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Abstract 

 

This article explains a nonlinear mathematical model of forestry biomass 

depletion due to human population, population pressure and industrialization. The 

model also considers crowding by industrialization. Analysis of model shows that 

equilibrium level the biomass density of  forestry  resources decreases as the 

equilibrium level in density of human population, population pressure and 

industrialization increase. It is found that if the crowding by industrialization 

increases, then biomass density of forestry resources decreases. Therefore, it is 

necessary control industrialization to protect the forestry resources stability.  
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1 Introduction 
 

Forests are lungs of earth which regulate ecological stability and it is 

important in cycle of oxygen (O2) and carbon dioxide (CO2). The forests save CO2 

in the form of biomass and humus. In other hand, it gives many benefits for 

human, as fuel source, water storage, recreation area, industrial raw material, etc. 

The carrying capacity of forests for human life are determined by 

consciousness of human in using them. Uncontrolled exploitations have effects 

for depletion of forestry resources. It is well known that the depletion of forestry 

resources biomass due to population pressure of human and industrialization is 

serious problem which is faced by the society, because it  threatens the ecological 

stability. 

Several authors have analyzed  mathematical model to study the depletion of  

forestry resources. They  have studied a model for interactions between forestry 

biomass, wildlife population and industrialization pressure [1]. A mathematical 

model has proposed to investigate the effect of industrialization on the depletion 

of a resource biomass [10]. In 1996, Dubey [2] has analysed a mathematical 

model to study the effect of a toxicant on forestry resources. Moreover, Shukla et 

al. [8] have presented the effect of changing habitat on survival of species since 

industrialization. Many investigators have analysed effect of pollution on the 

forestry resources [3,5,9]. Repetto and Holmes [6] have studied a model to know 

the role of population on depletion of a resources in developing countries. 

Moreover, a mathematical model has analyzed to know the depletion of a 

renewable resource by population and industrialization with resource dependent 

migration [11]. A mathematical model has analyzed to find the effect of primary 

and secondary toxicants on renewable resources [7]. In 2009, Dubey et al. [4] 

have also studied the depletion of forestry resources caused by population and 

population pressure augmented industrialization. However, it is noted here that in 

Dubey et al. [4], no effort to study the effect of crowding by industrialization on 

density of forestry resources.  

Hence, in this paper a nonlinear mathematical model is analyzed to 

investigate the depletion of forestry resources caused by population of human, 

population pressure and industrialization. This model refers to Dubey et al. [4] 

and Shukla et al. [11].  Furthermore, this model also considers the crowding by 

industrialization on biomass density of forestry resources. The purpose of this 

paper is to study the depletion of forestry resources. We observe dynamics of the 

model with varations of parameters on numerical simulations. This paper is 

organized as follows: Section 2 is devoted to a short description of the 

mathematical model which will be analyzed. Sections 3 and 4 explain equilibrium 

of the model and stability analysis to each equilibrium, respectively. In Section 5, 

some numerical simulations are performed to observe the dynamics of the model. 

The last Section is conclusions. 
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2 Model Description and Formulation 
 

Model the depletion of forestry resources which will be analyzed has some 

assumptions, as follows: 
a. The density of forestry resources biomass and population of human are 

governed by logistic type equation. 

b. The growth rate of population pressure is proportional to the density of human 

population. 

c. It is assumed that the depletion of forestry resources are due to  population of 

human and industrialization.  

d. The value of all parameters which are used in the model are positive.  

With the above assumptions, a model the depletion of forestry resources is 

proposed in formulation a nonlinear ordinary differential equation system as 

follows:  
𝑑𝐵

𝑑𝑡
= 𝑠 (1 −

𝐵

𝐿
)𝐵 − 𝑠0𝐵 − 𝛽2𝑁𝐵 − 𝑠1𝐼𝐵 − 𝛽3𝐵

2𝐼,      

𝑑𝑁

𝑑𝑡
= 𝑟 (1 −

𝑁

𝐾
)𝑁 − 𝑟0𝑁 + 𝛽1𝑁𝐵, 

𝑑𝑃

𝑑𝑡
= 𝜆𝑁 − 𝜆0𝑃 −  𝜃𝐼,                                                                                    

𝑑𝐼

𝑑𝑡
= 𝜋𝜃𝑃 + 𝜋1𝑠1𝐼𝐵 − 𝜃0𝐼.                                                                                      

Subject to nonnegative initial conditions: 

𝐵(0) ≥ 0, 𝑁(0) ≥ 0, 𝑃(0) ≥ 0, 𝐼(0) ≥ 0. Moreover, 0 < 𝜋 ≤ 1,  0 < 𝜋1 ≤ 1.        

