
Applied Mathematical Sciences, Vol. 9, 2015, no. 76, 3761 - 3773 

HIKARI Ltd,  www.m-hikari.com 

http://dx.doi.org/10.12988/ams.2015.54301 
 

 

Surface Grid Generation 
 

 

Bashar Zogheib and Ali Elsaheli 

 

Department of Mathematics and Natural sciences 

American University of Kuwait 

Salmiya, Kuwait 

 
   Copyright © 2015 Bashar Zogheib and Ali Elsaheli. This article is distributed under the Creative Commons 

Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided 

the original work is properly cited. 

 

Abstract 

 

 Grid generation technology has long been recognized as a critical issue in practical 

applications of computational fluid dynamics analyses [7]. Methods have been developed to 

implement geometry modeling technologies in reasonably versatile and efficient manner. 

One of the most useful methods for planar grid generation was created by [1]. In this paper 

we extend an existing planar method [1] to create surface grids.  

Three examples are set up to illustrate the advantages of the proposed method. For each 

example, surface meshes are generated using several other well-established methods, 

including transfinite interpolation and elliptic differential equation systems. These methods 

can create meshes of reasonably good quality, but when compared to each other, the present 

method is the best one for giving very good quality meshes.  
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1 Introduction 
       

Meshing can be defined as the process of breaking up a physical domain with 

complex geometry into smaller sub-domains which have simple geometric shapes. In many 

physical and engineering applications, meshing is required in order to facilitate the 

numerical solution of a partial differential equation. By transforming a complicated 

physical region to a simpler “computational” region, one removes the complication of the 

shape of the physical region from the problem. One important advantage of this technique 

is that the boundary conditions become easier to implement and to approximate accurately. 

Grid generation technologies have been long recognized as critical issues in practical 

applications of computational fluid dynamics [7]. For this reason tools have been developed 

to implement these geometry modeling technologies in a reasonably versatile and efficient 

manner. 
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Surface modeling and grid generation technologies, of course, do not produce a complete 

design. They are components of a complex design process. Surface grid generation is a time 

consuming step in the overall process. Surface models and grids are of value only so far as 

they allow high quality flow predictions to be made at an acceptable cost. The quality of the 

surface grid has a great impact on the overall quality of the final analysis product. 

Researchers have shown that many methods do not ensure that the final surface grid points 

lie exactly on the original defined surface. It is at present very difficult to assess surface 

grid quality (orthogonality, curvature, stretching) by any means other than visual 

inspection. Inspection, of course, is not a systematic process. Further, there are very few 

absolute measures of quality. This approach leaves a high probability that defects will not 

be detected at the surface meshing stage, and they will remain in the surface grid to have a 

magnified impact in later steps of the process.  

Several methods have been constructed for the generation of good quality meshes on 

surfaces. The method of [2] for planar coordinates can be extended for surface meshing, as 

seen in this paper. To shed the light on the importance on grid generation, [10] discussed 

several techniques of structured meshes. In his paper, [2] proposed a method which is based 

on the construction of a continuously differentiable surface from a given control point set 

and on the algebraic generation of a mesh on this surface by mapping of a mesh in a 

parametric space.  Methods that are based on mathematical interpolation functions and do 

not require the solution of differential equations or the use of complex variables are created 

by [9]. In his article, [13] developed a set of second order differential equations for the 

generation of coordinates in a given surface and then solved numerically to demonstrate its 

potential for surface coordinate generation. In their paper, [14] described a procedure for 

generating curved meshes, suitable for high-order finite element analysis. The strategy they 

adopted is based upon curving a generated initial mesh with planar edges and faces by 

using a linear elasticity analogy. The analogy employs boundary loads that ensure that 

nodes representing curved boundaries lie on the true surface. They used several examples, 

to illustrate the performance of the proposed approach, and the quality of the generated 

meshes was analyzed in terms of a distortion measure. In their paper, [15] presented an 

automatic 3D method for constructing unstructured tetrahedral and hexahedral meshes for a 

composite domain made up of heterogeneous materials, where the boundaries of these 

material regions form non-manifold surfaces. An overview of surface and volume mesh 

generation techniques for creating valid meshes to carry out biomedical flows was provided 

by [8]. Applications discussed were hemodynamic in blood vessels and air flow in upper 

human respiratory tract. The described semi-automatic methods were designed to minimize 

distortion to a given domain boundary and to generate a triangular surface mesh first and 

then volume mesh (tetrahedrons) with high quality surface and volume elements.  A new 

method for anisotropic surface meshing which generates a curvature-adapted mesh was 

created by [4]. The main idea of their work consists in transforming the 3d anisotropic 

space into a higher-dimensional isotropic space (typically 6d or larger).  In this high 

dimensional space, the mesh is optimized by computing a Centroidal Voronoi Tessellation, 

the minimizer of a C2 objective function that depends on the coordinates at the vertices. 

