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Abstract

Mathematical modelling has a significant role in describing spread
of an infectious disease. Dynamics of an infectious disease, e.g. in-
fluenza, cholera, tuberculosis, and HIV/AIDS can be modeled into a
susceptible-infectious model. The incidence rate might be in a linear,
bilinear, saturated, or non monotone form. This type of incidence rate
might be consider as separable incidence rate. In this paper, we discuss
a susceptible-infectious epidemic model with non separable incidence
rate, namely fractional incidence rate. This model has two equilibria,
disease-free equilibrium and endemic equilibrium. By constructing suit-
able Lyapunov functions, we show that the disease-free equilibrium is
globally asymptotically stable whenever the basic reproductive ratio is
equal or less than one. We further show that if the basic reproduc-
tive ratio is greater than one, then the endemic equilibrium is globally
asymptotically stable.
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1 Introduction

Mathematical modeling has important role in understanding many real phe-
nomena, including infectious diseases spreading. There are four steps in math-
ematical modeling, namely understanding the real phenomena, constructing
a mathematical model, determining or analyzing mathematical solution, and
interpreting the mathematical solution. An epidemic mathematical model de-
scribes infectious diseases spreading. From the model, dynamical behavior of
the diseases can be qualitatively or quantitatively studied. According to Ma
and Li, an epidemic model is helpful to predict the increasing trend of an
infectious disease, to determine the main factors of infectious diseases spread-
ing, and to obtain the optimum strategy in preventing and controlling the
infectious diseases spreading [11]. Mathematical model could be classified into
deterministic model and stochastic (probabilistic) model. A stochastic model
such as regression model can be used to predict the relationship functional be-
tween two or more variables. On the other hand, a deterministic model could
be used to describe transmission rules of an infectious disease. So, global
dynamic behaviour of disease spread might to be learned.

Many mathematical models of an infectious disease spreading based on
compartmental models. In compartment epidemic models, a population is di-
vided into some compartments. In order to model spreading of an infectious
disease, the population may be divided into susceptible and infected compart-
ments. This leads a susceptible-infectious (SI) epidemic model. For modelling
spread of an infectious disease without immunity after infection, one needs to
construct a susceptible-infectious-susceptible (SIS) epidemic model. In mod-
elling the spread of an infectious disease in the presence of immune individuals
who have recovered from the disease, the population can be divided into three
compartments, namely susceptible, infected and removed compartments. This
leads a susceptible-infectious-removed (SIR) epidemic model. For some infec-
tious disease, there is a significant incubation period during which an individual
has been infected but he/she is not infectious yet. So, an exposed individual
could not transmit the disease to any susceptible individuals. This leads a
susceptible-exposed-infectious-removed (SEIR) epidemic model. A SIR model
may be extended into a MSIR model (an M class stands for maternally derived
immunity) to describe spread of a disease where either new born or part of
new born are immune to the disease for the first few months of life due to pro-
tection from maternal antibodies [8, 1]. For describing spread of a contagious
disease transmitted by a vector, one needs to construct a host-vector epidemic
model [5].

A mainly useful example of compartment model is the work of Ross on
malaria. From his mathematical model, Ross showed that bringing a mosquito
population below a critical threshold was sufficient to eliminate malaria from
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human population. The critical threshold naturally depended on some bio-
logical factors such as biting rate of female mosquito and ratio of mosquito
population to human population (vectorial capacity) [2, 5]. A useful threshold
parameter in spreading of an infectious disease is basic reproductive ratio or
basic reproduction number (R0). The basic reproductive ratio is typically de-
fined as the average number of secondary infections caused by introducing an
infected individual into a susceptible population during his/her entire life as
an infectious individual [5, 6]. If the basic reproductive ratio is less than one
(R0 < 1), then a few infected individuals will be introduced into a susceptible
population on average, and the disease will not spread. On the other hand,
if the basic reproductive ratio is greater than one (R0 > 1), then the number
of infected individual will increase, and the disease will spread. The basic re-
productive ratio R0 may be obtained from a compartmental model of ordinary
differential equation systems using next-generation operator approach [5, 12].