In system (1), 𝐵 is density of  forestry resources biomass with intrinsic 

growth rate coefficient 𝑠 and carrying capacity 𝐿  , 𝑁 is density of human 

population, 𝑃 is density of population pressure, and  𝐼 is density of 

industrialization, 𝑠0 is coefficient of the natural depletion rate of resources 

biomass, 𝑟0 is coefficient of the natural depletion rate of population, 𝑟 is the 

intrinsic growth rate of  population density, 𝐾 is the carrying capacity of 

population density, 𝛽1 is the growth rate of cumulative density of human 

population effect of resources, 𝛽2 is its corresponding depletion rate coefficient of 

the resource biomass density due to population. Furthermore, 𝜆 is the growth rate 

coefficient of population pressure, 𝜆0 is its natural depletion rate coefficient, 𝜃 is 

its depletion rate coefficient due to industrialization, 𝑠1 is coefficient of the  

depletion rate of the biomass density caused by industrialization, coefficient 𝜋1𝑠1 

is the growth rate of industrialization due to forestry resource, 𝜋 is the growth rate 

of industrialization effect of population pressure, 𝜃0 is coefficient of control rate 

industrialization which applied by government, and 𝛽3 is the depletion rate 

coefficient of forestry resource biomass due to crowding by industrialization. 

The solutions of system (1) are nonnegative and bounded which are shown in 

the following Lemma 1. 

Lemma 1.  

Let the set Ω = {(𝐵,𝑁, 𝑃, 𝐼): 0 ≤ 𝐵 ≤ 𝐿, 0 ≤ 𝑁 ≤  𝑁𝑚, 0 ≤ 𝑃 ≤ 𝑃𝑚, 0 ≤ 𝐵 +
𝑃 + 𝐼 ≤ (𝜆𝑁𝑚 + 𝑠𝐿)/𝜔} is a region of attraction for system (1) and all solutions 

initiating in the interior of the positive orthant, where 
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𝑁𝑚 =
𝐾

𝑟
(𝑟 + 𝛽1𝐿), 𝑃𝑚 =

𝜆𝑁𝑚

𝜆0 
 and 𝜔 = min (𝑠0, 𝜆0 , 𝜃0). 

Proof. Let see first equation of the system (1), we have  
𝑑𝐵

𝑑𝑡
≤ 𝑠 (1 −

𝐵

𝐿
)𝐵. 

Then, by Comparison Theorem, we get 𝐵(𝑡) ≤ 𝐿, since if 𝐵(𝑡) > 𝐿, then 
𝑑𝐵

𝑑𝑡
< 0. 

0 ≤ 𝐵(𝑡) ≤ 𝐿. 

We note from the second equation of  system (1), we obtain  

𝑑𝑁

𝑑𝑡
≤ 𝑟 (1 −

𝑁

𝐾
)𝑁 + 𝛽1𝑁𝐿 = (𝑟 + 𝛽1𝐿)𝑁 −

𝑟𝑁2

𝐾
, 

which gives the form as follows  

0 ≤ 𝑁(𝑡) ≤
𝐾

𝑟
(𝑟 + 𝛽1𝐿) = 𝑁𝑚. 

Now, from the third equation of system (1), we have  
𝑑𝑃

𝑑𝑡
≤ 𝜆𝑁𝑚 − 𝜆0𝑃,  

and it gives the form as follows  

0 ≤ 𝑃(𝑡) ≤
𝜆𝑁𝑚

𝜆0
= 𝑃𝑚. 

