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Abstract

We consider a technique to construct cyclicH(3)-designs. Further, to
illustrate the procedure, we consider and examine some concrete cases.
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1 Introduction

Let H(3) be an hypergraph uniform of rank 3, of order n. An H(3)-design
of order v is a pair Σ=(X,B), where X is a finite set of v elements, called
vertices, and B is a collection of hypergraphs, all isomorph to H(3), also called
blocks, such that for every 3-subset {x, y, z} contained in X there exists exactly
one hypergraph of B having this triple as edge. The integer v is said to be the
order of Σ.

We say also that such a Σ defines an H(3)-decomposition of K
(3)
v , the com-

plete and uniform hypergraph of rank 3, defined in X.

An H(3)-design of order v is said to be cyclic if it admits an automorphism
consisting of a single cycle of lenght v.

H(3)-designs have been studied in [7], where the spectrum of many classes
of H(3)-designs is determined, using constructions and difference-method on
triples.
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—————————————-
Lavoro eseguito nell’ambito del GNSAGA (INDAM) e del MIUR-PRIN 2012.

The concept of H(3)-decomposition of K
(3)
v is a generalization of the well-

known concept of G-decomposition of Kv or G-design, where G is a graph.
The reader can find in the references many papers containing recent results
about many different arguments on G-designs. Similar problems can be studied
about H(3)-designs.

In this paper we consider the problem of the construction of an H(3)-
designs, using a technique based on difference-method. For this aim, our
idea to construct an H(3)-design of order v, is to define a matrix M(v) associ-
ated with the possible order v and the digraphs associated with every possible
base-block, whose translates form the blocks of the design. We give some con-
crete applications, constructing some particular H(3)-designs of a fixed order.
Observe that many problems, studied in the papers cited in References, can
be proposed also for H(3)-designs and can be examined using the method de-
scribed in this paper.

2 The matrixM(v), for v = 3h+1 and v = 3h+2

In the following construction, the matrix M(v) is defined in Zv = {0, 1, 2, ...,
v − 1}, where v = 3h + 1 or v = 3h + 2. Therefore, it will be h = v−1

3
in the

first case and h = v−2
3

in the second case. We will examine the case v = 3h in
the last section.

Let v ≡ 1, 2 mod 3, and let M(v) be the matrix m × 3, associated with v
and defined as follows.

In the first column, we put in order the following ordered pairs:

(1, 1), (1, 2), (1, 3), ..., (1, v − 3),

(2, 2)(2, 3), ..., (2, v − 5),

(3, 3), (3, 4), ..., (3, v − 7),

.......................

(h, h) or (h, h + 1).

Note that the last rows, beginning with ordered pairs having h at the first
place, are exactly one in the case v = 3h+ 1 and the pair is (h, h), are exactly
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two in the case v = 3h + 2 and the pairs are (h, h),(h, h + 1).

In the second column, the elements ai,2 = (x, y) are defined as follows:

x is equal to the second element of ai,1;
y assumes the following values from up downwards:

if x = 1, then y goes from v − 2 to 2;
............
............
if x = h, then y goes from v − 2h to h + 1.

In the third column, the elements ai,3 = (x, y) are defined as follows:

x is equal to the second element of ai,2;
y is equal to the first element of ai,1.

M(v) =



(1, 1) (1, v − 2) (v − 2, 1)
(1, 2) (2, v − 3) (v − 3, 1)
(...) (...) (...)
(...) (...) (...)

(1, v − 3) (v − 3, 2) (2, 1)
(2, 2) (2, v − 4) (v − 4, 2)
(...) (...) (...)

(2, v − 5) (v − 5, 3) (3, 2)
(...) (...) (...)

(3, 3) (3, v − 6) (v − 6, 3)
(...) (...) (...)

(3, v − 7) (v − 7, 4) (4, 3)
(...) (...) (...)
(...) (...) (...)