They demonstrated their method with several examples comprising CAD and scanned 

meshes. A method to optimize triangular and quadrilateral meshes on parameterized 
surfaces was proposed by [6]. The optimization procedure presented by the authors relocates 
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the nodes on the surface to improve the quality (smooth) and ensures that the elements are 

not inverted (untangle). This method was proved to be independent of the surface 

parameterization, and, therefore, it can optimize meshes on CAD surfaces defined by low-

quality parameterizations. Generation of three-dimensional unstructured grids by the 

advancing-front method was created by [5]. This method proved to be effective for two 

dimensional girds. However, it requires creating more algorithms to define the surfaces. 

 

3 Equations of the Surface Grids 
 

After dividing the surface physical domain into sub domains, a set of structured grids 

will be created. In this work the method of [1] for planar systems will be extended to derive 

the equations for surface grid generation and to evaluate the control functions 𝑃 and 𝑄. If 

the surface itself is specified by 𝑧 = 𝑓(𝑥, 𝑦), this surface then corresponds to one of the 

curvilinear coordinates (in 3D) being constant. Thus the curved surface can be mapped to a 

plane rectangular region, where the curves which bound the surface are mapped to straight 

boundaries in the computational space. Hence the problem is essentially the same as for 2D 

plane regions, the only difference being that the curvature of the surface will enter the 

generation equation.  

Using the notation of [12] of the 2D planar formulation, an elliptic grid on a surface can be 

generated from the system 

 

𝑔22𝑟𝜉𝜉 − 2𝑔12𝑟𝜉𝜂 + 𝑔11𝑟𝜂𝜂 = −𝑔22𝑃𝑟𝜉 − 𝑔11𝑄𝑟𝜂 + �̂�𝑅                                                     (1) 

 

Where the subscripts mean partial derivatives and (𝜉, 𝜂)are coordinates on the surface 

 𝑟 = (𝑥, 𝑦, 𝑧),  

𝑔11 = 𝑥𝜉
2 + 𝑦𝜉

2 + 𝑧𝜉
2 

𝑔12 = 𝑥𝜉𝑥𝜂 + 𝑦𝜉𝑦𝜂 + 𝑧𝜉𝑧𝜂 

𝑔22 = 𝑥𝜂
2 + 𝑦𝜂

2 + 𝑧𝜂
2 

 

�̂� is the unit normal to the surface and 𝑅 = (𝑔11𝑟𝜂𝜂 − 2𝑔12𝑟𝜉𝜂 + 𝑔22𝑟𝜉𝜉). �̂� 

The control functions 𝑃 and 𝑄 will be derived following the ideas of [11, 1]. Imposing the 

condition of orthogonality along the boundary curve 𝜂 = 𝜂𝑏 and taking the dot product of 

the grid generation equations (1) with𝑟𝜉, equation (2) is obtained 

[𝑔22𝑟𝜉𝜉 + 𝑔11𝑟𝜂𝜂]. 𝑟𝜉 = [−𝑔22𝑃𝑟𝜉 − 𝑔11𝑄𝑟𝜂 + �̂�𝑅]. 𝑟𝜉                                                        (2) 

Given that �̂�𝑅. 𝑟𝜉 =
𝑔11

𝐺𝑣
(𝑟𝜉 ∧ 𝑟𝜂 . 𝑟𝜂𝜂)[(𝑟𝜉 ∧ 𝑟𝜂). 𝑟𝜉] +

𝑔22

𝐺𝑣
(𝑟𝜉 ∧ 𝑟𝜂 . 𝑟𝜉𝜉)[(𝑟𝜉 ∧ 𝑟𝜂). 𝑟𝜉] = 0 

Where 𝐺𝑣 = 𝑔11𝑔22 − 𝑔12 and since (𝑟𝜉 × 𝑟𝜂) ⊥ 𝑟𝜉, then along 𝜂 = 𝜂𝑏, equation (2) 

becomes 



  

