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Abstract

In this paper we introduce preI-open sets in ideal tritopological
spaces and investigate some of its properties. Moreover, we define the
preI-interior, preI-closure, and preI-derived set in ideal tritopological
spaces and provide some of its properties.

Mathematics Subject Classification: 54D10

Keywords: Ideal tritopological spaces, (i, j, k)-I-open sets, (i, j, k)-preI-
open sets, (i, j, k)-preI-interior, (i, j, k)-preI-closure, (i, j, k)-preI-derived set

1 Introduction

In recent years, the study of ideal spaces, which was first studied by
Kuratowski [4] and Vaidyanathaswamy [7], has gained interest from many
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neering Graduate Scholarship.
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topologists. The notion of topological spaces with ideals were investigated by
Jankovic and Hamlett [3], and later, Dontchev [2] introduced the notion of
preI-open sets. In 2011, Caldas, Jafari and Rajesh [1] have extended this con-
cepts to bitopological spaces. They introduced and characterized the concepts
of (i, j)-preI-open sets in ideal bitopological spaces.

In this paper we introduce (i, j, k)-preI-open sets in ideal tritopological
spaces, as an extension to ideal bitopological spaces, and study some of its
properties .

2 Preliminaries

Let X be a nonempty set. A collection τ of subsets of X is a topology
on X if it satisfies (i) ∅, X ∈ τ , (ii) {Mω : ω ∈ Ω} ⊆ τ implies ∪ω∈ΩMω ∈ τ ,
and (iii) A,B ∈ τ implies A ∩ B ∈ τ . If τ is a topology on X, then (X, τ) is
called a topological space, and the elements of τ are called τ -open (or simply
open) sets. A subset F of X is said to be τ -closed (or simply closed) if its
complement X \ F is open.

Definition 2.1 [4] An ideal I on a set X is a nonempty collection of subsets
of X which satisfies:

i. A ∈ I and B ⊆ A implies B ∈ I ; and

ii. A ∈ I and B ∈ I implies A ∪B ∈ I.

Note that because of (i), ∅ is always a member of an ideal I.

Definition 2.2 An ideal topological space is a topological space (X, τ) with
an ideal I on X and is denoted by (X, τ, I).

Definition 2.3 [7] Given a topological space (X, τ) with an ideal I on X and
A ⊆ X, the set operator (·)? : P(X)→ P(X), called a local function of A with
respect to τ and I is defined as follows:

A?(I, τ) = {x ∈ X|U(x) ∩ A /∈ I for every U(x)} ,

where U(x) is τ -open subset of X containing x.

Example 2.4 Let X = {a, b, c} , τ = {∅, X, {a} , {b} , {a, b}}, I = {∅, {a}},
and A = {a, b}. Note that U(a) are the sets X, {a}, and {a, b}; U(b) are the
sets X, {b}, and {a, b}; and U(c) = X. Then a /∈ A?(I, τ) since there exists
U(a) = {a} such that U(a)∩A = {a} ∈ I; b ∈ A?(I, τ) since U(b)∩A /∈ I for
all U(b) ∈ τ ; and c ∈ A?(I, τ) since X ∩A = A /∈ I. Hence, A?(I, τ) = {b, c}.
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Definition 2.5 [7] Given a topological space (X, τ) with an ideal I on X, a
Kuratowski closure operator Cl?(·) : P(X)→ P(X) for a topology τ ?(I, τ) on
X, called the ?-topology, which is finer than τ , is defined by

Cl?(A) = A ∪ A?(I, τ).

Remark 2.6 This Kuratowski closure operator has the property that for
A ⊆ X we have cl?(A) = Cl?(A), where cl?(A) denotes the closure of A in
τ ?(I, τ).

For brevity and if there is no chance of confusion, we write A? for A?(I, τ)
and τ ? for τ ?(I, τ). We also denote the interior of A in (X, τ ?) as int?(A).
Since τ ? is finer than τ ,

int(A) ⊆ int?(A) ⊆ A ⊆ cl?(A) ⊆ cl(A).