(h, h) (h, v − 2h) (v − 2h, h)
(h, v − 2h− 1) (v − 2h− 1, h + 1) (h + 1, h)



.

If, for a fixed triple T = {x, y, z} ⊆ X, x < y < z, we set a cyclic order
x → y → z → x, then we can verify that there exists a row in M(v) having
for elements the pairs

(y − x, z − y), (z − y, x− z), (x− z, y − x).

Note that:
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- in the case v = 3h + 1, the last row of M(v) is (h, h), (h, v − 2h), (v −
2h, h), which is also the only row beginning with a pair of type (h, ...);

- in the case v = 3h + 1, the last row of M(v) is (h, h + 1), (h + 1, h +
1), (h + 1, h), and M(v) has exactly two rows the rows beginning with pairs
of type (h, ...).

We can observe what follows. For any triple T = {x, y, z} ⊆ Zv, with x < y < z
and y − x = a, z − y = b, there exists a row of M(v) containing the pair
(a, b). Further, if we fix a pair of M(v), let (a, b) and write a triple such
that its elements have differences a, b, for example T = {x, y, z}, then T can
be obtained from C = (0, a, a + b) by translation of blocks. In fact, if x is
added to the elements of C, one obtains T . Therefore, every of the pairs
(y− x, z − y), (z − y, x− z), (x− z, y− x) determines triple T = {x, y, z}. For
this reason, any two pairs from the same row in the matrix M are said to be
equivalent equivalent.

Now, to construct an H(3)-design of order v = 3h+ 1 or v = 3h+ 2, we can
proceed as follows.

Step 1. Determine matrix M(v).

Step 2. Determine the number p of base-blocks necessary to construct the H(3)-
design.

Step 3. Construct the base-blocks.

Step 3.1. To construct a base-block, associate with each of the m edges
(triples) of H(3) a dipath P3 [directed P3 with vertices x, y, z and edges (x, y), (y, z)],
considering that if two edges E ′, E ′′ of H(3) have a pair x, y of vertices in com-
mon, then x, y should belong possibly to both the dipaths associated with
E ′, E ′′. For every base-block B, let G(B) be the digraph so-obtained, associ-
ated with B.

Step 3.2. Fix m pairs ai,j in m different rows of M(v), associating every
pair ai,j with an edge E of H(3), so that, if ai,j = (a, b) is a fixed pair, the
dipath associated with the correspondent edge E has vertices x, y, z and edges
(x, y), (y, z) with: y − x = a, z − y = b.

Step 4. Determine the translates of the p base-blocks B1, B2, ..., Bp. The col-
lection of the blocks so-obtained defines the requested H(3)-design.

It is immediate to verify that H(3)-design so-constructed are all cyclic. If
Σ = (Zv,B) is the H(3)-design, an automorphism is the mapping ϕ : Zv −→ Zv
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such that ϕ(n) = n + 1, for every n ∈ Zv. Further:

Theorem 2.1 : A necessary condition to define an H(3)-design Σ of order v,
by the previous construction, is that the number R of the rows of M(v) is a
multiple of the number m of the edges of H(3).

In the following sections we will construct H(3)-designs, for some fixed hy-
pergraphs H(3). Therefore, we will use a particular symbolism, indicating by:

- P (3)(2, 4) the path-hypergraph of rank 3, lenght two, having four vertices
x, y, z, t and edges {x, y, z} and {x, y, t}: this path can be indicated by [z, (x, y), t];

- P (3)(2, 5) the path-hypergraph of rank 3, lenght three, having five vertices
x, y, z, t, w and edges {x, y, z},{x, y, t},{x, t, w}: this path can be indicated by
[z, (y, x, t), w];

- S(3)(2, 5) the star-hypergraph of rank 3, having five vertices x, y, z, t, w and
edges {x, y, z},{x, y, t},{x, y, w}:this star can be indicated by [(x, y), z, t, w];

- C(3)(2, 4) the cycle-hypergraph of rank 3, lenght three, having four vertices
x, y, z, t and edges {x, y, z},{x, z, t},{x, t, y};

