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Abstract

Given n indivisible goods and n agents we want to assign the goods
among the agents, whose valuations on the goods determine the vector
of prices. We prove that there always exists a solution that is envy-free
and individually rational with non negative prices, under the assumption
that agents have quasi - linear preferences on goods. Also, we provide
an allocation rule that is strategy-proof and envy-free.
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1 Introduction

In this work we treat the problem of fair division where a finite number of indi-
visible goods must be distributed among a finite number of agents. Supposing
that the valuations of the agents over the good are known, we must determine
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a price for each good. We assume that each agent is interested in acquiring
only one good and has associated a utility function that is quasi - linear on
prices. Under this setting, there are studies that have been done by several
authors such as Brams et al. [1], Shao Chin Sung et al. [4] and Haake et al. [5].

Assuming that the valuations of every agent over the goods are not neg-
ative, we prove that there always exists a way to assign these goods among
agents and determine a price for each good. This price is set such that no
agent wishes the good of another. Moreover, the price of each good is at most
the valuation of the agent who receives it and is not negative. Also, we provide
an allocation rule that is strategy-proof and the obtained solution by the rule
is envy-free and individually rational.

A situation where our rule can be applied is as follows: there are n houses
that have to be distributed among n families. Each family has its valuations
on the houses, what is interpreted as what the family is willing to pay for
each house. The problem is how to assign the houses among the families and
determine a price for each of them such that no family wishes the house of
another. In this paper we provide a way to assign the houses and calculate the
prices of these.

This paper is divided in four parts. In part 2 we give the notations and
definitions that will be used throughout the text. In part 3 we give the proof
of the existence of envy-free solutions. In part 4 we provide the allocation rule.

2 Notations and definitions

Let M := {1, . . . , n} be a finite set of goods that has to be distributed among
the agents in N := {1, . . . , n}. We suppose that each agent is interested in
acquiring only one good and he can receive any of them. We represent the
valuations of the agents over the goods by a matrix A := (aij) ∈ RM×N

+ , where
aij is the valuation of the agents j on the ith good. We will denote by AT

and Aj the transpose and the jth column of the matrix A, respectively. M
and N are fixed, a problem will be a matrix A ∈ RM×N

+ . Given a problem
A ∈ RM×N

+ , j ∈ N and Bj ∈ RM
+ we define a new problem A(Bj) by making

the substitution of the column Aj, in A, by Bj.

An assignment for the problem A ∈ RM×N
+ is a permutation θ of the

set {1, . . . , n}, i.e, θ ∈ Sn (the permutation group of n elements). Given an
assignment θ, θ(j) = i means that good i is assigned to agent j. An assignment
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θ such that
n∑
j=1

aθ(j)j ≥
n∑
j=1

aδ(j)j, ∀δ ∈ Sn

is called an efficient assignment. A price will be a vector p ∈ RM
+ . A solution

is a pair (θ, p) ∈ Sn × RM
+ representing an assignation of goods to agents and

a price for each one of them.

We assume that each agent j ∈ N has a utility function uj : M × R→ R,
given by uj(i, p) = aij − pi, ∀j ∈ N . This quantity represents the utility of
the agent j once he receives the ith good.

A solution (θ, p) ∈ Sn×RM
+ for a problem A is called individually rational if

aθ(j)j ≥ pθ(j), ∀j ∈ N , i.e the pay of each agent is at most what he is willing to
pay for the good that he receives. It is called envy-free if aθ(j)j−pθ(j) ≥ aij−pi,
∀j ∈ N y ∀i ∈M , which means that no agent wishes the good of another.

An allocation rule (or simply a rule) is a (non-empty) correspondence ϕ :
RM×N

+ → P (Sn×RM
+ ) where P (Q) is the power set of Q. This correspondence

is set such that uj(θ(j, p)) = uj(σ(j), p) for all j ∈ N whenever (θ, p), (σ, p) ∈
ϕ(A), i.e., all agents are indifferent between any two solutions selected by the
rule. A rule ϕ is called envy-free if for every problem A, all elements in ϕ(A)
are envy-free. It is called strategy-proof if for every problem A and any two
solutions (θ, p) ∈ ϕ(A), (δ, p) ∈ ϕ(A(Bj)) it holds that

aθ(j)j − pθ(j) ≥ aδ(j) − pδ(j) ∀j ∈ N.