After that, we get on adding from the last equation of system (1) as follows 
𝑑𝐵

𝑑𝑡
+

𝑑𝑃

𝑑𝑡
+

𝑑𝐼

𝑑𝑡
≤ 𝜆𝑁 + 𝑠𝐵 − 𝑠0𝐵 − (1 − 𝜋1)𝑠1𝐼𝐵 + (𝜋𝜃 − 𝜆0)𝑃 − 𝜃0𝐼,

≤ 𝜆𝑁𝑚 + 𝑠𝐿 −  𝜔(𝐵 + 𝑃 + 𝐼), 

finally we get 0 ≤ 𝐵(𝑡) + 𝑃(𝑡) + 𝐼(𝑡) ≤
𝜆𝑁𝑚+𝑠𝐿

𝜔
  where 𝜔 = min (𝑠0, 𝜆0 , 𝜃0). 

Therefore, we have proved the Lemma 1. 

 

3 Equilibrium Analysis 
 

The system (1) has four nonnegative equilibria, namely, 𝐸0 (0, 0, 0, 0), 

𝐸1 (�̂�, 0, 0, 0), 𝐸2(0, �̅�, �̅�, 𝐼 ̅) and 𝐸∗( 𝐵∗, 𝑁∗, 𝑃∗, 𝐼∗) where �̂�, �̅�, 𝑃 ̅, and 𝐼 ̅ are 

given as follows 

�̂� =  
𝐿(𝑠−𝑠0)

𝑠
, �̅� =

𝐾(𝑟−𝑟0)

𝑟
,   �̅� =

𝜆𝐾𝜃0(𝑟−𝑟0)

𝑟(𝜋𝜃2+𝜃0𝜆0 )
,   𝐼 ̅ =

𝐾𝜋𝜃𝜆(𝑟−𝑟0)

𝑟(𝜋𝜃2+𝜃0𝜆0 )
 

with  𝑟 > 𝑟0 and  𝑠 > 𝑠0.  
The existence of equilibrium 𝐸∗( 𝐵∗, 𝑁∗, 𝑃∗, 𝐼∗)  will be explained as follows, 

where 𝐵∗, 𝑁∗, 𝐼∗ and 𝑃∗ are given by: 

𝐵∗ =
𝐿

𝑠+𝐿𝛽3𝐼∗
(𝑠 − 𝑠0 − 𝛽2𝑁

∗ − 𝑠1𝐼
∗),         (2a)  

𝑁∗ =
𝐾

𝑟
(𝑟 − 𝑟0 + 𝛽1𝐵

∗),           

𝐼∗ =
𝜋𝜃𝜆𝑓(𝐵∗)

𝜆0𝜃0+𝜋𝜃2−𝜋1𝑠1𝜆0𝐵∗                                     

𝑃∗ =
𝜆𝑓(𝐵∗)−𝜃ℎ(𝐵∗)

𝜆0
                      (2d) 

with  𝑓(𝐵∗) = 𝑁∗ and ℎ(𝐵∗) = 𝐼∗.  
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From the equation (2c), 𝐼∗ will be positive if  it satisfies the following inequality: 

𝜆0𝜃0 + 𝜋𝜃2 > 𝜋1𝑠1𝜆0𝐵
∗. 

Now, from the first equation in system (1), we applying 𝐵∗ and we obtain:  

𝑑𝐵∗

𝑑𝑡
= (𝑠 − 𝑠0 − 𝛽2𝑓(𝐵∗) − 𝑠1ℎ(𝐵∗) − 𝛽3𝐵

∗ℎ(𝐵∗))𝐵∗ −
𝑠𝐵∗2

𝐿
, 

where 𝑠 − 𝑠0 − 𝛽2𝑓(𝐵∗) − 𝑠1ℎ(𝐵∗) − 𝛽3𝐵
∗ℎ(𝐵∗) is intrinsic growth rate 

coefficient of forestry resources biomass. Accordingly, its value is positive for 

𝐵∗ ≥ 0. Therefore, for  𝐵∗ = 0 then we get 

𝑠 − 𝑠0 − 𝛽2
𝐾(𝑟−𝑟0)

𝑟
− 𝑠1ℎ(0) > 0.   (3) 

After substituting the equation (2b) and equation (2c) into equation (2a) 

where 𝑓(𝐵∗) = 𝑁∗ and ℎ(𝐵∗) = 𝐼∗, we obtain 

𝐵∗ =
𝐿

𝑠 + 𝐿𝛽3ℎ(𝐵∗)
(𝑠 − 𝑠0 − 𝛽2𝑓(𝐵∗) − 𝑠1ℎ(𝐵∗)). 

