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Abstract 

 

The mathematical model of the mechanical system, which is a section of the 

pipeline with built-in motor pump system and damper for vibration damping, has 

been developed. The mathematical model is represented by a system of partial 

differential equations of hydrodynamics for moving fluid in the pipeline and a 

system of two ordinary differential equations for the damping device. Solution the 

system of equations is performed using analytical and numerical methods. The 

numerical solution of the equations of hydrodynamics carried out using the finite 

element method, implemented in the programming environment of mathematical 

package freeFEM ++. 

 

Keywords: mathematical modeling, vibration protection system, damper, 

differential equations, numerical methods 

 

 

1 Introduction 
 

The main factors affecting the reliability of the pipelines are vibratory loads  
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caused by external mechanical effects and the fluctuations of pressure and fluid 

flow within the pipeline [1-3]. The external influences can cause depressurization 

pipeline connections, the appearance of fatigue, local cracks, especially when 

transporting chemically active fluid [11]. For hydrodynamic vibration protection 

systems apply mechanical damping devices, supporting pipeline sections [4-5].  

The external vibration dampers in form of expansion cavities used to reduce the 

internal pressure fluctuations in areas of high exposure [6-7]. The mathematical 

model of the "pipe section - a damping device" may be represented with a model 

of the pipeline section and the model moving fluid in damper, through which is 

performed external impact [12-13]. The main objective here is the selection of the 

geometric characteristics of the damper and the analysis of the effectiveness of the 

pressure reduction [14]. In contrast to the models, in the paper the different types 

of cameras expansion cavity damper [15-17]. 

 

2 Mathematical model of the vibration protection system 
 

Consider a mechanical system (Fig. 1) consisting of the input and output 

sections of the pipeline with built-in damper transported fluid. Generalized 

structure of the damper consisting of the expansion of the cavity and the flow 

channel is shown in figure 2. Suppression of vibrations caused by external 

mechanical action is carried out by setting the damper with linear mechanical 

characteristics [18-19]. The damper with non-linear characteristics is not 

investigated [8]. The radius of the pipeline - 1R , the damper - 2R .  

It is assumed that on the damper affected small external periodic forces in the 

longitudinal and transverse directions: 

1 1 2 2cos( ) sin( ), cos( ) sin( )x yF A t B t F A t B t        

where 1 1 2 2, , ,A B A B - the amplitude,   and v - the frequency of periodic 

external influences. 

 

 

 

 
 

Fig. 1. Scheme vibration protection system. 
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Fig. 2. Finite-element models dampers. 

 

 

The model damping device described by a system of ordinary differential 

equations 
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in which m - the mass of the system, 1 2,c c  - the coefficients of spring rates, 

1 2,b b
 
- coefficients of friction in the damping device. 

Motion of an incompressible fluid in the vibration damper is described by the 

system of equations. 
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here ( , )x yu u u  the velocity vector of the fluid, p - pressure,  - the liquid 

density,  - the kinematic viscosity.  

The terms xv
m

t




 in the first equation and 

yv
m

t




 in the second is external 

influences for damping device. As the results of the numerical experiment, 

significant effect, these terms do not have for solve the system of equations (2) at 

small amplitudes of external influences. 
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The boundary conditions - is slip of the fluid condition on the inner surface 

of the pipeline. 0

u . Fluid velocity at the initial time is considered to be 

known. 0 00 0
,

 
 

t t
u u v v  

 

3 Steady-state oscillation 
 

The solution of equations (1) can be represented in analytic form. The 

function of steady-state oscillations.  
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The mass of damper with a liquid is proportional to the 2

2R l  (l- length of the 

damper). It follows from these expressions, the maximum absolute value x (t) and 

y(t) may be a decreasing function of time depending on the set parameters 1 2,c c . 

For the case 1 0.8c  , 2 1.6c   on figure 3 the amplitude of the steady-state 

oscillations depending on the radius 2R . By increasing the radius of the damper 

increases its mass and decreases the amplitude of the oscillation damper. In this 

range of parameters oscillation amplitude of the damper can be reduced by a 

factor of 1.5, compared to the amplitude of forced "external" loads. 

 

 
 

Fig. 3. The maximum vibration amplitude in the x and y depending on the radius. 