- K
(3)
4 the complete-hypergraph of rank 3, with four vertices;

- P (3)(2, 6) the path-hypergraph of rank 3, lenght four, having six vertices
x1, x2, ..., x6, and edges {x1, x2, x3},{x2, x3, x4}, {x3, x4, x5},{x4, x5, x6};

- P (3)(2, 7) the path-hypergraph of rank 3, lenght five, having seven vertices
x1, x2, ..., x7, and edges {x1, x2, x3},{x2, x3, x4},{x3, x4, x5},{x4, x5, x6}, {x5, x6, x7}.

The same symbolism can be extended naturally to path-hypergraphs, star-
hypergraphs, cycle hypergraphs, with more edges.

3 Construction of M(10) and M(11)

In this section, we construct the matrices M(10) and M(11). They will
be utilized in the next section.

Let v = 10, X = Z10. The following matrix is M(10): it has 12 rows.
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M(10) =



(1, 1) (1, 8) (8, 1)
(1, 2) (2, 7) (7, 1)
(1, 3) (3, 6) (6, 1)
(1, 4) (4, 5) (5, 1)
(1, 5) (5, 4) (4, 1)
(1, 6) (6, 3) (3, 1)
(1, 7) (7, 2) (2, 1)
(2, 2) (2, 6) (6, 2)
(2, 3) (3, 5) (5, 2)
(2, 4) (4, 4) (4, 2)
(2, 5) (5, 3) (3, 2)
(3, 3) (3, 4) (4, 3)



.

Let v = 11, X = Z11. The following matrix is M(11): it has 15 rows.

M(11) =



(1, 1) (1, 9) (9, 1)
(1, 2) (2, 8) (8, 1)
(1, 3) (3, 7) (7, 1)
(1, 4) (4, 6) (6, 1)
(1, 5) (5, 5) (5, 1)
(1, 6) (6, 4) (4, 1)
(1, 7) (7, 3) (3, 1)
(1, 8) (8, 2) (2, 1)
(2, 2) (2, 7) (7, 2)
(2, 3) (3, 6) (6, 2)
(2, 4) (4, 5) (5, 2)
(2, 5) (5, 4) (4, 2)
(2, 6) (6, 3) (3, 2)
(3, 3) (3, 5) (5, 3)
(3, 4) (4, 4) (4, 3)



.

4 Construction of cyclic H(3)-designs of order

v = 10

In this section we construct some H(3)-designs by the technique described in
section 2. The H(3)-designs so constructed are all defined in Zv and are all
cyclic: an isomorphism is ϕ : Zv −→ Zv such that ϕ(n) = n + 1, for every
n ∈ Zv.
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1). Construction of a P (3)(2, 4)-design of order v = 10.

The number of blocks of such a designs is b = 60 and the number of edge
of P (3)(2, 4) is two. Since M(10) has 12 rows, it is possible the construction
of a P (3)(2, 4)-design of order 10, by 6 base-blocks.

For every block P (3)(2, 4), if we indicate by x, y, z, t its vertices and by
{x, y, z}, {y, z, t} its edges, the digraph G(P (3)(2, 4)), in what following, has
always edges (x, y), (y, z), (z, t). To construct a base-block, we must choose
two elements of M(10), ai,j = (a, b),ai′,j′ = (b, c), such that i 6= i′ and
y − x = a,z − y = b,t− z = c.

If we take together the pairs (two at a time) in the following way:

(1,1) (1,2)
(1,3) (3,1)
(1,4) (4,3)
(5,4) (4,2)
(7,2) (2,3)
(2,2) (2,5)

then observe that:

(1,1),(1,2) generate the base-block: [0, (1, 2), 4];

(1,3),(3,1) generate the base-block: [0, (1, 4), 5];

(1,4),(4,3) generate the base-block: [0, (1, 5), 8];

(5,4),(4,2) generate the base-block: [0, (5, 9), 1];

(7,2),(2,3) generate the base-block: [0, (7, 9), 2];

(2,2),(2,5) generate the base-block: [0, (2, 4), 9].