Then, we using equation (4) and we can define 𝐹(𝐵∗) as follows 

𝐹(𝐵∗) = (𝑠 + 𝐿𝛽3ℎ(𝐵∗)) 𝐵∗ − 𝐿(𝑠 − 𝑠0 − 𝛽2𝑓(𝐵∗) − 𝑠1ℎ(𝐵∗).    (5) 

If we use the equation (3), then the equation (5) gives 

𝐹(0) = −𝐿(𝑠 − 𝑠0 − 𝛽2
𝐾(𝑟−𝑟0)

𝑟
− 𝑠1ℎ(0)) < 0,   (6) 

 

𝐹(𝐿) = 𝛽3ℎ(𝐿)𝐿2 + 𝐿(𝑠0 + 𝛽2𝑓(𝐿) + 𝑠1ℎ(𝐿) > 0.    (7) 

Now, the sufficient condition for 𝐵∗ to be unique is 𝐹′(𝐵) > 0 at 𝐸∗, where 

we know that: 

𝐹′(𝐵) = 𝑠 + 𝐿𝛽3ℎ
′(𝐵)𝐵 + 𝐿𝛽3ℎ(𝐵) + 𝐿(𝛽2𝑓

′(𝐵) + 𝑠1ℎ
′(𝐵) > 0,          (8) 

since 𝑓′(𝐵) and ℎ′(𝐵) are positive for 𝜆0𝜃0 + 𝜋𝜃2 > 𝜋1𝑠1𝜆0𝐵. 

Thus, there exists a unique positive root 𝐵∗ in the interval 0 < 𝐵∗ < 𝐿 such 

that 𝐹(𝐵∗) = 0. After 𝐵∗ is determined, we can to get positive values of 𝑁∗, 𝐼∗ 

and 𝑃∗ from equation (2b), (2c), and (2d), respectively.  

In the equation  (2b), if   𝑟 = 𝑟0 then all of the population depends to the 

forestry resources. In the same case, 𝑁∗ → 0 because 𝐵∗ → 0. It is meaning that if 

all of the population depend to forestry resource, then the density of population 

tends to zero since the density of the forestry resource biomass inclined to zero. 

 

4 Stability Analysis 
 

Jacobian of system (1) is given in the following matrix: 

𝐽𝐸𝑖=

[
 
 
 
 
 𝑠(1 −

2𝐵

𝐿
) − 𝑠0 − 𝛽2𝑁 − 𝑠1𝐼 − 2𝛽3𝐵𝐼 −𝛽2𝐵

𝛽1𝑁 𝑟 (1 −
2𝑁

𝐾
) − 𝑟0 + 𝛽1𝐵

0  −𝑠1𝐵 − 𝛽3𝐵
2

   
  0  0

                         0                                                 𝜆
                          𝜋1𝑠1𝐼                                                 0

                    
−𝜆0  −𝜃
𝜋𝜃        𝜋1𝑠1𝐵 − 𝜃0]

 
 
 
 
 

. 
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By determining the Jacobian matrix corresponding to each equilibrium 𝐸𝑖 , 
where 𝑖 = 0, 1, 2, we get the following result: 

1. 𝐸0 is a  saddle point with unstable  manifold in the B-N plane and  stable 

manifold in the P-I plane if the following inequality is satisfied: 

(−𝜃0 − 𝜆0) ± (𝜆0
2 − 2𝜆0𝜃0 + 𝜃0

2 − 4𝜃2𝜋)
1
2 < 0. 

2. 𝐸1 is a  saddle point with unstable  manifold in the N direction and stable 

manifold in the B-P-I space if the following inequality is satisfied: 

𝜋1𝑠1B̂ − 𝜃0 − 𝜆0 ± [(𝜋1𝑠1B̂)
2
− 2(𝜋1𝑠1B̂𝜃0 − 𝜋1𝑠1B̂𝜆0 + 𝜃0𝜆0 + 2𝜃2𝜋) + 𝜃0

2 + 𝜆0
2]

1
2

< 0. 