In spreading of a contagious disease, number of susceptible individuals may
decrease due to contact activity with infectious individuals. A simple model
to incidence rate of new infections is mass action or bilinear incidence rate.
It takes the form βSI, where β > 0. This approach was used in the early
of epidemic model, including in Kermack and McKendrick epidemic model.
Bilinear incidence rate is only realistic in the early stages of an epidemic in
a population of moderate size [2]. The incidence rate are also described in
saturated form (βS I

1+σI
) [4, 7] and non-monotone form (βS I

1+σI2
) [13]. Ko-

robeinikov and Maini introduced another type of the incidence rate, namely
generalized-separated incidence rate (βf(S)g(I)) [9].

Typically, a SI, SIS, SIR, and SEIR epidemic model has two equilibria,
namely the disease free equilibrium and endemic equilibrium. Global stability
of endemic equilibria whenever R0 > 1 in a SIR model with bilinear incidence
was shown by Busenberg and van den Driessche [3, 11]. Recently, Bichara et al.
studied the stability of multi-strain of SIS, SIR, and MSIR epidemic models
[1]. For a SI model and a SIR model with generalized-separated incidence
rate, Korobeinikov and Maini showed that an endemic equilibrium is globally
asymptotically stable whenever R0 > 1 [9]. Enatsu et al. showed that global
stability of endemic equilibria for discreet version of a SI and SIR model with
generalized-separated incidence rate [7]. In this paper, we consider another
type of incidence rate, namely fractional incidence rate (βS I

S+I
). We will

show that global stability of equilibria in a susceptible-infectious epidemic
model where the incidence rate is in fractional form.

This paper is organized as follows. Section 2 discusses a susceptible-
infectious epidemic model with fractional force of infection. The model has
two equilibria, namely disease-free equilibrium and endemic equilibrium. Lin-
ear stability of equilibria in the model is discussed. Section 3 presents global
stability of equilibria in the model. A brief discussion is given in section 4.
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Finally, conclusions are written in the last section.

2 A susceptible-infectious epidemic model with

fractional incidence rate

A susceptible-infectious epidemic model with fractional incidence rate has the
following form

dS

dt
= K − βS I

S + I
− µS

dI

dt
= βS

I

S + I
− µI (1)

where S(t) and I(t) are number of susceptible and infectious at time t, respec-
tively. All parameters in (1) have positive values. Here, K is recruitment rate
of susceptible compartment, β is effective contact rate, µ is natural death rate.
Total population at time t (N(t)) is given by

N(t) := S(t) + I(t). (2)

The region of biological interest of model (1) is

Ω = {(S, I) ∈ R2
≥0 : S + I > 0}. (3)

The model in (1) is constructed from the following assumptions:

(1) Recruitment rate of susceptible compartment is assumed to be constant.

(2) Variation of effective contact rate with respect to time is neglected.

(3) The death rate due to infection is ignored.

The mathematical model in (1) has two equilibria, namely disease-free equi-
librium E1 and endemic equilibrium E2. The disease free equilibrium E1 is
given by

E1 = (S1, I1) = (
K

µ
, 0), (4)

while the endemic equilibrium E2 is given by

E2 = (S2, I2) = (
K

β
,
K

β
(
β

µ
− 1)). (5)

The disease-free equilibrium E1 is always exist, while endemic equilibrium E2

is exist whenever the basic reproductive ratio parameter

R0 :=
β

µ
, (6)
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is greater than one. The Jacobian matrix of the model (1) evaluated at any
points (S, I) ∈ Ω is given by

J(S, I) =

(
−β I

S+I
+ βS I

(S+I)2
− µ −β S

S+I
+ βS I

(S+I)2

β I
S+I
− βS I

(S+I)2
β S
S+I
− βS I

(S+I)2
− µ

)
. (7)

Local stability of equilibria in the model (1) is given in the following Lemma.

Lemma 2.1. If R0 < 1, then the disease-free equilibrium E1 is locally
asymptotically stable. The disease-free equilibrium E1 is unstable whenever
R0 > 1.