3764                                                                                      Bashar Zogheib and Ali Elsaheli 

 

 

[𝑔22𝑟𝜉𝜉 + 𝑔11𝑟𝜂𝜂]. 𝑟𝜉 = [−𝑔22𝑃𝑟𝜉 − 𝑔11𝑄𝑟𝜂]. 𝑟𝜉                                                                  (3) 

 

Similarly if the dot product of equation (1) with 𝑟𝜉 is taken along the boundary curves 

 𝜉 = 𝜉𝑏 
Equation (4) is obtained  

 

[𝑔22𝑟𝜉𝜉 + 𝑔11𝑟𝜂𝜂]. 𝑟𝜂 = [−𝑔22𝑃𝑟𝜉 − 𝑔11𝑄𝑟𝜂 + �̂�𝑅]. 𝑟𝜂                                                       (4) 

 

Since 𝑟𝜉 . 𝑟𝜂 = 0 the term with 𝑄 in equation (3) and with 𝑃 in equation (4) vanish and the 

following equations for 𝑃 and 𝑄 are obtained, 

 

𝑃(𝜉, 𝜂)|𝜂=𝜂𝑏
= −

𝑟𝜉.𝑟𝜉𝜉

|𝑟𝜉|
2 −

𝑟𝜉.𝑟𝜂𝜂

|𝑟𝜂|
2 |

𝜂=𝜂𝑏

                                                                                    (5) 

 

𝑄(𝜉, 𝜂)|𝜉=𝜉𝑏
= −

𝑟𝜂.𝑟𝜂𝜂

|𝑟𝜂|
2 −

𝑟𝜂.𝑟𝜉𝜉

|𝑟𝜉|
2 |

𝜉=𝜉𝑏

                                                                                    (6) 

 

With the assumption of orthogonality on the boundaries, it is known that  

 

𝑟𝜉 . 𝑟𝜂 = 0                                                                                                                               (7) 

 

With the additional assumption of orthogonality in a thin layer of cells near the boundary, 

say = 𝜂𝑏 , equation (7) can be differentiated with respect to 𝜂 to obtain  

𝑟𝜉 . 𝑟𝜂𝜂 = −
1

2
(|𝑟𝜂|

2
)|

𝜉
and hence the second term in equation (5) can be written as  

 
𝑟𝜉.𝑟𝜂𝜂

|𝑟𝜂|
2 |

𝜂=𝜂𝑏

= −
1

2

𝑑

𝑑𝜉
[𝑙𝑛|𝑟𝜂|

2
]|

𝜂=𝜂𝑏

                                                                                                    (8) 

Since the spacing |𝑟𝜂|
2
can be specified as a function of 𝜉along 𝜂 = 𝜂𝑏 the right hand side 

of equation (8) can be evaluated explicitly without iteration. A similar procedure can be 

applied to obtain 𝑟𝜂 . 𝑟𝜉𝜉  required in the analogous expression for 𝑄 in equation (6). 

 

3 Quality of Meshes 
     

Orthogonality is one of the important features that determine the quality of a mesh. 

In many cases the aim is not really to produce a completely orthogonal grid, but rather to 

achieve near orthogonality throughout the region and true orthogonality at the boundaries. 

Several procedures can be used to check for orthogonality. The ones used in this paper are 

orthogonality functionals and area-orthogonality functionals. In their paper, [3] discuss 

these and other functionals which, when minimized, lead to various grid generation 

systems.  
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Recall that exact orthogonality at all grid points means that 𝑔12 = 0 everywhere. To satisfy 

the orthogonality condition in a least squares sense, the orthogonality functional 𝐼𝑜,1 =

∫ ∫ 𝑔12
2 𝑑𝜉𝑑𝜂

1

0

1

0
 can be minimized. However, it can be shown [14] that the Euler-Lagrange 

equations for this functional are non-elliptic equations which often fail to generate a grid. 

Nevertheless, the minimum value of this functional can be viewed as a measure of 

orthogonality.  