The translates of these blocks form the set of blocks of the requested system.

2). Construction of a P (3)(2, 5)-design of order v = 10.

The number of blocks of such a designs is b = 40 and the number of edge
of P (3)(2, 5) is three. Since M(10) has 12 rows, it is possible to construct a
P (3)(2, 5)-design of order 11, by 4 base-blocks.
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If, for every block P (3)(2, 5), we indicate by x, y, z, t, w its vertices and by
{x, y, z}, {y, z, t}, {z, t, w} its edges, the digraph G(P (3)(2, 5)), in what follow-
ing, has always edges (x, y), (y, z), (z, t), (t, w). To construct a base-block, we
must choose three elements ofM(10), ai,j = (a, b),ai′,j′ = (b, c), ai′′,j′′ = (c, d),
such that i 6= i′ 6= i′′ 6= i and y − x = a,z − y = b,t− z = c, w − t = d.

If we take together the pairs (three at a time) in the following way:

(1,1) (1,2) (2,5)
(1,3) (3,3) (3,1)
(2,2) (2,4) (4,1)
(4,5) (5,2) (2,1)

then observe that:

(1,1),(1,2),(2,5) generate the base-block: [0, (1, 2, 4), 9];

(1,3),(3,3),(3,1) generate the base-block: [0, (1, 4, 7), 8];

(2,2),(2,4),(4,1) generate the base-block: [0, (2, 4, 8), 9];

(4,5),(5,2),(2,1) generate the base-block: [0, (4, 9, 11), 12].

The translates of these blocks form the set of blocks of the requested system.

3). Construction of a S(3)(2, 5)-design of order v = 10.

The number of blocks of such a designs is b = 40 and the number of edge
of S(3)(2, 5) is three. Since M(10) has 12 rows, it is possible to construct a
S(3)(2, 5)-design of order 10, by 4 base-blocks.

If, for every block S(3)(2, 5), we indicate by x, y, z, t, w its vertices and by
{x, y, z}, {x, y, t}, {x, y, w} its edges, the digraph G(S(3)(2, 5)), in what follow-
ing, has always edges (z, x), (x, y), (t, x), (w, x). To construct a base-block, we
must choose three elements ofM(10), ai,j = (a, b),ai′,j′ = (c, b), ai′′,j′′ = (d, b),
such that i 6= i′ 6= i′′ 6= i and x− z = a, y − x = b, x− t = c, x− w = d.

If we take together the pairs (three at a time) in the following way:

(8,1) (7,1) (6,1)
(5,1) (4,1) (3,1)
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(7,2) (6,2) (4,2)
(2,3) (5,3) (3,3)

then observe that:

(8,1),(7,1),(6,1) generate the base-block: [(0, 1), 2, 3, 4];
(5,1),(4,1),(3,1) generate the base-block: [(0, 1), 5, 6, 7];
(7,2),(6,2),(4,2) generate the base-block: [(0, 2), 3, 4, 6];
(2,3),(5,3),(3,3) generate the base-block: [(0, 3), 5, 7, 8].

The translates of these blocks form the set of blocks of the requested system.

4). Construction of a C(3)(2, 4)-design of order v = 10.

The number of blocks of such a designs is b = 40 and the number of edge
of C(3)(2, 4) is three. Since M(10) has 12 rows, it is possible to construct a
C(3)(2, 4)-design of order 10, by 4 base-blocks.

If, for every block C(3)(2, 4), we indicate by x, y, z, t its vertices and by
{x, y, z}, {x, z, t}, {x, y, t} its edges, the digraph G(C(3)(2, 4)), in what follow-
ing, has always edges (t, x), (x, y), (y, z), (x, z). To construct a base-block, we
must choose three elements ofM(10), ai,j = (a, b),ai′,j′ = (b, c), ai′′,j′′ = (a, d),
such that i 6= i′ 6= i′′ 6= i and x− t = a, y − x = b, z − y = c, z − x = d.