Proof: The Jacobian matrix of the model (1) evaluated at the disease-free
equilibrium E1 is given by

J(E1) =

(
−µ −β
0 β − µ

)
. (8)

Eigen values of the Jacobian matrix J(E1) are λ1 = −µ < 0 and λ2 = β − µ.
Hence, the disease-free equilibrium E1 is locally asymptotically stable provided
that R0 = β

µ
< 1. If R0 = β

µ
> 1, then the Jacobian matrix J(E1) has one

positive eigen value. This yields instability of the disease-free equilibrium E1.

Lemma 2.2. The endemic equilibrium E2 is locally asymptotically stable
whenever R0 > 1.

Proof: The Jacobian matrix of the model (1) evaluated at the disease-free
equilibrium E2 is given by

J(E2) =

(
− (β2−βµ+µ2)

β
−µ2

β
(−β+µ)2

β
(−β+µ)µ

β

)
. (9)

Eigen values of the Jacobian matrix J(E2) are λ1 = −µ < 0 and λ2 = −β+µ.
Hence, the endemic equilibrium E2 is locally asymptotically stable provided
that R0 = β

µ
> 1.

3 Global stability of equilibria

In this section, we will show the global stability of equilibria of a susceptible-
infectious epidemic model with fractional incidence rate. The following theo-
rem is needed to prove global stability of the equilibria.
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Theorem 3.1. The set

A = {(S, I) ∈ Ω : S + I =
K

µ
} (10)

is an invariant manifold of system (1) which is attracting in the first quadrant.
Moreover, for any N(t) > 0 we have

(N − K

µ
)
dN

dt
≤ 0. (11)

Proof: Summing up the two equations in (1), we obtain

dN

dt
= K − µN. (12)

It is obvious that N(t) = K
µ

is a constant solution of (12). For any initial value

N(0) = N0 > 0, the general solution of (12) is

N(t) =
K

µ
(1− e−µt) +N0e

−µt.

Thus

lim
t→∞

N(t) =
K

µ
.

In addition, by direct calculation we find that

(N − K

µ
)
dN

dt
= (N − K

µ
)(K − µN) = −µ(N − K

µ
)2 ≤ 0. (13)

This completes the proof.
Global stability of the disease-free equilibrium E1 is given in the following

theorem.

Theorem 3.2. If R0 ≤ 1, then the disease-free equilibrium E1 is globally
asymptotically stable.

Proof: Define a Lyapunov function

U : Ω→ R, U(S, I) = (S + I − K

µ
)2 + I.

U is a nonnegative function on Ω and it attains minimum value at the disease-
free equilibrium E1. The orbital derivative of U is given by

dU

dt
= 2(N − K

µ
)
dN

dt
+ βI(

S

S + I
− 1

R0

).
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By using theorem 3.1, we find that

dU

dt
= −2µ(N − K

µ
)2 − βI(

1

R0

− 1)− β I2

S + I
≤ 0.

Hence, for any (S, I) ∈ Ω, dU
dt
≤ 0. Moreover, dU

dt
= 0 if and only if S = K

µ
and

I = 0. Hence, we find that

B = {(S, I) ∈ Ω :
dU

dt
(S, I) = 0} = {E1}.

By using LaSalle invariant principle [10], we obtain that the disease-free equi-
librium E1 is globally asymptotically stable in the region Ω. This completes
the proof.

The following Lemma is needed to prove global stability of endemic equi-
libria E2.

Lemma 3.3. Suppose that R0 > 1 and let S2 and I2 are given in (5). Then
the following statements are valid:

(a) If S ≥ S2 and I ≥ I2, then dS
dt
≤ 0. Moreover, dS

dt
= 0 only if S = S2

and I = I2.

(b) If 0 ≤ S ≤ S2 and I ≥ I2, then dI
dt
≤ 0. Moreover, dI

dt
= 0 only if S = S2

and I = I2.