A second orthogonality functional is 𝐼𝑜,2 = ∫ ∫
𝑔12

2

𝑔11𝑔22
𝑑𝜉𝑑𝜂

1

0

1

0
 which controls only the 

relative direction of the two tangent vectors and not their lengths. This functional is 

considered to be a good grid generator. In these two integrals, if the mesh is exactly 

orthogonal, then 𝑔12 = 0 and both 𝐼𝑂,1 and 𝐼𝑂,2 are identically zero. A third orthogonality 

functional, related to the “Scaled-Laplacian” and weak constraint approach, is 𝐼𝑜,3 =

∫ ∫ √𝑔11𝑔22𝑑𝜉𝑑𝜂
1

0

1

0
. Area functionals can also be defined, generating grids in which the 

area of the cells are proportional to some given weight function. By taking a linear 

combination of area and orthogonality functionals, grid generators which simultaneously 

try to enforce equidistributed cell areas and orthogonality can be obtained. The name AO 

derives from the fact that the functional is halfway between the equal area and 

orthogonality functional. Two such functionals to be minimized are 𝐼𝐴𝑂 =

∫ ∫ 𝑔11𝑔22𝑑𝜉𝑑𝜂
1

0

1

0
and AO squared 

  𝑰𝑨𝑶𝟐 = ∫ ∫ (𝒈𝟏𝟏𝒈𝟐𝟐)𝟐𝒅𝝃𝒅𝜼
𝟏

𝟎

𝟏

𝟎
. 

Another type of functional, with a guaranteed unique minimum, was proposed by Liao. The 

Modified Liao functional, designed to reduce the tendency for the grids to fold, is                

𝐼𝑀𝐿 = ∫ ∫ (
𝑔11+𝑔22

√𝑔
)

2

𝑑𝜉𝑑𝜂
1

0

1

0
. 

For our purpose, we will evaluate these functionals for the grids generated by the above 

methods, and look for the method which produces the minimum value. 

 

4 Examples 
 

Three surface grids are created using the present method, method created by [11], 

Laplace equations and algebraic methods. These examples are chosen in a way that surface 

grid features like orthogonality, smoothness, curvature, can be checked easily. 

 

4.1 Example 1 

 

In this example a mesh on a paraboloid surface with equation  𝑧 = 5 − 𝑥2 − 𝑦2 

where 0 ≤ 𝑧 ≤ 4, 1 ≤ 𝑥 ≤ √5 and 1 ≤ 𝑦 ≤ √5 is generated. The nodes are equally spaced 

and 40 nodes are distributed along each boundary curve, with equal spacing in the x-

direction or y-direction. The quality of the mesh and the number of iterations used by each 

method are shown in Table 1, the meshes are shown in Graphs 1, 2, 3 & 4. Since an exact 

mathematical description of the surface is given in this example, the evaluation on how 

closely the computed surface grid points match the actual surface location can be evaluated. 

The error is determined from  
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𝐸𝑟𝑟𝑜𝑟 = ∑ ∑ (𝑧𝑖𝑗 − 𝑧𝑒𝑥𝑎𝑐𝑡)𝑗𝑖  where 𝑧𝑒𝑥𝑎𝑐𝑡 = 5 − 𝑥𝑖𝑗
2 − 𝑦𝑖𝑗

2 . 

 

 

Table 1: Mesh Quality 

 

 
             Graph 1: Algebraic Method                                Graph 2: Laplace Equations 

X Y

Z

X Y

Z

 Thomas and 

Middlecoff 

Method 

[11] 

Present 

Method 

Laplace 

Equations 

Algebraic 

Method 

𝐼𝑂1 
1866 0.6 2257.8 15.0 

𝐼𝑂2 
0.082 0.000 0.097 0.001 

𝐼𝑂3 
1527 1521 1528 1521 

𝐼𝑂𝐴 
225477 218098 226557 218457 

𝐼𝑂𝐴2 
6064448516 5088636053 6222626312 5147728003 

𝐼𝑀𝐿 
56.2 56.8 56.2 56.7 

Iterations 

 

285 156 289  

Error 

 

5.425 5.466 5.413 5.429 
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             Graph 3: Present Method                  Graph 4: Thomas’s & Middlecoff’s Method 

 

 

4.2 Example 2 

 

In this example the paraboloid given in example 1 is modified and a mesh is generated 

using the polynomial 𝑥 = 2.239 − 3.1063𝑧 + 2.0372𝑧2 − 0.3345𝑧3 to replace the 

parabola 𝑧 = 5 − 𝑥2 as the boundary curve in the xz plane. The other three boundary curves 

are kept the same. The quality of the mesh and the number of iterations used by each 

method are shown in Table 2, and the meshes are shown in Graphs 5, 6, 7 & 8. 

