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Abstract

In this paper, we define property(E.A.) with the counterpart of the notion of prop-

erty(E.A.) in Park[13], and prove a common coupled coincidence point theorem for

two pairs of coincidentally commuting and property(E.A.) maps in IFMS without

completeness.
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1. Introduction

In 2006, Bhaskar et.al.[1] proved to coupled contraction mapping theorem,
and this result was generalized to coupled coincidence point theories([3],[9])
under two separate sets of conditions. Zhu et.al[16] studied coupled fixed
point theorems in fuzzy metric spaces in which they obtained a fuzzy version
of the result of [1]. Also, Hu[8] obtained common coupled fixed point results
in fuzzy metric spaces. Furthermore, Choudhury et.al.[2] proved a coupled
coincidence point theorem for coincidentally commuting maps in fuzzy metric
spaces. Thus coupled fixed point problems have been studied in structures
which are generalization of metric spaces, in probabilistic metric spaces, in
G-metric spaces and fuzzy metric spaces.
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Park et.al.[11] defined an IFMS and proved a fixed point theorem in IFMS,
Park[12] studied a fixed point for common property(E.A.) and weak compatible
maps, and obtained some common fixed point for the weakly commuting maps.

In this paper, we define property(E.A.) with the counterpart of the notion
of property(E.A.) in Park[13], and prove a common coupled coincidence point
theorem for two pairs of coincidentally commuting and property(E.A.) maps
in IFMS without completeness.

2. Preliminaries

In this section, we recall some definitions, properties and known results in
the intuitionistic fuzzy symmetric space as following :

Let us recall(see [15]) that a continuous t−norm is a operation ∗ : [0, 1] ×
[0, 1]→ [0, 1] which satisfies the following conditions: (a)∗ is commutative and
associative, (b)∗ is continuous, (c)a ∗ 1 = a for all a ∈ [0, 1], (d)a ∗ b ≤ c ∗ d
whenever a ≤ c and b ≤ d (a, b, c, d ∈ [0, 1]). Also, a continuous t−conorm is
a operation � : [0, 1] × [0, 1] → [0, 1] which satisfies the following conditions:
(a)� is commutative and associative, (b)� is continuous, (c)a � 0 = a for all
a ∈ [0, 1], (d)a � b ≥ c � d whenever a ≤ c and b ≤ d (a, b, c, d ∈ [0, 1]).

Definition 2.1. ([11])The 5−tuple (X,M,N, ∗, �) is said to be an intuitionis-
tic fuzzy metric space(shortly, IFMS) if X is an arbitrary set, ∗ is a continuous
t−norm, � is a continuous t−conorm and M,N are fuzzy sets on X2 × (0,∞)
satisfying the following conditions; for all x, y ∈ X and t > 0, such that

(a)M(x, y, t) > 0,
(b)M(x, y, t) = 1 if and only if x = y,
(c)M(x, y, t) = M(y, x, t),
(d)M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s),
(e)M(x, y, ·) : (0,∞)→ (0, 1] is continuous,
(f)N(x, y, t) > 0,
(g)N(x, y, t) = 0 if and only if x = y,
(h)N(x, y, t) = N(y, x, t),
(i)N(x, y, t) �N(y, z, s) ≥ N(x, z, t+ s),
(j)N(x, y, ·) : (0,∞)→ (0, 1] is continuous.
Note that (M,N) is called an intuitionistic fuzzy metric on X. The functions

M(x, y, t) and N(x, y, t) denote the degree of nearness and the degree of non-
nearness between x and y with respect to t, respectively.

In this paper, we use t-norm ∗ = min and t-conorm � = max.

Definition 2.2. ([12]) Let X be an IFMS.
(a) {xn} is said to be convergent to a point x ∈ X by limn→∞ xn = x if

limn→∞M(xn, x, t) = 1, limn→∞N(xn, x, t) = 0 for all t > 0.
(b) {xn} is called a Cauchy sequence if for any ε > 0, there exists n0 ∈ N

such that for all t > 0 and m,n ≥ n0,

M(xn, xm, t) > 1− ε, N(xn, xm, t) < ε.
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(c) X is complete if and only if every Cauchy sequence converges in X.

Definition 2.3. LetX be an IFMS. Also, let F : X×X → X, G : X×X → X,
h : X → X and g : X → X be maps.

(a)An element (x, y) ∈ X × X is called a coupled coincidence point of a
mapping F and h if F (x, y) = hx, F (y, x) = hy.

(b)The maps F and h are commuting if for all x, y ∈ X, hF (x, y) =
F (hx, hy).

(c)The maps F and h are said to be coincidentally commuting if they
commute at their coupled coincidence points, that is, if hx = F (x, y) and
hy = F (y, x), for some (x, y) ∈ X × X, then hF (x, y) = F (hx, hy) and
hF (y, x) = F (hy, hx).