(c) If 0 ≤ S ≤ S2 and 0 < I ≤ I2, then dS
dt
≥ 0. Moreover, dS

dt
= 0 only if

S = S2 and I = I2.

(d) If S ≥ S2 and 0 < I ≤ I2, then dI
dt
≥ 0. Moreover, dI

dt
= 0 only if S = S2

and I = I2.

Proof:

(a) dS
dt

= f(S, I) = K − β SI
S+I
− µS. We find that for any S > S2 and I > I2

∂f

∂S
= −β I2

(S + I)2
− µ < 0.

Hence, for any S ≥ S2, I ≥ I2 we have

dS

dt
= f(S, I) ≤ f(S2, I) = K − β S2I

S2 + I
− µS2.

In addition we find that

df

dI
(S2, I) = −β S2

2

(S2 + I)2
< 0.
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Therefore we obtain the following inequality

dS

dt
= f(S, I) ≤ f(S2, I) ≤ f(S2, I2) = 0.

Maximum values of dS
dt

= 0 will be attained whenever S = S2 and I = I2.

(b) dI
dt

= g(S, I) = β SI
S+I
− µI. We find that for any 0 < S < S2 and I > I2

∂g

∂S
= β

I2

(S + I)2
> 0.

Hence for any 0 ≤ S ≤ S2 and I ≥ I2 we have

dI

dt
= g(S, I) ≤ g(S2, I).

In addition we find that

dg

dI
(S2, I) = β

S2
2

(S2 + I)2
− µ.

For I ≥ I2 we have

dg

dI
(S2, I) ≤ β

[
S2
2

(S2 + I2)2
− 1

R0

]
= β

(
1

R2
0

− 1

R0

)
< 0.

Therefore we obtain the following inequality

dI

dt
= g(S, I) ≤ g(S2, I) ≤ g(S2, I2) = 0.

Maximum value of dI
dt

= 0 will be attained whenever S = S2 and I = I2.

(c) dS
dt

(S, I) = µ
[
K
µ

+ g(S, I)
]
, where g (S, I) = −S

(
β
µ

I
S+I

+ 1
)

. For any

0 < S < S2, 0 < I < I2, we have

∂g

∂S
=
−β
µ

I2

(S + I)2
− 1 < 0 and

∂g

∂I
=
−β
µ

S2

(S + I)2
< 0.

Hence, for any fixed 0 < I∗ ≤ I2, g (S, I∗) is a strictly decreasing function
with respect to S. In addition, for any fixed 0 ≤ S∗ ≤ S2, g (S∗, I) is a
strictly decreasing function with respect to I. This yields

dS

dt
(S, I) ≥ µ

(
K

µ
+ g(S2, I2)

)
= 0.

Since the function g (S, I) attains its minimum value on E2 = (S2, I2),
then the minimum value of dS

dt
= 0 will be attained whenever S = S2

and I = I2.
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(d) Since S≥S2 and 0 < I≤I2, we obtain S
S+I
≥ S2

S+I2
. The function f(S) =

S2

S+I2
, S ≥ S2 is a strictly decreasing function. Therefore we obtain the

following inequality

dI

dt
= µI

[
β

µ

S

S + I
− 1

]
≥µI

[
β

µ

S2

S + I2
− 1

]
≥µI

[
β

µ

S2

S2 + I2
− 1

]
= 0.

Minimum value of dI
dt

= 0 will be attained whenever S = S2 and I = I2.

Theorem 3.4. Suppose R0 > 1 and let S2 and I2 are given in (5) . Then
the following statements are valid:

(a) For any initial value (S0, I0) ∈ Ω1 := {(S, I) ∈ Ω : S ≥ S2, I ≥ I2},
dynamic of the model in (1) will be attracted to the endemic equilibrium
E2.

(b) For any initial value (S0, I0) ∈ Ω2 := {(S, I) ∈ Ω : 0 ≤ S ≤ S2, I ≥ I2},
dynamic of the model in (1) will be attracted to the endemic equilibrium
E2.