Theorem 2.7 [3] Let (X, τ, I) be an ideal topological space and A,B ⊆ X.
Then

i. If A ⊂ B, then A? ⊂ B?.

ii. If U ∈ τ , then U ∩ A? ⊂ (U ∩ A)?.

iii. A? = cl(A?) ⊂ cl(A).

iv. (A ∪B)? = A? ∪B?.

v. (A ∩B)? ⊂ A? ∩B?.

vi. (A?)? ⊂ A?.

Definition 2.8 [5] Let X be a nonempty set and τ1, τ2, τ3 be three topologies
on X. The set X together with three topologies is called a tritopological space
and is denoted by (X, τ1, τ2, τ3).

Definition 2.9 [5] Let (X, τ1, τ2, τ3) be a tritopological space and A ⊆ X. We
call A a tri-open set in X if A ∈ τi for all i ∈ {1, 2, 3}.

We now define an ideal tritopological space.

Definition 2.10 If I is an ideal on X, then (X, τ1, τ2, τ3, I) is called an ideal
tritopological space (or briefly ITTS).
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3 (i, j, k)-preI-open sets

Let (X, τ1, τ2, τ3, I) be an ITTS and A ⊆ X. We denote the interior and
closure of A with respect to τk, k ∈ {1, 2, 3}, by intτk and clτk , respectively.
Also, τ ?k is the ?-topology defined in Definition 2.5. We denote the interior and
closure of A with respect to τ ?k as int?τk(A) and cl?τk(A), respectively. Now, if we
consider three arbitrary topologies and Definition 2.3, we have the following
definition of a local function with respect to τk and I.

Definition 3.1 Given a tritopological space (X, τ1, τ2, τ3) with an ideal I on
X and A ⊆ X, the set operator (·)?k : P(X) → P(X), called a local function
of A with respect to τk and I is defined as follows:

A?k(I, τk) = {x ∈ X|Uk(x) ∩ A /∈ I for every Uk(x)}

where Uk(x) is τk-open subset of X containing x.

Again for brevity, we write A?k for A?k(I, τk). In view of Definition 2.5, we
have the following definition.

Definition 3.2 A Kuratowski closure operator Cl?k(·) : P(X) → P(X) for a
topology τ ?k finer than τk, where k ∈ {1, 2, 3}, is defined by Cl?k(A) = A ∪ A?k.

Definition 3.3 A subset A of an ITTS (X, τ1, τ2, τ3, I) is said to be (i, j, k)-
I-open if A ⊆ intτi(clτj(A

?
k)) where i, j, k ∈ {1, 2, 3} , i 6= j, j 6= k and i 6= k.

The complement of (i, j, k)-I-open is said to be (i, j, k)-I-closed.

Definition 3.4 A subset A of an ITTS (X, τ1, τ2, τ3, I) is said to be (i, j, k)-
preI-open if A ⊆ intτi(clτj(cl

?
τk

(A))) where i, j, k ∈ {1, 2, 3} , i 6= j, j 6= k and
i 6= k. The complement of (i, j, k)-preI-open is said to be (i, j, k)-preI-closed.

Example 3.5 Let X = {a, b, c, d}, I = {∅, {b}},

τ1 = {∅, X, {a} , {b} , {a, b} , {b, c} , {b, d} , {a, b, c} , {a, b, d} , {b, c, d}} ,
τ2 = {∅, X, {b} , {c} , {a, b} , {b, c} , {c, d} , {a, b, c} , {b, c, d}} , and

τ3 = {∅, X, {a} , {c} , {a, c} , {c, d} , {a, c, d} , {b, c, d}} .

Then A = {a, c} is (3, 2, 1)-I-open and (3, 2, 1)-preI-open.

Throughout this paper, i, j and k are elements of the set {1, 2, 3} where
i 6= j, j 6= k and i 6= k.
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Remark 3.6 Let (X, τ1, τ2, τ3, I) be an ITTS and A ⊆ X. Then,

i. intτk(A) ⊆ int?τk(A) ⊆ A ⊆ cl?τk(A) ⊆ clτk(A);

ii. A?k = clτk(A?k) ⊆ clτk(A); and

iii. If A ⊆ A?k, then A?k = clτk(A?k) = clτk(A) = cl?τk(A).