 

4 Finite element modeling the damper 
 

For numerical solution of equations (2) can be used a variety of methods 

[18-19]. For example, to carry out sampling of resolving equations on the space 

variables. The integration of ordinary differential equations depending on their  
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structure can be used in such methods [9, 10]. The most effective solutions to 

partial differential equations is the finite element method [20-22]. The solution of 

equations (2) in the two-dimensional area for moving fluid in damper was carried 

out with the use of numerical methods based on the finite element method in the 

programming environment of mathematical package freeFEM++. 

We considered several forms of the dampers (Fig. 2) used in hydrodynamic 

systems: pulsation damper fluid pressure (patent RU 2088833), pressure regulator 

(patent RU 2133904), pressure regulator (patent RU 2083908), a pulsation damper 

(patent RU 2084750) . 

 

In the numerical solutions applied adapted mesh finite element models with 

more than four thousand triangular elements. When the number of elements with 

four to six thousand the significant improvement of calculation accuracy is not 

observed. The triangular element is selected as finite element. 

In the simulation assumed that the laminar flow in the pipeline and the Reynolds 

number Re = 200.  

Some of the results of numerical simulation are shown in Figures 4 - 6 for 

the case of the parameters: 1 0.1R , 2 0.05R , 1 0.005A , 1 0.004B , 1  , 

1  , 1 0.06b , 2 0.12b , 1 0.8c , 2 1.6c . 

Figure 4 shows the dependence of the outlet pressure from of the inlet pressure for 

the models dampers presented in figure 2.  

 

Figure 5 shows the velocity field for the damper shown in Fig. 2. As follows 

from the analysis of the results, obtained by selecting the forms of damper, the 

pressure at the outlet of the damper as compared with the inlet pressure can be 

reduced on 2 - 6 times (Fig. 4-5). The resulting numerical experiment calculated 

dependences (Fig. 4) in the first approximation are linear. 

 

 

 

 
 

Fig. 4. The pressure at the outlet depending on the pressure at the inlet. 
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Fig. 5. Velocity field and pressure distribution in the damper. 

 

5 Mathematical model of hydraulic impact 
 

Hydraulic impact - is a pressure surge in the pipeline, due to the rapid change 

in the flow rate of liquid in a small period of time [24-24]. Hydraulic impact can 

cause the formation of cracks in the pipes and damage the pipeline elements 

[25-26]. The increase in pressure caused by hydraulic impact is defined by 

formula of N. E. Zhuravskoye:  

 

P c u                  (3) 

 

Where P  - change pressure, u  - change in speed,  - the liquid density. The 

speed of the impact wave along the pipeline calculated by the formula, 
22 (1 )

1/ ,
R

c
k E

  




   

 

where E - modulus of elasticity of the wall material of the damper, R - radius of 

the damper;  - the wall thickness of the damper, k - the elastic modulus of the 

liquid,   - the coefficient of transverse deformation 

To describe a mathematical model of a hydraulic impact in damper [27-32] 

used the system of equations (4)  
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            (4) 

 

where the coordinate x and the time t.  

Given boundary conditions 0 0(0, ) ( ) ,u t u t u   0 0(0, ) ( ) .p t p t p   

The system of equations (4) has an analytic solution 
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For parameters are 0.32, 998, 0.08, 9.81R g      found the velocity and 

pressure at the outlet the damper.

 

4.95tanh( 0.00007 )

688000 tanh( 0.00007 )
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The results of numerical simulation of hydraulic impact show the change in 

pressure from 0.2 MPa to 0.7 MPa for the first 3 seconds, and are shown in Figure 

6. 

 

 

 

 

 

 
 

 

Fig. 6. The change in pressure (MPa) depending on the time. 

 

 

As follows from the analysis of the results of numerical experiments the ratio 

of the maximum pressure jump without an damper to the value of the maximum 

pressure with damper is 1.2, which shows a decrease in the pressure jump through 

the damper is 20%. The graph of pressure depending on the radius of the damper 

is shown in figure 7. 
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Fig. 7. Pressure (MPa) depending on the radius of damper. 

 

 

6 Conclusion 
 

The results obtained in the analysis of the amplitude characteristic of the damping 

device shown that by the choice of geometric dimensions of the damper can be 

substantially reduced the amplitude of oscillation. Differential pressure across the 

inlet and outlet damper for given external dimensions can be changed using 

different internal construction the damper. Increasing the cross sectional area of 

the inner cavity of the absorber should reduce the pressure drop as a gradual 

change in pressure at the inlet and at hydroimpact. 
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