If we take together the pairs (three at a time) in the following way:

(2,1) (1,1) (2,2)
(3,3) (3,2) (3,5)
(4,4) (4,1) (4,5)
(6,1) (1,2) (6,3)

then observe that:

(2,1),(1,1),(2,2) generate the base-block having for edges the triples:
{0, 2, 3},{2, 3, 4},{0, 2, 4};

(3,3),(3,2),(3,5) generate the base-block having for edges the triples:
{0, 3, 6},{3, 6, 8},{0, 3, 8};

(4,4),(4,1),(4,5) generate the base-block having for edges the triples:
{0, 4, 8},{4, 8, 9},{0, 4, 9};
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(6,1),(1,2),(6,3) generate the base-block having for edges the triples:
{0, 6, 7},{6, 7, 9},{0, 6, 9}.

The translates of these blocks form the set of blocks of the requested system.

5). Construction of a SQS(10).

A SQS(10) is a K
(3)
4 -design of order v = 10, also called Steiner quadruple

systems. The number of blocks of a SQS(10) is b = 30. M(10) has 12 rows.
Therefore, it is possible to construct a K(3)4-design of order 10, by 3 base-
blocks.

If, for every block K
(3)
4 , the digraph G(K

(3)
4 ), in what following, has al-

ways edges (x, y), (y, z), (z, t), (x, z), (y, t). To construct a base-block, we must
choose four elements ofM(10), ai1,j1 = (a, b), ai2,j2 = (b, c), ai3,j3 = (a, d), ai4,j4 =
(e, c), where all the first indices are distinct and y − x = a, z − y = b, t− z =
c, t− y = d, z − x = e.

If we take together the pairs (four at a time) in the following way:

(1,2) (2,1) (3,1) (1,3)
(1,1) (1,4) (2,4) (1,5)
(2,2) (2,3) (4,3) (2,5)

then observe that:
(1,2),(2,1),(3,1),(1,3) generate the base-block: {0, 1, 3, 4};

(1,1),(1,4),(2,4),(1,5) generate the base-block: {0, 1, 2, 6};

(2,2),(2,3),(4,3),(2,5) generate the base-block: {0, 2, 4, 7}.

The translates of these blocks form the set of blocks of the requested system.

6). Construction of a P (3)(2, 6)-design of order v = 10.

The number of blocks of such a designs is b = 24 and the number of edge
of P (3)(2, 6) is four. Since M(10) has 12 rows, it is possible to construct a
P (3)(2, 6)-design of order 10, by 3 base-blocks.

If, for every block P (3)(2, 6), we indicate by x1, ..., x6 its vertices and by
{xi, xi+1 for i = 1, 2, .., 5, its edges, the digraph G(P (3)(2, 6)), in what follow-
ing, has always edges (x1, x2), (x2, x3), (x3, x4), (x4, x5), (x5, x6). To construct a
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base-block, we must choose four ordered pairs ofM(10), (a, b), (b, c), (c, d), (d, e),
where the first elements are all distinct, such that x2 − x1 = a,x3 − x2 = b,
x4 − x3 = c, x5 − x4 = d, x6 − x5 = d.

Take together the pairs in the following way:

(1,1) (1,2) (2,4) (4,1)

(1,3) (3,1) (1,4) (4,3)

(7,2) (2,3) (3,2) (2,2)

We can observe that:

(1,1),(1,2),(2,4),(4,1) generate the base-block having for edges the triples:

0 · 1 · 2 — 1 · 2 · 4 — 2 · 4 · 8 — 4 · 8 · 9;

(1,3),(3,1),(1,4),(4,3) generate the base-block having for edges the triples:

0 · 1 · 4 — 1 · 4 · 5 — 4 · 5 · 9 — 5 · 9 · 2;

(7,2),(2,3),(3,2),(2,2) generate the base-block having for edges the triples:

8 · 5 · 7 — 5 · 7 · 0 — 7 · 0 · 2 — 0 · 2 · 4.