Lemma 3.7 Let (X, τ1, τ2, τ3, I) be an ITTS. Then the following properties
hold:

i. Every (i, j, k)-I-open set is (i, j, k)-preI-open;

ii. Every τi-open set is (i, j, k)-preI-open; and

iii. Every tri-open set is (i, j, k)-preI-open.

Proof:

i. Let A be an (i, j, k)-I-open set. Then
A ⊆ intτi(clτj(A

?
k)) ⊂ intτi(clτj(A ∪ A?k)) = intτi(clτj(cl

?
τk

(A))). Thus A
is (i, j, k)-preI-open.

ii. Let A be a τi-open set. Then
A = intτi(A) ⊆ intτi(clτj(A)) ⊆ intτi(clτj(A∪A?k)) = intτi(clτj(cl

?
τk

(A))).
Hence A is (i, j, k)-preI-open.

The proof of (iii) follows from (ii). �

Note that the converses of (i), (ii), and (iii) in Lemma 3.7 need not be
true as shown in the following example.

Example 3.8 Consider the space in Example 3.5. Then

i. {b, c} is (3, 2, 1)-preI-open but not (3, 2, 1)-I-open,

ii. {b, c} is (3, 2, 1)-preI-open but not τ3-open, and

iii. {b, c} is (3, 2, 1)-preI-open but not tri open.

Theorem 3.9 Let (X, τ1, τ2, τ3, I) be an ITTS, A ⊆ X and A ⊆ A?k. Then A
is (i, j, k)-I-open if and only if A is (i, j, k)-preI-open.

Proof: Let A be (i, j, k)-I-open. Then A is (i, j, k)-preI-open by Lemma 3.7 (i).
Conversely, suppose A is (i, j, k)-preI-open. Then A ⊂ intτi(clτj(cl

?
τk

(A))).
Since A ⊆ A?k, cl

?
τk

(A) = A?k by Remark 3.6 (iii). It follows that
A ⊂ intτi(clτj(A

?
k)). Thus A is (i, j, k)-I-open. �
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Lemma 3.10 Let (X, τ1, τ2, τ3, I) be an ITTS and A ⊆ X. Then

∪ω∈Ω(Aω)?k ⊆ (∪ω∈ΩAω)?k.

Proof: Let x ∈ ∪ω∈Ω(Aω)?k. Then x ∈ (Aω0)
?
k for some ω0 ∈ Ω and so

Uk(x) ∩ Aω0 /∈ I for every Uk(x). Since I is an ideal (see property (i)),
Uk(x) ∩ (∪ω∈ΩAω) /∈ I for every Uk(x). Thus, x ∈ (∪ω∈ΩAω)?k. �

Theorem 3.11 Let (X, τ1, τ2, τ3, I) be an ITTS. If {Aω : ω ∈ Ω} is a family
of (i, j, k)-preI-open sets, then ∪ω∈ΩAω is (i, j, k)-preI-open.

Proof: Let Aω be (i, j, k)-preI-open for all ω ∈ Ω. Then,
Aω ⊆ intτi(clτj(cl

?
τk

(Aω))), ω ∈ Ω. Now, by taking the arbitrary union, we
have

∪ω∈ΩAω ⊆ ∪ω∈Ω(intτi(clτj(cl
?
τk

(Aω))))

⊆ intτi(∪ω∈Ω(clτj(cl
?
τk

(Aω))))

⊆ intτi((clτj(∪ω∈Ω(Aω ∪ (Aω)?k)))).

Then, by Lemma 3.10, ∪ω∈ΩAω ⊆ intτi(clτj(cl
?
τk

(∪ω∈ΩAω))). Thus ∪ω∈ΩAω is
(i, j, k)-preI-open in (X, τ1, τ2, τ3, I). �

Remark 3.12 The intersection of two (i, j, k)-preI-open sets need not be
(i, j, k)-preI-open as shown in the following example.

Example 3.13 Consider the space in Example 3.5. Then {a, b} and {a, c}
are (2, 3, 1)-preI-open sets. However, {a} = {a, b}∩ {a, c} is not (2, 3, 1)-preI-
open.