(c) For any initial value (S0, I0) ∈ Ω3 := {(S, I) ∈ Ω : 0 ≤ S ≤ S2, 0 <
I ≤ I2}, dynamic of the model in (1) will be attracted to the endemic
equilibrium E2.

(d) For any initial value (S0, I0) ∈ Ω4 := {(S, I) ∈ Ω : S ≥ S2, 0 < I ≤ I2},
dynamic of the model in (1) will be attracted to the endemic equilibrium
E2.

Proof:

(a) Define a Lyapunov function

V : Ω1 → R, V (S, I) = (S + I − K

µ
)2 + (S − S2)

2.

V is a continuous and differentiable function in the interior of Ω1. In
addition, V is a nonnegative function on Ω1 and it attains minimum
value at the endemic equilibrium E2. The orbital derivative of V is given
by

dV

dt
= 2(N − K

µ
)
dN

dt
+ 2(S − S2)

dS

dt
= −2µ(N − K

µ
)2 + 2(S − S2)

dS

dt
.

By using Lemma 3.3, we find that dV
dt
≤ 0. dV

dt
= 0 if and only if S = S2

and I = I2. Hence, we find that

C = {(S, I) ∈ Ω1 :
dV

dt
(S, I) = 0} = {E2}.
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By using LaSalle invariant principle [10], we obtain that the endemic
equilibrium E2 is globally asymptotically stable in Ω1. Therefore, for any
initial value (S0, I0) ∈ Ω1 dynamic of the model in (1) will be attracted
to the endemic equilibrium E2.

(b) Define a Lyapunov function

V : Ω2 → R, V (S, I) = (S + I − K

µ
)2 + (I − I2)2.

V is a continuous and differentiable function in the interior of Ω2. In
addition, V is a nonnegative function on Ω2 and it attains minimum
value at the endemic equilibrium E2. The orbital derivative of V is given
by

dV

dt
= 2(N − K

µ
)
dN

dt
+ 2(I − I2)

dI

dt
= −2µ(N − K

µ
)2 + 2(I − I2)

dI

dt
.

By using Lemma 3.3, we find that dV
dt
≤ 0. dV

dt
= 0 if and only if S = S2

and I = I2. Hence, we find that

C = {(S, I) ∈ Ω2 :
dV

dt
(S, I) = 0} = {E2}.

By using LaSalle invariant principle [10], we obtain that the endemic
equilibrium E2 is globally asymptotically stable in Ω2. Therefore, for any
initial value (S0, I0) ∈ Ω2 dynamic of the model in (1) will be attracted
to the endemic equilibrium E2.

(c) Define a Lyapunov function

V : Ω3 → R, V (S, I) = (S + I − K

µ
)2 + (S − S2)

2.

V is a continuous and differentiable function in the interior of Ω3. In
addition, V is a nonnegative function on Ω3 and it attains minimum
value at the endemic equilibrium E2. The orbital derivative of V is given
by

dV

dt
= 2(N − K

µ
)
dN

dt
+ 2(S − S2)

dS

dt
= −2µ(N − K

µ
)2 + 2(S − S2)

dS

dt
.

By using Lemma 3.3, we find that dV
dt
≤ 0. dV

dt
= 0 if and only if S = S2

and I = I2. Hence, we find that

C = {(S, I) ∈ Ω3 :
dV

dt
(S, I) = 0} = {E2}.
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By using LaSalle invariant principle [10], we obtain that the endemic
equilibrium E2 is globally asymptotically stable in Ω3. Therefore, for any
initial value (S0, I0) ∈ Ω3 dynamic of the model in (1) will be attracted
to the endemic equilibrium E2.

(d) Define a Lyapunov function

V : Ω4 → R, V (S, I) = (S + I − K

µ
)2 + (I − I2)2.

V is a continuous and differentiable function in the interior of Ω1. In
addition, V is a nonnegative function on Ω4 and it attains minimum
value at the endemic equilibrium E2. The orbital derivative of V is given
by

dV

dt
= 2(N − K

µ
)
dN

dt
+ 2(I − I2)

dI

dt
= −2µ(N − K

µ
)2 + 2(I − I2)

dI

dt
.