(d)(x, y) ∈ X × X is called a common coupled coincidence point of the
pairs of (F, h) and (G, g) if F (x, y) = hx, F (y, x) = hy, (G(x, y) = gx and
G(y, x) = gy.

Example 2.4. Let X be an IFMS and let F : X ×X → X and h : X → X
be defined respectively as follows;

F (x, y) =


1

3
if x > 1, 0 < y < 1,

0 otherwise,
hx =


0 if x = 0,

100 if 0 < x < 1,

1 if x = 1,

20 if x > 1.

The maps F, h commute at their only coupled coincidence point (0, 0). There-
fore the pair of maps (F, h) is coincidentally commuting. But the pair of maps
(F, h) is not commuting.

Definition 2.5. LetX be an IFMS. The maps F : X×X → X and h : X → X
are said to satisfy property(E.A.) if there exists two sequences {xn} and {yn}
in X such that for some x, y ∈ X,

F (xn, yn) = hxn → x as n→∞,
F (yn, xn) = hyn → y as n→∞.

In this paper, we use the following class of real maps.
Define Φ = {φ, ψ : [0, 1]→ [0, 1]} satisfying the conditions:
(i)φ is continuous monotone increasing, ψ is continuous monotone decreasing

on [0,1],
(ii)φ(t) > t and ψ(t) < t) for all 0 < t < 1 with φ(1) = 1 and ψ(0) = 0 .

3. Main result

Theorem 3.1. Let X be an IFMS. Let F : X × X → X, G : X × X → X,
h : X → X and g : X → X be four maps and φ, ψ ∈ Φ satisfies the following
conditions;
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(a)for all x, y, u, v ∈ X, s > 0 and φ, ψ ∈ Φ

M(F (x, y), G(u, v), s)

≥ φ(min{M(hx, gu, s),M(hy, gv, s),M(hx, F (x, y), s),

M(hx,G(u, v), s),M(gu,G(u, v), s),M(gu, F (x, y), s)}),
N(F (x, y), G(u, v), s)

≤ ψ(max{N(hx, gu, s), N(hy, gv, s), N(hx, F (x, y), s),

N(hx,G(u, v), s), N(gu,G(u, v), s), N(gu, F (x, y), s)}),

(b)F (X × X) ⊆ g(X), G(X × X) ⊆ h(X) and h(X), g(X) are two closed
subsets of X,

(c)(h, F ) and (g,G) are coincidentally commuting pairs.
If (h, F ) and (g,G) satisfy the property(E.A.), then there exist x, y ∈ X

such that hx = F (x, y), hy = F (y, x), gx = G(x, y) and gy = G(y, x), that is,
the pairs of maps (h, F ) and (g,G) have common coupled coincidence point in
X.

Proof. Since (h, F ) and (g,G) satisfy the property(E.A.), there exist two se-
quences {xn} and {yn} in X, such that

F (xn, yn) = hxn → x as n→∞,
F (yn, xn) = hyn → y as n→∞.

and

G(xn, yn) = gxn → x as n→∞,
G(yn, xn) = gyn → y as n→∞.

Hence x, y ∈ h(X) ∩ g(X) because h(X), g(X) are two closed subsets of X.
Also, since G(X×X) ⊆ h(X), there exists u, v ∈ X such that hu = x, hv = y.
Thus for all s > 0, we have

M(F (u, v), G(xn, yn), s)

≥ φ(min{M(hu, gxn, s),M(hv, gyn, s),M(hu, F (u, v), s),

M(gxn, G(xn, yn), s),M(hu,G(xn, yn), s),M(gxn, F (u, v), s)}),
N(F (u, v), G(xn, yn), s)

≤ ψ(max{N(hu, gxn, s), N(hv, gyn, s), N(hu, F (u, v), s),

N(gxn, G(xn, yn), s), N(hu,G(xn, yn), s), N(gxn, F (u, v), s)}).
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As n→∞, we have for all s > 0,

M(F (u, v), x, s)

≥ φ(min{M(x, x, s),M(y, y, s),M(x, F (u, v), s),

M(x, x, s),M(x, x, s),M(x, F (u, v), s)})
≥ φ(min{1, 1,M(x, F (u, v), s), 1, 1,M(x, F (u, v), s)}),
N(F (u, v), x, s)

≤ ψ(max{N(x, x, s), N(y, y, s), N(x, F (u, v), s),

N(x, x, s), N(x, x, s), N(x, F (u, v), s)})
≤ ψ(max{0, 0, N(x, F (u, v), s), 0, 0, N(x, F (u, v), s)}).

Now, if x 6= F (u, v), thenM(F (u, v), x, s) ≥ φ(M(x, F (u, v), s)) > M(x, F (u, v), s)
and N(F (u, v), x, s) ≤ ψ(N(x, F (u, v), s)) < N(x, F (u, v), s) which is a contra-
diction in this inequality. Hence M(x, F (u, v), s) = 1 and N(x, F (u, v), s) = 0
which implies that x = F (u, v). Therefore x = hu = F (u, v). Similarly, we
can prove that y = hv = F (v, u).