The following corollary follows from Theorem 3.11.

Corollary 3.14 Let (X, τ1, τ2, τ3, I) be an ITTS. Then the arbitrary intersec-
tion of (i, j, k)-preI-closed sets is (i, j, k)-preI-closed.

Theorem 3.15 Let (X, τ1, τ2, τ3, I) be an ITTS and A ⊂ X. Then A is (i, j, k)-
preI-closed if and only if clτi(intτj(int

?
τk

(A))) ⊆ A.

Proof: Let A be an (i, j, k)-preI-closed. Then X \ A is (i, j, k)-preI-open and
so X \ A ⊆ intτi(clτj(cl

?
τk

(X \ A))). Thus X \ A ⊆ X \ (clτi(intτj(int
?
τk

(A)))).
Hence clτi(intτj(int

?
τk

(A))) ⊆ A. Conversely, suppose clτi(intτj(int
?
τk

(A))) ⊆ A.
Then X \A ⊆ X \(clτi(intτj(int?τk(A)))) and so X \A ⊆ intτi(clτj(cl

?
τk

(X \A))).
Hence X \ A is (i, j, k)-preI-open; consequently A is (i, j, k)-preI-closed. �

By Remark 3.6 (i), we have

cl?τi(intτj(intτk(A))) ⊆ cl?τi(intτj(int
?
τk

(A))) ⊆ clτi(intτj(int
?
τk

(A))),

and thus we have the following corollary.
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Corollary 3.16 Let (X, τ1, τ2, τ3, I) be an ITTS and A ⊆ X. If A is (i, j, k)-
preI-closed, then cl

?
τi

(intτj(intτk(A))) ⊆ A.

Definition 3.17 Let (X, τ1, τ2, τ3, I) be an ITTS and A ⊆ X. An element
x ∈ A is called (i, j, k)-preI-interior point of A if there exists an (i, j, k)-preI-
open set V such that x ∈ V ⊆ A. The set of all (i, j, k)-preI-interior points of
A is called the (i, j, k)-preI-interior of A and is denoted by (i, j, k)-preI-int(A).

Example 3.18 Consider the space in Example 3.5 and let A = {a, b, d}. Now,
{a} and {b} are (2, 3, 1)-preI-interior points of A since there exists (2, 3, 1)-
preI-open set V = {a, b} such that {a} , {b} ∈ V ⊆ A. However, {d} is not a
(2, 3, 1)-preI-interior point of A. Hence (2, 3, 1)-preI-int(A) = {a, b}.

Theorem 3.19 Let (X, τ1, τ2, τ3, I) be an ITTS and A ⊆ X. Then

(i, j, k)-preI-int(A) = ∪{U |U is (i, j, k)-preI-open and U ⊆ A} .

Proof: Let x ∈ (i, j, k)-preI-int(A). Then there exists an (i, j, k)-preI-open set
U such that x ∈ U ⊆ A. Thus x ∈ ∪{U |U is (i, j, k)-preI-open and U ⊆ A}.
Hence (i, j, k)-preI-int(A) ⊆ ∪{U |U is (i, j, k)-preI-open and U ⊆ A}. Next,
suppose y ∈ ∪{U |U is (i, j, k)-preI-open and U ⊆ A}. Then y ∈ U0 for some
(i, j, k)-preI-open set U0 ⊆ A. Hence y ∈ (i, j, k)-preI-int(A). Consequently
∪{U |U is (i, j, k)-preI-open and U ⊆ A} ⊆ (i, j, k)-preI-int(A). �

Remark 3.20 Let (X, τ1, τ2, τ3, I) be an ITTS and A ⊆ X. Then

i. (i, j, k)-preI-int(A) ⊆ A.

ii. (i, j, k)-preI-int(A) is (i, j, k)-preI-open.

iii. (i, j, k)-preI-int(A) is the largest (i, j, k)-preI-open set contained in A.

Theorem 3.21 Let (X, τ1, τ2, τ3, I) be an ITTS and A ⊆ X. Then A is (i, j, k)-
preI-open if and only if A = (i, j, k)-preI-int(A).