3. 𝐸2 is a  saddle point with unstable  manifold in the B direction and  stable 

manifold in the N-P-I space if  the following conditions are satisfied: 

𝑠 − 𝑠0 − 𝛽2�̅� − 𝑠1𝐼 ̅ > 0 and  (−𝜃0 − 𝜆0) ± (𝜆0
2 − 2𝜆0𝜃0 + 𝜃0

2 − 4𝜃2𝜋)
1

2 < 0. 

In the following Theorem 1 is given sufficient conditions for equilibrium  

𝐸∗(𝐵∗, 𝑁∗, 𝑃∗, 𝐼∗) to be locally asymptotically stable. 

Theorem 1. 𝐸∗ is locally asymptotically stable if  the following conditions are 

satisfied: 

𝜋1𝑠1𝐵
∗  <  𝜃0, 

𝛽1𝜋(𝑠1 + 𝛽3𝐵
∗)

𝛽2𝜋1𝑠1𝐼∗
<

8𝑟𝜆0

𝐾𝜆2
. 

Proof . Linearizing the system (1) by substituting:  

𝐵 = 𝐵∗ + 𝑏,  𝑁 = 𝑁∗ + 𝑛, 𝑃 = 𝑃∗ + 𝑝, 𝐼 = 𝐼∗ + 𝑖, 
where  𝑏, 𝑛, 𝑝, 𝑖 are small perturbations around the equilibrium 𝐸∗(𝐵∗, 𝑁∗, 𝑃∗, 𝐼∗). 
After that, using the following positive definite function: 

                                    𝑉 =
1

2
(
𝐶1𝑏2

𝐵∗ +
𝐶2𝑛2

𝑁∗ + 𝐶3𝑝
2 + 𝐶4𝑖

2),                                (10) 

where 𝐶𝑖 for 𝑖 = 1, 2, 3, 4 are positive constants to be chosen appropriately. 

Differentiating 𝑉 with respect to time  𝑡 along the linearized of system (1), we 

obtain: 
𝑑𝑉

𝑑𝑡
= −𝐶1 (

2𝑠

𝐿
+ 2𝛽3𝐼

∗) 𝑏2 −
2𝐶2𝑟

𝐾
𝑛2 − 𝐶3𝜆0𝑝

2 − 𝐶4(𝜃0 − 𝜋1𝑠1𝐵
∗)𝑖2 

+(𝐶2𝛽1 − 𝐶1𝛽2)𝑏𝑛 + (𝐶4𝜋1𝑠1𝐼
∗ − 𝐶1𝑠1 − 𝐶1𝛽3𝐵

∗)𝑏𝑖 + 𝐶3𝜆𝑛𝑝 

+(𝐶4𝜋𝜃 − 𝐶3𝜃)𝑝𝑖, 

and we choose 𝐶1 =
𝛽1

𝛽2
, 𝐶2 = 1, 𝐶4 = 

𝛽1(𝑠1+𝛽3𝐵∗)

𝛽2𝜋1𝑠1𝐼∗
 and 𝐶3 =

𝛽1𝜋(𝑠1+𝛽3𝐵∗)

𝛽2𝜋1𝑠1𝐼∗
. 

The equation (11) can be rewritten as follows: 

 



 

(16a) 

(16b) 

 (17) 

 (19) 

(18) 

 (14) 

(13) 

(15) 
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𝑑𝑉

𝑑𝑡
= −𝐶1 (

2𝑠

𝐿
+ 2𝛽3𝐼

∗) 𝑏2 −
2𝑟

𝐾
𝑛2 − 𝐶3𝜆0𝑝

2 − 𝐶4(𝜃0 − 𝜋1𝑠1𝐵
∗)𝑖2 + 𝐶3𝜆𝑛𝑝. 

Now, sufficient conditions for 
𝑑𝑉

𝑑𝑡
 to be negative definite are the following 

inequalities are satisfied: 

𝜋1𝑠1𝐵
∗  <  𝜃0, 

𝐶3𝜆
2 <

8𝑟𝜆0

𝐾
. 

After substituting the value 𝐶3 from equation (12) into equation (14), we get 

following inequality: 

𝛽1𝜋(𝑠1 + 𝛽3𝐵
∗)

𝛽2𝜋1𝑠1𝐼∗
<

8𝑟𝜆0

𝐾𝜆2
. 

Therefore, conditions of  (9a) and (9b) are satisfied.  