The translates of these blocks form the set of blocks of the requested system.

5 Construction of cyclic H(3)-designs of order

v = 11

In this section we consider H(3)-designs of order v = 11.

7). Construction of a P (3)(2, 5)-design of order v = 11.

The number of blocks of such a designs is b = 55 and the number of edge
of P (3)(2, 5) is three. Since M(11) has 15 rows, it is possible to construct a
P (3)(2, 5)-design of order 11, by 5 base-blocks.

Consider, for every block P (3)(2, 5), the digraph G(P (3)(2, 5)) defined as
in the point 2) of the previous section. To construct a base-block, we choose
three ordered pairs of M(11), (a, b), (b, c), (c, d), where the first elements are
all distinct, such that y − x = a,z − y = b,t− z = c, w − t = d.
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Take together the pairs (three at a time) in the following way:

(1,1) (1,2) (2,6)
(1,2) (2,3) (3,4)
(5,1) (1,4) (4,5)
(1,6) (6,2) (2,5)
(2,1) (1,7) (7,2).

We can observe that:

(1,1),(1,2),(2,6) generate the base-block: [0, (1, 2, 4), 10];

(1,2),(2,3),(3,4) generate the base-block: [0, (1, 3, 6), 10];

(5,1),(1,4),(4,5) generate the base-block: [0, (5, 6, 10), 4];

(1,6),(6,2),(2,5) generate the base-block: [0, (1, 7, 9), 3];

(2,1),(1,7),(7,2) generate the base-block: [0, (2, 3, 10), 1].

The translates of these blocks form the set of blocks of the requested system.

8). Construction of a S(3)(2, 5)-design of order v = 11.

We consider the digraphs G(S(3)(2, 5)) exactly as in the point 3) of the
previous section.

The number of blocks of such a designs is b = 55 and the number of edge
of S(3)(2, 5) is three. Since M(11) has 15 rows, it is possible to construct a
S(3)(2, 5)-design of order 11, by 5 base-blocks.

Consider, for every block S(3)(2, 5), the digraph G(S(3)(2, 5)) defined as in
the point 3) of the previous section. To construct a base-block, we choose
three ordered pairs of M(11), (a, b), (c, b), (d, b), where the first elements are
all distinct, such that x− z = a,y − x = b,t− x = c, w − x = d.

Take together the pairs in the following way:

(9,1) (8,1) (7,1)
(6,1) (5,1) (4,1)
(8,2) (7,2) (6,2)
(5,2) (4,2) (3,2)
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(7,3) (5,3) (4,3)

We can observe that:

(9,1),(8,1),(7,1) generate the base block: [(0, 1), 2, 3, 4];

(6,1),(5,1),(4,1) generate the base block: [(0, 1), 5, 6, 7];

(8,2),(7,2),(6,2) generate the base block: [(0, 2), 3, 4, 5];

(5,2),(4,2),(3,2) generate the base block: [(0, 2), 6, 7, 8];

(7,3),(5,3),(4,3) generate the base block: [(0, 3), 4, 6, 7].

The translates of these blocks form the set of blocks of the requested system.

9). Construction of a P (3)(2, 7)-design of order v = 11.

The number of blocks of such a designs is b = 55. M(11) has 15 rows.
Therefore, it is possible the construction of a P (3)(2, 7)-design of order 11, by
3 base-blocks.

If the hypergraph P (3)(2, 7) has vertices and edges as cited in section 2, we
consider the digraphs G(P (3)(2, 7)) having vertices x1, ..., x7 and edges {xi, xi+1,
for i = 1, 2, .., 6.

The number of blocks of such a designs is b = 55 and the number of edge
of P (3)(2, 7) is five. Since M(11) has 15 rows, it is possible to construct a
P (3)(2, 7)-design of order 11, by 3 base-blocks.