Given a problem A ∈ RM×N
+ , S ⊆ N , T ⊆M with |S|, |T | ≥ 1 we define a

linear programming problem PA(S, T ) and its dual DA(S, T ):

PA(S, T ) :
Max

∑
i∈S

∑
j∈T aijxij

s.a∑
i∈S xij ≤ 1 ∀j ∈ T∑
j∈T xij ≤ 1 ∀i ∈ S

xij ≥ 0

DA(S, T ) :
Min

∑
i∈S vi +

∑
j∈T uj

s.a
uj + vi ≥ aij ∀i ∈ S y ∀j ∈ T
uj ≥ 0 ∀j ∈ T
vi ≥ 0 ∀i ∈ S.

Dantzig [3] proved that there always exist optimal solutions of PA(S, T )
such that xij ∈ {0, 1} for all i ∈ M and j ∈ N . Then, this kind of solution
which is optimal for the problem PA(N,M), gives an efficient assignment of
the problem A as a result. So, the optimal value of PA(N,M) is the total value
for all goods in M , which we will denote by P ∗A(N,M).

In the next section the optimal solutions of the linear programming problem
DA(N,M) will play an important role in the existence of envy-free solutions.
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3 Envy-free solutions

In this section we will prove that every problem A has an envy-free and indi-
vidually rational solution.

Proposition 3.1. If A ∈ RM×N
+ is a problem then there exist (θ, p) ∈

Sn×RM
+ such that (θ, p) is envy-free and individually rational for the problem

A.

Proof. We know by Dantzig [3] that the linear programming problem PA(N,M)
has optimal solutions with xij ∈ {0, 1} for all i ∈M and j ∈ N . Suppose that
x∗ is an optimal solution of this kind and (u∗, v∗) is an optimal solution of
DA(N,M). We consider the solution (θ, v∗) with θ(j) = i if x∗ij = 1, for
all j ∈ N . Then, by the complementary slackness conditions we have that
u∗j = aij− v∗i . By the previous equality and that u∗j ≥ aij− v∗i for all i ∈M we
have that (θ, v∗) is an envy-free solution. The inequality aθ(j)j ≥ v∗θ(j) follows
from u∗j = aθ(j)j − v∗θ(j) ≥ 0 for all j ∈ N .

Remark 3.2. Note that the shadow price vector v of the goods in the linear
programming problem PA(N,M) has the following property: if (θ, v) is a so-
lution with θ an efficient assignment, then (θ, v) is envy-free and individually
rational.

In the next lemma we say that any assignment in an envy-free solution is
an efficient assignment.

Lemma 3.3. If (θ, p) ∈ Sn × RM
+ is an envy-free solution, then θ ∈ Sn is

an efficient assignment.

Proof. Let (θ, p) ∈ Sn × RM
+ be an envy-free solution. Then,

aθ(j)j − pθ(j) ≥ aσ(j)j − pσ(j)

for all j ∈ N . This implies that∑
j∈N

aθ(j)j −
∑
j∈N

pθ(j) ≥
∑
j∈N

aσ(j)j −
∑
j∈N

pσ(j)

for all σ ∈ Sn. Hence,
∑

j∈N aθ(j)j ≥
∑

j∈N aσ(j)j for all σ ∈ Sn.

Now, we characterize the core of the associated game of problem A ∈ RM×N
+

via envy-free and individually rational solutions. For this, we need some no-
tation and a few definitions.
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A n-person game in characteristic function form (or a TU game) is a pair
(N,w), where N is a finite set of players and w is a function w : 2N → R with
w(∅) = 0. The function w specifies the value of S ⊆ N . The core of the TU
game (N,w) is defined by

C(N,w) = {x ∈ RN | x(S) ≥ w(S) ∀S ( N, x(N) = w(N)}.

For every problem A ∈ RM×N
+ we associate the TU game (N,wA), where

N = N ∪M and for all R ⊆ N

wA(R) =


max

{S⊆R∩N,T⊆R∩M | |S|,|T |≥1}
P ∗A(S, T ), if R ∩N 6= ∅ and R ∩M 6= ∅

0 otherwise.

According to the TU game (N,wA) the value for every coalition R ⊆ N ,
with R ∩ N 6= ∅ and R ∩M 6= ∅, is the maximum value that we obtain by
the goods in R under any efficient assignment among the agents in R. The
coalitions with only elements in N or M have zero value.

Proposition 3.4. Let A ∈ RM×N
+ be a problem and (N,wA) its associated

TU game. We have that (u, v) ∈ C(N,wA) iff there exist θ ∈ Sn such that
(θ, v) is an envy-free and individually rational solution for the problem A and
u satisfies uj = aθ(j)j − vθ(j) for all j ∈ N .

Proof. Let A ∈ RM×N
+ be a problem, (N,wA) its associated TU game and

θ ∈ Sn an efficient assignment. We suppose that (u, v) ∈ C(N,wA). Shapley
et al. [6] proved that every element of the core of (N,wA) is an optimal solu-
tion of the linear programming problem DA(N,M). From Remark 3.2 (θ, v)
is an envy-free and individually rational solution for problem A.