From Table 2 it is clear that, among the elliptic methods, the present method gives the best 

mesh only in the sense of area-orthogonality squared while Thomas and Middlecoff does 

better on a strictly orthogonality criterion. Algebraic method gives the worst mesh in the 

sense of orthogonality. The tendency of the present method to equally distribute the cell 

areas can be seen from Graph 5, particularly near the right hand boundary. 

                                        

 Thomas and 

Middlecoff 

Method 

[11] 

Present 

Method 

Laplace 

Equations 

Algebraic 

Method 

𝐼𝑂1 
1727 5526 3382 12928 

𝐼𝑂2 
0.2 0.3 0.3 0.7 

𝐼𝑂3 
1529 1541 1538 1569 

 

 

X Y

Z

X Y

Z
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𝐼𝑂𝐴 
210096 210312 209307 214762 

𝐼𝑂𝐴2 
4705221747 4636839632 4705196061 4538876537 

𝐼𝑀𝐿 
81.0 88.4 75.8 89.6 

Iterations 

 

271 327 270  

 

Table 2: Mesh Quality 

 
                 Graph 5: Algebraic Method                   Graph 6: Laplace Equations 

 

 
              Graph 7: Present Method               Graph 8:  Thomas’s & Middlecoff’s Method 

X Y

Z

X Y

Z

X Y

Z

X Y

Z
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4.3 Example 3 

 

In this example the paraboloid given in example 1 is modified and a mesh is 

generated using the intersection of two planes with the paraboloid to replace the circle 𝑥2 +
𝑦2 = 5 on 𝑧 = 0. The two obtained curves are 

 𝑧 = 5 − 𝑥2 − [−𝑥(1 + √2) + √5(1 + √2)]
2
 where 

√10

2
≤ 𝑥 ≤ √5 and  

𝑧 = 5 − 𝑥2 − [𝑥(1 − √2) + √5]
2
 where 0 ≤ 𝑥 ≤

√10

2
. The other three boundaries are kept 

the same. The quality of the mesh and the number of iterations used by each method are 

shown in Table 3, and the meshes are shown in Graphs 9, 10, 11 & 12. 

From “Table 3” it is clear that the present method is the best in the sense of orthogonality 

on all measures, while the Laplace system converges in less number of iterations than the 

other methods. Thomas and Middlecoff and the Laplace system are about the same in 

providing an orthogonal mesh. The algebraic method gives the worst mesh in the sense of 

orthogonality. Even though only the algebraic method gives grid points in the cusp region 

near(√2.5, √2.5, 0), this mesh is highly skewed and may cause significant computational 

problems for a flow solver. To properly mesh the cusp region using these differential 

equations methods, multiblock approach can be used, drawing a block boundary curve from 

the cusp and distributing points along this curve.  

 

                                        Thomas and 

Middlecoff 

Method [11] 

Present 

Method 

Laplace 

Equations 

Algebraic 

Method 

𝐼𝑂1 
28895 24310 26348 98122 

𝐼𝑂2 
0.9 0.6 0.8 2.4 

𝐼𝑂3 
1608 1589 1601 1802 

𝐼𝑂𝐴 
291472 283370 284398 354063 

𝐼𝑂𝐴2 
10935749825 10442891878 9938499904 14480054639 

𝐼𝑀𝐿 
56.6 57.5 55.1 64.6 

Iterations 

 

245 328 212  

 

Table 3: Mesh Quality 
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   Graph 9: Algebraic Method                           Graph 10: Laplace Equations 

 

 

 

 

 

 

 

 
           Graph 11: Present Method               Graph 12: Thomas’s & Middlecoff’s Method 

 

 

 

X Y

Z

X Y

Z

X Y

Z

X Y

Z
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5 Conclusion 
 

 

A mesh can be generated using many methods. The methods used in this paper are 

algebraic methods, Laplace equations, Thomas and Middlecoff’s method [11] and the 

extension of Barron’s method from planar regions to surfaces. To generate a rough mesh, 

algebraic method is the easiest to use because it creates a mesh in one iteration only. To 

create a smooth mesh one can use Laplace equations. Thomas and Middlecoff method can 

be used to obtain a good mesh in the sense of orthogonality and the number of iterations, 

but the best method to obtain a more orthogonal mesh is the present method. The number of 

iterations for this method to converge is almost the same as that of Thomas and 

Middlecoff’s method. 
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