Proof: Let A be (i, j, k)-preI-open. Then A ⊆ A implies that

A ∈ {U |U is (i, j, k)-preI-open and U ⊆ A} .

Since every member in the collection is contained in A and A is in the collection,
it follows that the union of this collection is A. Thus, by Theorem 3.19,
A = (i, j, k)-preI-int(A). Conversely, suppose A = (i, j, k)-preI-int(A). Then
Remark 3.20(ii) implies A is (i, j, k)-preI-open. �
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Remark 3.22 Let (X, τ1, τ2, τ3, I) be an ITTS. Then

i. ∅ and X are both (i, j, k)-preI-open and (i, j, k)-preI-closed.

ii. ∅ is (i, j, k)-I-open.

iii. X is not always an (i, j, k)-I-open set.

In Example 3.5, X is (2, 3, 1)-I-open but not (3, 1, 2)-I-open. Thus X is
not always (i, j, k)-I-open.

Theorem 3.23 Let (X, τ1, τ2, τ3, I) be an ITTS and A,B ⊂ X. Then the
following properties hold:

i. If A ⊆ B, then (i, j, k)-preI-int(A) ⊆ (i, j, k)-preI-int(B).

ii. (i, j, k)-preI-int(A) ∪ (i, j, k)-preI-int(B) ⊆ (i, j, k)-preI-int(A ∪B).

iii. (i, j, k)-preI-int(A ∩B) ⊆ (i, j, k)-preI-int(A) ∩ (i, j, k)-preI-int(B).

Proof:

i. Suppose A ⊆ B. It follows that, by Remark 3.20 (i), (i, j, k)-preI-
int(A) ⊆ B and so (i, j, k)-preI-int(A) is an (i, j, k)-preI-open set con-
tained in B. Since (i, j, k)-preI-int(B) is the largest (i, j, k)-preI-open
set contained in B, we obtain (i, j, k)-preI-int(A) ⊆ (i, j, k)-preI-int(B).

ii. Note that A ⊆ A ∪ B and B ⊆ A ∪ B. Then, by (i), (i, j, k)-preI-
int(A) ⊆ (i, j, k)-preI-int(A∪B) and (i, j, k)-preI-int(B) ⊆ (i, j, k)-preI-
int(A ∪ B). Hence (i, j, k)-preI-int(A) ∪ (i, j, k)-preI-int(B) ⊆ (i, j, k)-
preI-int(A ∪B).

The proof of (iii) follows from (i). �

Definition 3.24 Let A ⊆ X. Then x ∈ X is (i, j, k)-preI-adherent to A if
V ∩ A 6= ∅ for every (i, j, k)-preI-open set V containing x. The set of all
(i, j, k)-preI-adherent points of A is called the (i, j, k)-preI-closure of A and is
denoted by (i, j, k)-preI-cl(A).

Theorem 3.25 Let (X, τ1, τ2, τ3, I) be an ITTS and A,B ⊆ X. Then the
following properties hold:

i. A ⊆ (i, j, k)-preI-cl(A)

ii. (i, j, k)-preI-cl(A) is the smallest (i, j, k)-preI-closed set containing A,
that is, (i, j, k)-preI-cl(A) = ∩{F |F is (i, j, k)-preI-closed and A ⊆ F}
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iii. A is (i, j, k)-preI-closed if and only if A = (i, j, k)-preI-cl(A).

iv. If A ⊆ B, then (i, j, k)-preI-cl(A) ⊆ (i, j, k)-preI-cl(B).

v. (i, j, k)-preI-cl(A) ∪ (i, j, k)-preI-cl(B) ⊆ (i, j, k)-preI-cl(A ∪B).

vi. (i, j, k)-preI-cl(A ∩B) ⊆ (i, j, k)-preI-cl(A) ∩ (i, j, k)-preI-cl(B).