Consider, for every block P (3)(2, 7) of vertices x1, x2, ..., x7 and edges {xi, xi+1, xi+2}
for every i = 1, 2, 3, 4, 5, the digraph G(P (3)(2, 7)) having directed edges (xi, xi+1)
for every i = 1, 2, ..., 6. To construct a base-block, we choose five ordered pairs
of M(11), (a, b), (b, c), (c, d), (d, e), (e, f), where the first elements are all dis-
tinct, such that x2 − x1 = a, x3 − x2 = b, x4 − x3 = c, x5 − x4 = d, x6 − x5 =
e, x7 − x6 = f .

Take together the pairs in the following way:

(1,3) (3,6) (6,4) (4,4) (4,2)
(1,8) (8,1) (1,7) (7,2) (2,5)
(2,6) (6,1) (1,1) (1,5) (5,3).
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We can observe that:

(1,3),(3,6),(6,4),(4,4),(4,2) generate the base-block having for edges the
triples:

0 · 1 · 4 — 1 · 4 · 10 — 4 · 10 · 3 — 10 · 3 · 7 — 3 · 7 · 9;

(1,8),(8,1),(1,7),(7,2),(2,5) generate the base-block having for edges the
triples:

0 · 1 · 9 — 1 · 9 · 10 — 9 · 10 · 6 — 10 · 6 · 8 — 6 · 8 · 2;

(2,6),(6,1),(1,1),(1,5),(5,3) generate the base-block having for edges the
triples:

0 · 2 · 8 — 2 · 8 · 9 — 8 · 9 · 10 — 9 · 10 · 4 — 10 · 4 · 7.

The translates of these blocks form the set of blocks of the requested system.

6 The case v = 3h

In this section we examine the case v = 3h. We can see that the previous
technique is not applicable directly. The reason is the presence of triple of
type 0 ·h · 2h, in which the differences among its elements is always h. We will
see how the previous technique can be used.

Let v = 3h. Define the matrixM(v), following the same construction seen
in section 2. The only difference is that in the last rows there is always (h, h):

M(3h)



(..., ...) (..., ...) (..., ...)
(..., ...) (..., ...) (..., ...)
(..., ...) (..., ...) (..., ...)
(..., ...) (..., ...) (..., ...)

(h− 2, ...) (..., ...) (..., h− 2)
(h− 2, ...) (..., ...) (..., h− 2)

(h− 1, h− 1) (h− 1, h + 2) (h + 2, h− 1),
(h− 1, h) (h, h + 1) (h + 1, h− 1)

(h− 1, h + 1) (h + 1, h) (h, h− 1)
(h, h) (h, h) (h, h)



We can see that in the first column there are in the order:
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- 3(h− 1) pairs have the first element equal to 1;

- 3(h− 2) pairs having the first element equal to 2;

- .................;

- 3 pairs having the first element equal to h− 1;

- exactly one row (the last) with (h, h).

We say that (h, h) is a special pair and indicate it by (h, h)∗.

Note that the number of rows is exactly: 3h(h−1)
2

+ 1 = v2−3v+6
6

.

To see how the technique can be applicable, we consider the case v = 9.

10). Construction of a P (3)(2, 4)-design of order v = 9.

Note that, in this case, the number of blocks of such a designs is b = 42,
the number of edge of P (3)(2, 4) is two and the number of rows ofM(9) is 10.

M(9) =



(1, 1) (1, 7) (7, 1)
(1, 2) (2, 6) (6, 1)
(1, 3) (3, 5) (5, 1)
(1, 4) (4, 4) (4, 1)
(1, 5) (5, 3) (3, 1)
(1, 6) (6, 2) (2, 1)
(2, 2) (2, 5) (5, 2)
(2, 3) (2, 4) (4, 2)
(2, 4) (2, 3) (3, 2)
(3, 3) (3, 3) (3, 3)



Consider, for every block P (3)(2, 4), the digraph G(P (3)(2, 5)) exactly as in
the point 2) of section 4.