By using Lemma 3.3, we find that dV
dt
≤ 0. dV

dt
= 0 if and only if S = S2

and I = I2. Hence, we find that

C = {(S, I) ∈ Ω4 :
dV

dt
(S, I) = 0} = {E2}.

By using LaSalle invariant principle [10], we obtain that the endemic
equilibrium E2 is globally asymptotically stable in Ω4. Therefore, for any
initial value (S0, I0) ∈ Ω4 dynamic of the model in (1) will be attracted
to the endemic equilibrium E2.

Summarizing Theorems 3.1-3.4, we have the following results on dynamics
of the mathematical model in (1).

Theorem 3.5. (a) If the basic reproductive ratio R0 ≤ 1, then a susceptible-
infectious epidemic model in (1) has one equilibrium, namely disease-free
equilibrium E1 which is globally asymptotically stable in the first quad-
rant.

(b) If the basic reproductive ratio R0 > 1, then a susceptible-infectious epi-
demic model in (1) has two equilibria, namely disease-free equilibrium
E1 and endemic equilibrium E2. The endemic equilibrium E2 is globally
asymptotically stable in the first quadrant provided that the initial value
I(0) > 0.
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4 Discussions

Several nonlinear incidence rates have been proposed and discussed by many
researchers. The non linear incidence rates including bilinear [2], saturated
[4, 7], non-monotone [13], and generalized-separated incidence rates. In the
previous section, we discussed a non-separable incidence rate, namely frac-
tional incidence rate. This fractional incidence rate discussed in the model (1)
is standard incidence rate. Global stability of equilibria in an epidemic model
with standard incidence rate have been discussed by Busenberg and Van den
driessch [3, 11]. But, they assumed that the total population N is constant.
In this paper, we discuss more general standard incidence rate in which the
total population may vary with time. When the total population (N(t)) at
any time t in the model (1) is always constant, then the fractional incidence
rate changed into the bilinear incidence rate. Hence, fractional incidence rate
might be considered more general than the bilinear one.

By choosing the following scaling

t∗ = µt, S∗ =
Sµ

K
, I∗ =

Iµ

K
, (14)

we obtain the dimensionless model

dS

dt
= 1−R0S

I

S + I
− S

dI

dt
= R0S

I

S + I
− I. (15)

0 10 20 30 40 50
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5
Dimensionless I(t)

t (dimensionless)

I(t
) (

dim
en

sio
nle

ss
)

 

 

R
0
 = 1

R
0
 = 0.75

R
0
 = 0.5

0 2 4 6 8 10
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Dimensionless S(t) and I(t), R
0
 = 4

t (dimensionless)

S(
t) 

an
d 

I(t
)

 

 

S(t)

I(t)

Figure 1: Dynamics of dimensionless I(t) when R0 ≤ 1 (left) and dynamics of
dimensionless S(t), I(t) when R0 > 1 (right)

.

For simplicity, the star notation in (15) was omitted. We showed global
stability of the disease-free equilibrium whenever the basic reproductive ratio
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R0 = β
µ
≤ 1. This case occurs when the incidence rate is equal or less than

the removal rate. Hence, number of infectious will tend to zero for long time
(t → ∞) (see left part of Figure 1). We also showed global stability of the
endemic equilibrium whenever the basic reproductive ratio R0 > 1. This case
occurs when the incidence rate is greater than the removal rate. Hence, the
disease persists. When R0 > 2, number of infectious is greater than number
of susceptible for sufficient long time (see right part of Figure 1).

5 Conclusions

We have discuss a susceptible-infectious epidemic model with the incidence
rate is in fractional form. This incidence rate differs from the incidence rate
have discussed by previous researcher, since fractional incidence rate is a non
separable incidence rate. We found that the disease-free equilibrium of the
model is globally asymptotically stable whenever the basic reproductive ratio
is either less than one or equal one. We also found that the endemic equi-
librium of the model is exist and globally asymptotically stable whenever the
basic reproductive ratio is greater than one.
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donesia via PUPT Project 2014.
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