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Abstract

Let f : M → M be a diffeomorphism on a closed smooth n(n ≥ 2)-
dimensional Riemannian manifold M . For C1 generic f, if a homoclinic
class Hf (p) is measure expansive then it is hyperbolic.
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1 Introduction

A system is expansive if two points stay near for future and past iterates then
they must be equal. This notion was introduced by Utz [14]. In a dynamical
system, the notion of expansiveness is a very useful tool to investigate of the
stability theory. For instance, Mañé [6] proved that a diffeomorphism belongs
to the C1-interior of the set of all expansive diffeomorphisms if and only if it
is quasi-Anosov. Arbieto [2] proved that for C1-generic f, if f is expansive
then it satisfies both Axiom A and the no-cycle condition. If f satisfies Ax-
iom A then the non-wandering set Ω(f) = Λ1 ∪ Λ2 ∪ · · · ∪ Λm, where Λi are
compact, disjoint, invariant sets, and each Λi contains dense periodic orbits.
The sets Λ1, . . . ,Λm are called the basic sets. It is well-known that the basic
set is a homoclinic class Hf (p). This set like in Smale’s horseshoe (see [8]).
For homoclinic classes, there are many results in [4, 8, 9, 12, 13]. Among that
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we introduce two results. Firstly, Lee and Lee [4] proved that if the homo-
clinic class Hf (p) is C1-stably expansive then it is hyperbolic. Finally, Yang
and Gan [16] showed that for C1 generic f , expansive homoclinic classes are
hyperbolic. Morales [7] introduced a notion generalizing the usual concept of
expansiveness, called measure expansiveness. Clearly, the expansiveness im-
plies the measure expansiveness, but the converse does not hold in general (see
[7, Theorem 1.35]). Sakai, Sumi and Yamamoto [11] proved that if a diffeo-
morphism f belongs to the C1-interior of the set of measure expansive then it
is quasi-Anosov. Lee and Lee [5] proved that for C1 generic f , if f is measure
expansive then it satisfies both Axiom A and the no-cycle condition. In [5],
if the homoclinic class Hf (p) is C1-stably measure expansive then it is hyper-
bolic. Recently, Pacifico and Vieitez [10] proved that a diffeomorphism f in
a residual subset far from homoclinic tangencies are measure expansive. Koo,
Lee and Lee [3] proved that for C1 generic f , if a locally maximal homoclinic
class Hf (p) is measure expansive then it is hyperbolic. Owing to the result, we
consider that for C1 generic f, if a homoclinic class Hf (p) is measure expansive
then it is hyperbolic which is a general result to [3].

2 Statements and main results

Let M be a closed smooth n(≥ 2)-dimensional Riemannian manifold without
boundary, and let f : M →M be a diffeomorphism. Denote Diff(M) the space
of diffeomorphisms of M with the C1 topology. Let d be the distance on M
induced from the Riemannian metric || · || on the tangent bundle TM . For
any closed f -invariant set Λ ⊂ M , we say that Λ is expansive for f if there is
e > 0 such that for any pair of distinct points x, y ∈ Λ there is n ∈ Z such
that d(fn(x), fn(y)) > e. Equivalently, Λ is expansive for f if there is e > 0
such that Γfe (x) = {x} for all x ∈ Λ, where Γfe (x) = {y ∈ Λ : d(f i(x), f i(y)) ≤
e for all i ∈ Z}. Let M(M) be the set of all Borel probability measures on
M endowed with the weak∗ topology, and letM∗(M) be the set of nonatomic
measures µ ∈ M(M). For any µ ∈ M∗(M), we say that Λ is µ-expansive for
f if µ(Γfe (x)) = 0. Λ is said to be measure expansive for f (or f |Λ is measure
expansive) if Λ is µ-expansive for all µ ∈ M∗(M); that is, there is a constant
e > 0 such that for any µ ∈M∗(M) and x ∈ Λ, µ(Γfe (x)) = 0. Here e is called
a measure expansive constant of f |Λ.

Let p and q be hyperbolic periodic points. We write p ∼ q if W s(p) t
W u(q) 6= ∅ and W u(p) t W s(q) 6= ∅. We say that p and q are homoclinic
related if p ∼ q.

By Oseledet’s theorem, any f-invariant probability µ, almost every point
admits a splitting of tangent space

TxM = E1
x ⊕ · · · ⊕ Ek

x , k = k(x),
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and real numbers χ1(x, v) ≤ χ2(x, v) ≤ · · ·χk(x, v) such that

χ(x, v) = lim
n→∞

1

n
log ‖Dfn(x)vi‖,

for every non-zero vi ∈ Ei
x. These objects are uniquely defined and they vary

measurably with the point x. If µ is ergodic then the Lyapunov exponents
χi(x, v) are constant on orbits. Thus they are constant µ-almost every where
if µ is ergodic.

For a homoclinic class Hf (p), Wang [15] proved the following.

Theorem 2.1 For C1 generic f , a homoclinic class Hf (p) either is hyperbolic,
or contains periodic orbits with arbitrarily long periods that are homoclinically
related to p and have a Lyapunov exponent arbitrarily close to 0.