The globally asymptotically stable behavior of equilibrium 𝐸∗(𝐵∗, 𝑁∗, 𝑃∗, 𝐼∗) 

is proved in the following Theorem 2. 

Theorem 2. Suppose the following conditions are satisfied:  

𝜋1𝑠1L <  𝜃0, 
 

𝛽1𝜋(𝑠1 + 𝛽3𝐿)

𝛽2𝜋1𝑠1𝐼∗
<

4𝜆0𝑟

𝐾𝜆2
. 

Then 𝐸∗ is globally asymptotically stable in the region Ω, where the set Ω has 

been difined in Lemma 1. 

Proof. To proof this theorem, we consider the following positive definite function 

as follows: 

  𝑊(𝐵,𝑁, 𝑃, 𝐼) = 𝐶1(𝐵 − 𝐵∗ − 𝐵∗ ln
𝐵

𝐵∗) + 𝐶2(𝑁 − 𝑁∗ − 𝑁∗ ln
𝑁

𝑁∗)  

+
1

2
𝐶3(𝑃 − 𝑃∗)2 +

1

2
𝐶4(𝐼 − 𝐼∗)2,  

 

where 𝐶𝑖 for 𝑖 = 1, 2, 3, 4 are positive constants to be chosen suitably.  

Now, differentiating 𝑊 with respect to time 𝑡 along the solutions of system 

(1) and using a simple algebraic manipulation. Thus, we get: 

𝑑𝑊

𝑑𝑡
= −𝐶1 (

𝑠

𝐿
+ 𝛽3𝐼

∗) (𝐵 − 𝐵∗)2 −
𝐶2𝑟

𝐾
(𝑁 − 𝑁∗)2 − 𝐶3𝜆0(𝑃 − 𝑃∗)2 

−𝐶4(𝜃0 − 𝜋1𝑠1𝐵)(𝐼 − 𝐼∗)2 + (𝐶2𝛽1 − 𝐶1𝛽2)(𝐵 − 𝐵∗)(𝑁 − 𝑁∗) 

+(𝐶4𝜋1𝑠1𝐼
∗ − 𝐶1𝑠1 − 𝐶1𝛽3𝐵)(𝐵 − 𝐵∗)(𝐼 − 𝐼∗) + 𝐶3𝜆(𝑁 − 𝑁∗) 

 (𝑃 − 𝑃∗) + (𝐶4𝜋𝜃 − 𝐶3𝜃)(𝑃 − 𝑃∗)(𝐼 − 𝐼∗). 
 

We choose 𝐶1 =
𝛽1

𝛽2
, 𝐶2 = 1, 𝐶4 = 

𝛽1(𝑠1+𝛽3𝐵)

𝛽2𝜋1𝑠1𝐼∗
 and 𝐶3 =

𝛽1𝜋(𝑠1+𝛽3𝐵)

𝛽2𝜋1𝑠1𝐼∗
. 



 

(20) 

(21) 

  (22) 

 (23) 
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The equation (18) can be reduced to: 

 

              
𝑑𝑊

𝑑𝑡
= −𝐶1 (

𝑠

𝐿
+ 𝛽3𝐼

∗) (𝐵 − 𝐵∗)2 −
𝑟

𝐾
(𝑁 − 𝑁∗)2 − 𝐶3𝜆0(𝑃 − 𝑃∗)2

− 𝐶4(𝜃0 − 𝜋1𝑠1𝐵)(𝐼 − 𝐼∗)2 + 𝐶3𝜆(𝑁 − 𝑁∗)(𝑃 − 𝑃∗). 

In this case, we obtain sufficient conditions for  
𝑑𝑊

𝑑𝑡
 to be negative definite if  

the following inequalities are satisfied: 

𝜋1𝑠1𝐿 <  𝜃0, 

𝐶3𝜆
2 <

4𝜆0𝑟

𝐾
, 

after using the value 𝐶3 from equation (19) into equation (21), we also get: 

𝛽1𝜋(𝑠1 + 𝛽3𝐿)

𝛽2𝜋1𝑠1𝐼∗
<

4𝜆0𝑟

𝐾𝜆2
. 

 

Hence, conditions of  (16a) and (16b) are satisfied.  
 