Proof:

i. Let x ∈ A and suppose that x /∈ (i, j, k)-preI-cl(A). Then there exists
an (i, j, k)-preI-open set V containing x such that V ∩ A = ∅, this is a
contradiction since x ∈ A. Thus x ∈ (i, j, k)-preI-cl(A).

ii. Let x ∈ (i, j, k)-preI-cl(A). Then V ∩A 6= ∅ for every (i, j, k)-preI-open
set V containing x. Suppose, on the contrary, that

x /∈ ∩{F |F is (i, j, k)-preI-closed and A ⊆ F} .

Then x /∈ F for some (i, j, k)-preI-closed set F and so x ∈ X \ F
for some (i, j, k)-preI-open set X \ F . Thus (X \ F ) ∩ A = ∅ for
some (i, j, k)-preI-open set X \ F containing x, a contradiction. Hence
x ∈ ∩{F |F is (i, j, k)-preI-closed and A ⊆ F} . Consequently (i, j, k)-
preI-cl(A) ⊆ ∩{F |F is (i, j, k)-preI-closed and A ⊆ F} . Conversely, let
y ∈ ∩{F |F is (i, j, k)-preI-closed and A ⊆ F}. Then y ∈ F for all
(i, j, k)-preI-closed set F containing A. Suppose that y /∈ (i, j, k)-preI-
cl(A). Then there exists an (i, j, k)-preI-open set V containing y such
that V ∩ A = ∅. Hence X \ V is an (i, j, k)-preI-closed set containing
A and y /∈ X \ V , a contradiction. Thus y ∈ (i, j, k)-preI-cl(A) and so
∩{F |F is (i, j, k)-preI-closed and A ⊆ F} ⊆ (i, j, k)-preI-cl(A).

iii. Let A be (i, j, k)-preI-closed. By (i), we have A ⊆ (i, j, k)-preI-cl(A).
Now, let x ∈ (i, j, k)-preI-cl(A). Then for all (i, j, k)-preI-open set V
containing x, V ∩ A 6= ∅. Suppose x /∈ A. Then x ∈ X \ A. Since A
is (i, j, k)-preI-closed, X \ A is (i, j, k)-preI-open. It shows that X \ A
is an (i, j, k)-preI-open set containing x and (X \ A) ∩ A = ∅, this
is a contradiction since x ∈ (i, j, k)-preI-cl(A). Thus x ∈ A and so
(i, j, k)-preI-cl(A) ⊆ A. Therefore, A = (i, j, k)-preI-cl(A). Conversely,
suppose A = (i, j, k)-preI-cl(A). Let y ∈ X \ A. Then y /∈ A and
so y /∈ (i, j, k)-preI-cl(A). It follows that there exists an (i, j, k)-preI-
open set V containing y such that V ∩ A = ∅ and so y ∈ (i, j, k)-preI-
int(X \ A). Hence X \ A ⊆ (i, j, k)-preI-int(X \ A). It follows that, by
Remark 3.20 (i) and Theorem 3.21, X\A is (i, j, k)-preI-open. Therefore
A is (i, j, k)-preI-closed.
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iv. Let A ⊆ B. Then (i, j, k)-preI-cl(B) is an (i, j, k)-preI-closed containing
A. Thus by (ii), we obtain (i, j, k)-preI-cl(A) ⊆ (i, j, k)-preI-cl(B).

v. Since A ⊆ A ∪ B and B ⊆ A ∪ B, it follows that (i, j, k)-preI-cl(A) ⊆
(i, j, k)-preI-cl(A ∪ B) and (i, j, k)-preI-cl(B) ⊆ (i, j, k)-preI-cl(A ∪ B)
by (iv). Hence (i, j, k)-preI-cl(A) ∪ (i, j, k)-preI-cl(B) ⊆ (i, j, k)-preI-
cl(A ∪B).