Take together the pairs (two at a time) in the following way:

(1,1) (1,2)
(5,1) (1,4)
(3,1) (1,6)
(2,2) (2,4)
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(2,3) (3,3)∗

We can observe that:
(1,1),(1,2) generate the base-block B1: 0 · 1 · 2 — 1 · 2 · 4;
(5,1),(1,4) generate the base-block B2: 0 · 5 · 6 — 5 · 6 · 1;
(3,1),(1,6) generate the base-block B3: 0 · 3 · 4 — 3 · 4 · 1;
(2,2),(2,4) generate the base-block B4: 0 · 2 · 4 — 2 · 4 · 8;
(2,3),(3,3)∗ generate the base-block S: 0 · 2 · 5 — 2 · 5 · 8.

Consider all the translates of these blocks. We can see that the trans-
lates of the triple 2 · 5 · 8, coming from the special pair (3,3)∗ are only three:
2 · 5 · 8, 3 · 6 · 0, 4 · 7 · 1. Therefore the translates of the base-block S are:

S1: 0 · 2 · 5 — 2 · 5 · 8,

S2: 1 · 3 · 6 — 3 · 6 · 0,

S3: 2 · 4 · 7 — 4 · 7 · 1,

S4: 3 · 5 · 8 — 5 · 8 · 2,

S5: 4 · 6 · 0 — 6 · 0 · 3,

S6: 5 · 7 · 1 — 7 · 1 · 4,

S7: 6 · 8 · 2 — 8 · 2 · 5,

S8: 7 · 0 · 3 — 0 · 3 · 6,

S9: 8 · 1 · 4 — 1 · 4 · 7.

At this point, observe that among the translates of the base-block B3 there
are the blocks:

B3,5: 5 · 8 · 0 — 8 · 0 · 6,

and

B3,7: 7 · 1 · 2 — 1 · 2 · 8.

Define:
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T (B3,5, S4) the block having for triples 0 · 5 · 8 — 5 · 8 · 3;

T (B3,5, S5) the block having for triples 8 · 0 · 6 — 0 · 6 · 4;

T (B3,7, S6) the block having for triples 2 · 7 · 1 — 7 · 1 · 5;

T (B3,7, S9) the block having for triples 2 · 8 · 1 — 8 · 1 · 0.

Further, observe that among the translates of the base-block B2 there is:

B2,2: 2 · 7 · 8, 7 · 8 · 3.

Define:

T (B2,2, S7) the block having for triples 7 · 2 · 8 — 2 · 8 · 6;

T (B2,2, S8) the block having for triples 8 · 7 · 3 — 7 · 3 · 0.

If we consider:

- all the translates of the base-blocks B1, B4;

- the translates of B5: S1, S2, S3;

- all the translates of B3, except B3,5,B3,7;

- all the translates of B2, except B2,2;

- the blocks: T (B3,5, S4), T (B3,5, S5), T (B3,7, S6), T (B3,7, S9), T (B2,2, S7),
T (B2,2, S8);

then we can verify that the collection of these blocks define a P (3)(2, 4)-design
of order v = 9.
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crete Mathematics 124 (1994), 79-86. http://dx.doi.org/10.1016/0012-
365x(94)90086-8

[21] S.Kucukcifci, C.C.Lindner: Perfect hexagon triple systems, Dis-
crete Maths., 279 (2004), 325-335. http://dx.doi.org/10.1016/s0012-
365x(03)00278-4

[22] C.C.Lindner, A.Rosa: Perfect dexagon triple systems, Discrete Maths.
308 (2008), 214-219. http://dx.doi.org/10.1016/j.disc.2006.11.035

[23] G.Lo Faro, L.Milazzo, A.Tripodi: The first BSTS with different upper
and lower chromatic numbers, Australasian Journal of Combinatorics 22
(2000).

Received: January 21, 2015; Published: April 23, 2015