Let p be a periodic point of f . For any δ ∈ (0, 1), we say that p has a δ-weak
eigenvalue if Dpf

π(p) has an eigenvalue λ such that (1−δ)π(p) < |λ| < (1+δ)π(p).

Remark 2.2 A periodic point p of f is hyperbolic if and only if all the Lya-
punov exponents of p are nonzero. Thus a periodic point q has a Lyapunov
exponent arbitrarily close to 0 means that q has a δ-weak eigenvalue.

The following notion was introduced by Yang and Gan [16]. For any γ > 0,
a C1 curve ζ is called a ζ-simply periodic curve of f if (i) ζ is diffeomorphic
to [0, 1] and its two endpoints are hyperbolic periodic points of f, (ii) ζ is
periodic with period π(ζ) and the length of ζ, that is, L(f i(ζ)) < γ for any
i ∈ {1, 2, · · · , π(ζ)}, where L(γ) denotes the length of γ, and (iii) γ is normally
hyperbolic. For the γ-simply periodic curve and δ-weak eigenvalue, we have
the following which was proved by Yang and Gan [16, Lemma 2.1].

Lemma 2.3 For C1 generic f , and any hyperbolic periodic point p of f, we
have the following: for any γ > 0, if for any C1-neighborhood U(f) of f some
g ∈ U(f) has a γ-simply periodic curve ς such that two endpoints of ς are
homoclinically related with pg then f has an 2γ-simply periodic curve ζ such
that the two endpoints of ζ are homoclinically related to p.

Our result is the following.

Theorem 2.4 For C1 generic f ∈ Diff(M), if a homoclinic class Hf (p) is
measure expansive then it is hyperbolic.

Proof. By Theorem 2.1, we will prove that for C1 generic f , if a homoclinic
class Hf (p) is measure expansive then there are no periodic points in Hf (p)
such that the periodic points have arbitrarily long periods that are homoclin-
ically related to p and have a Lyapunov exponent arbitrarily close to 0. To
prove, it is enough to show that a periodic point q contained in Hf (p) with
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homoclinically related to p has no δ-weak eigenvalues. Suppose, by contradic-
tion, that there is a periodic point q ∈ Hf (p) with homoclinically related to
p such that q has a δ-weak eigenvalue. For any γ > 0, there is g C1 close to
f such that g has a γ-simply periodic curve ς such that two endpoints of ς
are homoclinically related with pg, where pg is the continuation of p (see [12,
Theorem 2]). By Lemma 2.3, f has a 2γ-simply periodic curve ζ such that the
two endpoints of ζ are homoclinically related to p.

Let mζ be the normalized Lebesgue measure on ζ. We define µ ∈ M(M)
by

µ(C) =
1

π(ζ)

π(ζ)−1∑
i=0

mζ(f
−i(C ∩ f i(ζ))),

for any Borel set C of M. Then it is clear that µ ∈ M∗(M). Let 2γ ≤
e be a measure expansive constant of f |Hf (p). Let Γfe (x) = {y ∈ Hf (p) :
d(f i(x), f i(y)) ≤ e, for all i ∈ Z}. Then we have

{y ∈ ζ : d(fπ(ζ)i(x), fπ(ζ)i(y)) ≤ e for all i ∈ Z} ⊂ Γfe (x).

Thus we know

0 < µ({y ∈ ζ : d(fπ(ζ)i(x), fπ(ζ)i(y)) ≤ e for all i ∈ Z}) ≤ µ(Γfe (x)).

Since Hf (p) is measure expansive for f , we know µ(Γfe (x)) = 0. Note that by
[7, Proposition], f is measure expansive if and only if fn is measure expan-
sive for n ∈ Z \ {0}. By the above argument, since µ(Γfe (x)) = 0, we know

µ(Γf
π(ζ)

e (x)) = 0, and so, µ({y ∈ ζ : d(fπ(ζ)i(x), fπ(ζ)i(y)) ≤ e for all i ∈ Z}) =
0. This is a contradiction. Thus for C1 generic f , if a homoclinic class Hf (p) is
measure expansive then there is no a periodic point q ∈ Hf (p) with homoclin-
ically related to p such that q has a δ-weak eigenvalue, and so, a homoclinic
class Hf (p) is hyperbolic under measure expansiveness. �

Let Λ be a closed f -invariant set. We say that Λ is transitive if there is
a point x ∈ Λ such that ω(x) = Λ, where ω(x) is the omega-limit set of x.
If Λ = M then f is transitive. Note that the homoclinic class Hf (p) is a
closed, invariant and transitive. We say that Λ is locally maximal if there is a
neighborhood U of Λ such that Λ =

⋂
n∈Z f

n(U).

Corollary 2.5 For C1 generic f, if a transitive diffeomorphism f is measure
expansive then it is Anosov.

Proof. By [1, Theorem 4.10], for C1 generic f , a locally maximal homoclinic
class Hf (p) is a transitive set. Thus C1 generic f , if f is transitive then it is
a homoclinic class Hf (p). By Theorem 2.4, f is Anosov. �
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