Since F (X × X) ⊆ g(X), there exists w, z ∈ X such that gw = x, gz = y.
Thus for all s > 0, we have

M(F (xn, yn), G(w, z), s)

≥ φ(min{M(hxn, gw, s),M(hyn, gz, s),M(hxn, F (xn, yn), s),

M(gw,G(w, z), s),M(hxn, G(w, z), s),M(gw, F (xn, yn), s)}),
N(F (xn, yn), G(w, z), s)

≤ ψ(max{N(hxn, gw, s), N(hyn, gz, s), N(hxn, F (xn, yn), s),

N(gw,G(w, z), s), N(hxn, G(w, z), s), N(gw, F (xn, yn), s)}).
As n→∞, we have for all s > 0,

M(x,G(w, z), s)

≥ φ(min{M(x, x, s),M(y, y, s),M(x, x, s),

M(x,G(w, z), s),M(x,G(w, z), s),M(x, x, s)})
≥ φ(min{1, 1, 1,M(x,G(w, z), s),M(x,G(w, z), s), 1}),
N(x,G(w, z), s)

≤ ψ(max{N(x, x, s), N(y, y, s), N(x, x, s),

N(x,G(w, z), s), N(x,G(w, z), s), N(x, x, s)})
≤ ψ(max{0, 0, 0, N(x,G(w, z), s), N(x,G(w, z), s), 0}).

Now, if x 6= G(w, z), thenM(x,G(w, z), s) ≥ φ(M(x,G(w, z), s)) > M(x,G(w, z), s)
and N(x,G(w, z), s) ≤ ψ(N(x,G(w, z), s)) < N(x,G(w, z), s) which is a con-
tradiction in this inequality. HenceM(x,G(w, z), s) = 1 andN(x,G(w, z), s) =
0 which implies that x = G(w, z). Therefore x = gw = G(w, z). Similarly, we
can prove that y = gz = G(z, w). Therefore x = gw = hu = G(w, z) = F (u, v)
and y = gz = hv = F (v, u) = G(z, w). Since (h, F ) is coincidentally
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commuting, hF (u, v) = F (hu, hv) and hF (v, u) = F (hv, hu) which implies
hx = F (x, y) and hy = F (y, x). Also, since (g,G) is coincidentally commut-
ing, therefore gG(w, z) = G(gw, gz) and gG(z, w) = G(gz, gw) which implies
gx = G(x, y) and gy = G(y, x), that is, (x, y) is the common coupled coin-
cidence point of the pairs of mappings (h, F ) and (g,G). This completes the
proof of the theorem. �

Corollary 3.2. Let X be an IFMS. Let F : X ×X → X and h : X → X be
two maps and φ, ψ ∈ Φ satisfies the following conditions;

(a)for all x, y, u, v ∈ X, s > 0 and φ, ψ ∈ Φ

M(F (x, y), F (u, v), s)

≥ φ(min{M(hx, hu, s),M(hy, hv, s),M(hx, F (x, y), s),

M(hu, F (u, v), s),M(hx, F (u, v), s),M(hu, F (x, y), s)}),
N(F (x, y), F (u, v), s)

≤ ψ(max{N(hx, hu, s), N(hy, hv, s), N(hx, F (x, y), s),

N(hu, F (u, v), s), N(hx, F (u, v), s), N(hu, F (x, y), s)}),
(b)F (X ×X) ⊆ h(X) and h(X) is a closed subsets of X,
(c)(h, F ) is coincidentally commuting pair.
If (h, F ) satisfy the property(E.A.), then there exist x, y ∈ X such that

hx = F (x, y) and hy = F (y, x), that is, (h, F ) has coupled coincidence point
in X.

Proof. The proof follows by putting F = G, h = g in Theorem 3.1. �

Corollary 3.3. Let X be an IFMS. Let F : X×X → X be a map and φ, ψ ∈ Φ
satisfies the following conditions;

For all x, y, u, v ∈ X, s > 0 and φ, ψ ∈ Φ

M(F (x, y), F (u, v), s)

≥ φ(min{M(x, u, s),M(y, v, s),M(x, F (x, y), s),

M(u, F (u, v), s),M(x, F (u, v), s),M(u, F (x, y), s)}),
N(F (x, y), F (u, v), s)

≤ ψ(max{N(x, u, s), N(y, v, s), N(x, F (x, y), s),

N(u, F (u, v), s), N(x, F (u, v), s), N(u, F (x, y), s)}).
If F satisfy the property(E.A.), then there exist x, y ∈ X such that x =

F (x, y) and y = F (y, x), that is, F has fixed point in X.

Proof. The proof follows by putting F = G, h = g = I(Identity function) in
Theorem 3.1. �
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