 

5 Numerical Simulations 
 

The values of parameters which are used in simulations for system (1)  are 

following [4]: 

𝐿 = 40, 𝐾 = 50, 𝜋 = 0.001, 𝜃 = 8, 𝜆 = 5,  𝛽1 = 0.01, 𝛽2 = 7, 𝑠0 = 1,  
𝑠1 = 4, 𝜋1 = 0.005,  𝜆0 = 4, 𝑠 = 34, 𝜃0 = 1, 𝑟 = 11, 𝑟0 = 10  and 𝛽3 = 2. 

 

 With the above parameters, we get equilibrium 𝐸∗( 𝐵∗, 𝑁∗, 𝑃∗, 𝐼∗) and it is 

given  𝐵∗ = 0.7927, 𝑁∗ = 4.5815, 𝑃∗ = 5.6352 and 𝐼∗ = 0.0458. The 

conditions of Theorems 1 and 2 are satisfied for the above values parameters. This 

shows  that 𝐸∗ is locally as well as globally asymptotically stable.  

 

 

 Numerical simulations are observed to know the effect the variation of 

parameters on the system (1). Some numerical simulations are shown in following 

figures. 
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Figure 1. Variation of  𝐵 versus time (𝑡) for different values of 𝛽2 and  

values of other parameters are same as in equation (23). 

 
Figure 2. Variation of  𝐵 versus time (𝑡) for different values of 𝛽3 and  

values of other parameters are same as in equation (23). 

     
Figure 3. Variation of  𝑁 versus time (𝑡) for different values of  𝛽1 and  

values of other parameters are same as in equation (23). 
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Figure 1 and 2 show that 𝐵 decreases as 𝛽2 and 𝛽3 increase and finally attains 

its equilibrium state. The equilibrium level of 𝐵 is lower than its carrying 

capacity. This  means that if depletion rate coefficient of the resource biomass 

corresponding with due to density of  population increses or depletion rate 

coefficient of forestry resource biomass due to crowding by industrialization 

increases, then density of forestry resource biomass decreases. From Figure 3, we 

get that 𝑁 increases until to  its equilibrium state since 𝛽1 increases. It is meaning 

that density of population increases until to its equilibrium state as the growth rate 

of cumulative density of populations due to resources increases.  

 

 
 

Figure 4. Variation of  𝑁 versus time (𝑡) for different values of  𝑟 and  

values of other parameters are same as in equation (23) 

 

 
 

Figure 5. Variation of  𝑃 versus time (𝑡) for different values of 𝜆 and  

values of other parameters are same as in equation (23). 

In the Figure 4 is noted that 𝑁 increses as 𝑟 increases and finally until to its 

equilibrium state. Density of human population increases and finally attains its 

equilibrium level as the intrinsic growth rate of human population increases.  
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Similar effect of 𝜆 on 𝑃 in Figure 5.  From Figure 5, we shown that 𝑃 increses 

until to its equilibrium level since 𝜆 increases. It is meaning that population 

pressure increases until to its equilibrium state since the growth rate coefficient of 

population pressure increases.  

 

 

 
 

Figure 6. Variation of  𝐼 versus time (𝑡) for different values of  𝜋 and  

values of other parameters are same as in equation (23). 

 

 

From Figure 6, we observed that 𝐼 increses until to its equilibrium level since 

𝜋 increses. Its meaning that density of industrialization increases and finally 

attains its equilibrium state because the growth rate of industrialization due to 

population pressure increases. 

 

6  Conclusions 
 

In this paper, a nonlinear mathematical model has been analyzed to study 

depletion of forestry resource biomass due to human population, population 

pressure and industrialization. This model also considers the crowding by 

industrialization. Existence of equilibrium 𝐸∗ has been proved and 𝐸∗ is locally as 

well as globally asymptotically stable. In addition, equilibrium level of biomass 

density of forestry resource decreases since the equilibrium level in density of 

human population, population pressure and industrialization increase. Equilibrium 

level of forestry biomass is lower than its carrying capacity. Moreover, density of 

forestry biomass decreases as the crowding by industrialization increases. 

Accordingly, it is needed control industrialization to protect the forestry  resources 

stability. Moreover, numerical simulations have been performed to study 

dynamics of the system. In all simulations, we have obtained that if conditions of 

Theorems 1 or 2 are satisfied, then dynamics of the system always finally attains 

its equilibrium level.  
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