The proof of (vi) follows from (iv). �

Theorem 3.26 Let (X, τ1, τ2, τ3, I) be an ITTS and A ⊆ X. Then the follow-
ing properties hold:

i. (i, j, k)-preI-int(X \ A) = X \ (i, j, k)-preI-cl(A)

ii. (i, j, k)-preI-cl(X \ A) = X \ (i, j, k)-preI-int(A)

Proof: Let x ∈ (i, j, k)-preI-int(X \ A). Since (i, j, k)-preI-int(X \ A) is an
(i, j, k)-preI-open set and (i, j, k)-preI-int(X \A)∩A = ∅, it follows that x /∈
(i, j, k)-preI-cl(A). Thus x ∈ X \ (i, j, k)-preI-cl(A). This shows that (i, j, k)-
preI-int(X \A) ⊆ X \ (i, j, k)-preI-cl(A). Conversely, let y ∈ X \ (i, j, k)-preI-
cl(A). Then y /∈ (i, j, k)-preI-cl(A) and so there exists (i, j, k)-preI-open set
V containing y such that V ∩ A = ∅. Hence y ∈ (i, j, k)-preI-int(X \ A) and
so X \ (i, j, k)-preI-cl(A) ⊆ (i, j, k)-preI-int(X \ A). The proof of (ii) follows
from (i). �

Definition 3.27 Let (X, τ1, τ2, τ3, I) be an ITTS and A ⊂ X. Then x ∈ X is
an (i, j, k)-preI-cluster point of A if every (i, j, k)-preI-open set containing x
contains a point of A other than x, that is, U ∩(A\{x}) 6= ∅ for every (i, j, k)-
preI-open set U containing x. The set of all (i, j, k)-preI-cluster points of A is
called the (i, j, k)-preI-derived set of A and is denoted by (i, j, k)-preI-D(A).

Example 3.28 Consider the space in Example 3.5 and let A = {a, b, c}. Note
that ∅, X, {b} , {c} , {a, b} , {a, c} , {b, c} , {c, d} , {a, b, c} , {a, c, d} and {b, c, d}
are (2, 3, 1)-preI-open sets. Then a and d are the only (2, 3, 1)-preI-cluster
points of A. Hence (2, 3, 1)-preI-D(A) = {a, d}.

Theorem 3.29 Let (X, τ1, τ2, τ3, I) be an ITTS and A ⊆ X. Then (i, j, k)-
preI-cl(A) = A ∪ (i, j, k)-preI-D(A).

Proof: Let x ∈ (i, j, k)-preI-cl(A). If x ∈ A, then x ∈ A∪(i, j, k)-preI-D(A). If
x /∈ A, then we show that x is an (i, j, k)-preI-cluster point of A. Let U be an
(i, j, k)-preI-open set containing x. Since x ∈ (i, j, k)-preI-cl(A), U ∩ A 6= ∅.
Thus U ∩ (A \ {x}) 6= ∅ since x /∈ A. Hence x is an (i, j, k)-preI-cluster
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point of A. Consequently, x ∈ (i, j, k)-preI-D(A) and so x ∈ A ∪ (i, j, k)-
preI-D(A). Conversely, from Theorem 3.25 (i), we have A ⊆ (i, j, k)-preI-
cl(A). It is enough to show that (i, j, k)-preI-D(A) ⊆ (i, j, k)-preI-cl(A). Let
y ∈ (i, j, k)-preI-D(A). Then for every (i, j, k)-preI-open set U containing y,
U ∩ (A \ {y}) 6= ∅. Since A \ {y} ⊆ A, U ∩ A 6= ∅. Thus y ∈ (i, j, k)-preI-
cl(A). Hence (i, j, k)-preI-D(A) ⊆ (i, j, k)-preI-cl(A). Therefore A ∪ (i, j, k)-
preI-D(A) ⊆ (i, j, k)-preI-cl(A). �

Using Theorem 3.25 (iii) and Theorem 3.29 we have the following corollary.

Corollary 3.30 Let (X, τ1, τ2, τ3, I) be an ITTS and A ⊂ X. Then A is
(i, j, k)-preI-closed if and only if (i, j, k)-preI-D(A) ⊆ A, that is, A contains
all its (i, j, k)-preI-cluster points.

The following remark follows from the preceding definitions.

Remark 3.31 Let (X, τ1, τ2, τ3, I) be an ITTS and A ⊆ X. Then x ∈ (i, j, k)-
preI-D(A) if and only if x ∈ (i, j, k)-preI-cl(A \ {x}).
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