (F ∪ G) − e 6→ (2K2, 2Cn) for any e ∈
E(F ∪ G). W.l.o.g, let e ∈ E(F ). Since F ∈ R(2K2, Cn), there exists a

(2K2, Cn)-coloring in F − e. By taking such a coloring and color all edges in

G by blue, we have a (2K2, 2Cn)-coloring in (F ∪G)∗. �

Theorem 3.4 Let F and G be two connected graphs in R(2K2, Cn) for

n ≥ 3. Then 3Cn and F ∪G are the only disconnected graphs in R(2K2, 2Cn).

Proof. From Corollary 3.2 and Lemma 3.3, we have 3Cn ∈ R(2K2, 2Cn) and

F ∪ G ∈ R(2K2, 2Cn). Suppose that there exists further disconnected graph

in R(2K2, 2Cn), namely H. From Lemma 3.1(c), every component of H must

contains Cn. Consider two cases as follows.

(1) Some component of H is exactly Cn.

Consider any red-blue coloring on the edges of H such that there is no

red 2K2 in H. Since H ∈ R(2K2, 2Cn), then there must be some blue

2Cn in H. If there is no red edge in Cn, then the other component of H

must be isomorphic to some Ramsey (2K2, Cn)-minimal graphs. Next,

if there are some red edges in Cn then the other component of H must

contain 2Cn. From this two conditions and by the minimality of H, the

other component of H must be isomorphic to 2Cn. Therefore H ' 3Cn.

(2) There is no Cn component in H.

From Lemma 3.1, graph H must contains at least two components. Con-

sider any red-blue coloring on the edges of H such that there is no red

2K2 in H. W.l.o.g, suppose that there exists some red edges in the first

component, then the other components must colored blue. From Lemma

3.1(c), the second component must contain a blue Cn. The first com-

ponent must also contain another blue Cn, since H ∈ R(2K2, 2Cn). By

the minimality of H, the first component must be isomorphic to some

connected graph in R(2K2, Cn). �

Now we give some necessary conditions for the connected graphs F in

R(2K2, 2Cn), n ≥ 3.

Lemma 3.5 Let F ∈ R(2K2, 2Cn), n ≥ 3. Then |V (F )| ≥ 2n + 1.

Proof. If F ∈ R(2K2, 2Cn) with |V (F )| < 2n + 1, then F − v 6⊇ 2Cn for any

vertex v in F , violating Lemma 3.1(a). �
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Lemma 3.6 Let F ∈ R(2K2, 2Cn) for n ≥ 3. Then F contains at least five

cycles, each of n vertices, and not all cycles intersect in one vertex.

Proof. Assume that graph F contains only four cycles of n vertices. From

Lemma 3.1(c), every edge must be contained in some cycle Cn in F . Since F is

connected, every two cycles in F must intersect in at least one vertex, namely

v. If all edges that incident to v are red and other edges are blue, then there

is no blue 2Cn in this coloring. Then we get a contradiction. �

4 R(2K2, 2C3) and R(2K2, 2C4)

LetR(2K2, C3) = {K5, 2C3, L} (see Figure 1), andR(2K2, C4) ⊇ {F1, F2, · · · , F12}
(see Figure 2). Then we have the following theorems, based on Lemma 3.1,

Corollary 3.2, Lemma 3.3, Lemma 3.5 and Lemma 3.6.

Theorem 4.1 R(2K2, 2C3) ⊇ {3C3, 2K5, 2L,K5 ∪ L} ∪ {A1, A2, · · · , A27}
(see Figure 3).

Figure 3: Some graphs in R(2K2, 2C3)

Theorem 4.2 R(2K2, 2C4) contains the following graphs:

1. 3C4.
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2. a1F1 ∪ a2F2 ∪ · · · ∪ a12F12 for Σ12
i=1 ai = 2, ai ∈ {0, 1, 2}.

3. B1, B2, · · · , B31 (see Figure 4).

Figure 4: Some graphs in R(2K2, 2C4)

5 R(2K2, 2Cn)

Next, we determine some class of graphs in R(2K2, 2Cn), n ≥ 3. We define

C5
n-path as a graph constructed from five cycles on n vertices by identifying

two vertices from two consecutive cycles. Let x and y be two outer vertices in

the path. If we identify x with y then we have a C5
n-cycle.

Theorem 5.1 Let n ≥ 3. Then C5
n-cycle ∈ R(2K2, 2Cn).

Proof. Consider any red-blue coloring to C5
n-cycle. Suppose that there is no

red 2K2 in the coloring. Then the red subgraph is isomorphic to K1,4 or K1,2.

Clearly, we have a blue 2Cn. Therefore C5
n-cycle → (2K2, 2Cn).

Next, we show that C5
n-cycle −e 6→ (2K2, 2Cn) for every e in C5

n-cycle.

We denote five cycles in C5
n-cycle by C1

∗ , C
2
∗ , · · · , C5

∗ . W.l.o.g, let e ∈ E(C1
∗).

Then we can color K1,4 connecting C2
∗ and C3

∗ by red. Therefore, we have no

blue 2Cn. For other edges in E(C5
n-cycle), the proof is similar. Then we have

C5
n-cycle −e 6→ (2K2, 2Cn). Therefore, C5

n-cycle ∈ R(2K2, 2Cn). �
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