Conversely, let (u, v) ∈ Rn×n
+ and θ ∈ Sn. We assume that (θ, v) is an

envy-free and individually rational solution and u satisfies uj = aθ(j)j − vθ(j)
for all j ∈ N . Then uj ≥ 0 for all j ∈ N . Given that aθ(j)j − pθ(j) ≥ aij − pi,
∀j ∈ N and ∀i ∈ M , then uj ≥ max{aij − vi : i ∈ M} ∀j ∈ N . Hence (u, v)
is a feasible solution of the linear programming problem DA(N,M). We note
that

n∑
j=1

uj +
n∑
i=1

vi =
n∑
j=1

(aθ(j)j − vθ(j)) +
n∑
i=1

vi,

=
n∑
j=1

aθ(j)j,

= wA(N),
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since θ ∈ Sn is an efficient assignment, which follows from Lemma 3.3. Hence
(u, v) is an optimal solution of the linear programming problem DA(N,M).
The result follows from the fact that every optimal solution of the linear pro-
gramming problem DA(N,M) is an element of C(N,wA) (see Shapley et al.
[6]).

4 An allocation rule

In the previous section we prove that for every A ∈ RM×N
+ there exists an

envy-free and individually rational solution. In this section we will provide a
rule that is envy-free and strategy-proof.

Let θ be an assignment. We define pθ ∈ Rn in the following way

pθi = P ∗A(N \ {θ−1(i)},M)− P ∗A(N \ {θ−1(i)},M \ {i}), ∀i ∈M.

Now, we define the allocation rule φ by

φ(A) = {(θ, pθ) | θ is an efficient assignment} (1)

for all A ∈ RM×N
+ .

Proposition 4.1. The allocation rule (??rul) is envy-free and strategy-
proof.

Proof. Let A be a problem and (θ, pθ) ∈ φ(A). Demange [2] proved that every
vector (u, v) ∈ Rn×n with uj = P ∗A(N,M)−P ∗A(N \ {j},M), for all j ∈ N and
vi = pθi , for all i ∈ M , is an element of C(N,wA). Thus, by Proposition 3.4,
φ is envy-free. Now, we suppose that there exist j ∈ N , Bj ∈ RM

+ and two
solutions (θ, pθ) ∈ φ(A), (δ, pδ) ∈ φ(A(Bj)) such that

aθ(j)j − pθθ(j) < aδ(j) − pδδ(j).
The previous inequality and equality P ∗A(N \ {j},M) = P ∗A(Bj)

(N \ {j},M)
imply that

aθ(j)j + P ∗A(N \ {j},M \ {θ(j)}) < aδ(j)j + P ∗A(Bj)
(N \ {j},M \ {δ(j)}),

which is a contradiction since θ is an efficient assignment. To see this, note
that P ∗A(Bj)

(N \{j},M \{δ(j)}) is the maximum value that is obtained for the

goods in M \ {δ(j)} when those are assigned efficiently among the agents in
N \ {j}; in that case

aθ(j)j + P ∗A(N \ {j},M \ {θ(j)})) =
n∑
j=1

aθ(j)j.
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Example 4.2. We suppose that there are three houses to be distributed
among three families, whose valuations on the houses are given by the following
matrix:

A =

18 24 24
10 9 15
15 18 18

 .
We note that a unique efficient assignment is θ(1) = 3, θ(2) = 1 and θ(3) =
2. With this assignment the total value of the houses is 54 monetary units.
Using the explicit formula of pθi and with a few calculations we obtain that
pθ = (9, 0, 3). If from each column of A we subtract the vector pθ, we obtain
the following matrix  9 15 15

10 9 15
12 15 15

 .
Each entry aθ(j)j, with j ∈ N , in this matrix is positive and greater or equal to
any other entry in the same column. This implies that the solution (θ, pθ) =
((2, 3, 1), (9, 0, 3)) is envy-free and individually rational.

If family 1 changes its valuations on the houses, then we obtain the following
matrix

A(B1) =

18 24 24
5 9 15
10 18 18


where B1 = (18, 5, 10)T . In this case the unique efficient assignment is δ(1) =
1, δ(2) = 3 and δ(3) = 2. With the assignment δ the total value of the houses
is 51 monetary units. Calculating the price vector we obtain pδ = (9, 0, 3). We
note that aθ(1)1−pθθ(1) = 12 > 9 = aδ(1)1−pδδ(1), which implies that family 1 got
less for changing its valuations.
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