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1 Introduction

Fuzzy set theory is a useful tool to describe the situation in which data are
imprecise or vague or uncertain.Atanassov [2] extended the concept of fuzzy
set theory introduced by Zadeh [14], by intuitionistic fuzzy set (IFS) theory.
Melliani and Chadli [9] and Melliani and Chadli [10] discussed differential
and partial differential equations under intuitionistic fuzzy environment re-
spectively. Abbasbandy and Allahviranloo [1] discussed numerical solution of
FDE by Runge-Kutta method with intuitionistic treatment. Sneh Lata and
Amit Kumar [13] have introduced time dependent intuitionistic fuzzy linear
differential equation and have proposed a method to solve it. Sankar Prasad
Mondal and Tapan Kumar Roy [12] has discussed strong and weak solution of
intuitionistic fuzzy ordinary differential equation. In this paper, intuitionistic
fuzzy Cauchy problem is solved numerically by Euler method under generalised
differentiability concept.

This paper is arranged as follows: Section 2 consists of basic definitions
related to intuitionistic fuzzy set theory. Intuitionistic fuzzy Cauchy problem
is given in section 3. Euler’s method is presented in section 4. Section 5
consists of a numerical example and conclusion of the paper is in section 6.

2 Preliminaries

Definition 2.1. [2] Let X be a universe of discourse. An IFS A in X is an
object having the form: A = {(x, µA(x), νA(x))\x ∈ X} which is characterized
by a membership function µA : X → [0, 1] and a non-membership function
νA : X → [0, 1] with the condition 0 ≤ µA(x) + νA(x) ≤ 1 ,∀x ∈ X.

For each x the numbers µA(x) and νA(x) represent the degree of member-
ship and degree of non-membership of the element ∀x ∈ X toA ⊂ X,respectively.
For each IFS A in X,if πA(x) = 1− µA(x)− νA(x), πA(x) is called the degree
of indeterminacy or hesitancy of xto A .
Especially ,if πA(x) = 1− µA(x)− νA(x) = 0, for each x ∈ X then the IFS is
reduced to a fuzzy set.

Definition 2.2. [6] An intuitionistic fuzzy set
A = {(x, µA(x), νA(x))\x ∈ R} such that µA(x) and (1− νA)(x) = 1− νA(x),
∀x ∈ R are fuzzy numbers,is called an intuitionistic fuzzy number.

Therefore IFS A = {(x, µA(x), νA(x))\x ∈ R} is a conjecture of two fuzzy
numbers, A+ with a membership function µA+(x) = µA(x) and A− with a
membership function µA−(x) = 1− νA(x).

Definition 2.3. [6] The α-cut of an IFN A = {(x, µA(x), νA(x))\x ∈ R} is
defined as follows:
A = {(x, µA(x), νA(x))\x ∈ R, µA(x) ≥ α and νA(x) ≤ 1− α}, ∀x ∈ [0, 1]
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The α -cut representation of IFN A generates the following pair of intervals
and is denoted by[A]α = {[A+

L(α), A+
U(α)], [A−L(α), A−U(α)]}.

Definition 2.4. [8]A Triangular Intuitionistic Fuzzy Number(TIFN) A is
an intuitionistic fuzzy set in R with the following membership function µA(x)
and non-membership function νA(x) given as follows:

µA(x) =


x−al
a2−al

, al ≤ x ≤ a2
a3−x
a3−a2 , a2 ≤ x ≤ a3

0, otherwise

and

νA(x) =


a2−x
a2−a

′
l

, a
′

l ≤ x ≤ a2
x−a2
a
′
3−a2

, a2 ≤ x ≤ a
′
3

1, otherwise

where a
′
1 ≤ a1 ≤ a2 ≤ a3 ≤ a

′
3 and TIFN is denoted byA = (a1, a2, a3; a

′
1, a2, a

′
3).

Arithmetic operations over TIFNs can be found in[8].

Let W n = {IFNs Rn} and En = {FNs Rn}.

Definition 2.5. [7] For arbitrary u, v ∈ En, the quantity D(u, v) = sup −
0 ≤ α ≤ 1d([u]α, [v]α)is the distance between u and v ,where d is the Hausdroff
metric in En.

By Definition(2.4),we define α-cut of an intuitionistic fuzzy function.

Definition 2.6. Let mapping f : I → W n for some interval I be
an intuitionistic fuzzy function.The α - cut of f is given by

[f(t)]α = {[f+(t;α), f+(t;α)], [f−(t;α), f−(t;α)]},

where

f+(t;α) = Min{f+(t;α) | t ∈ I, 0 ≤ α ≤ 1}, f+(t;α) = Max{f+(t;α) | t ∈ I, 0 ≤ α ≤ 1}

f−(t;α) = Min{f+(t;α) | t ∈ I, 0 ≤ α ≤ 1}, f−(t;α) = Max{f+(t;α) | t ∈ I, 0 ≤ α ≤ 1}

With respect to Bede & Gal [3],the generalised differentiability concept for
intuitionistic fuzzy function is defined as follows:

Definition 2.7. Let be F : (a, b)→ W 1 and x0 ∈ (a, b).It is said that F is
strongly generalized differentiable on x0,if ∃F+′(x0), F

−′(x0) ∈ E1,such that
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(i) for all h > 0 sufficiently small,
∃F+(x0 + h)− F+(x0), F+(x0)− F+(x0 − h)and the limits (in the metric D)

lim
h↘0

F+(x0 + h)− F+(x0)

h
= lim

h↘0

F+(x0)− F+(x0 − h)

h
= F+′(x0)

(OR)
(ii) for all h > 0 sufficiently small,
∃F+(x0)− F+(x0 + h), F+(x0 − h)− F+(x0) and the limits

lim
h↘0

F+(x0)− F+(x0 + h))

−h
= lim

h↘0

F+(x0 − h)− F+(x0)

h
= F+′(x0)

(OR)
(iii) for all h > 0 sufficiently small, ∃F+(x0+h)−F+(x0), F

+(x0−h)−F+(x0)
and the limits

lim
h↘0

F+(x0 + h)− F+(x0)

h
= lim

h↘0

F+(x0 − h)− F+(x0)

−h
= F+′(x0)

(OR)
(iv) for all h > 0 sufficiently small, ∃F+(x0)−F+(x0+h), F+(x0)−F+(x0−h)
and the limits

lim
h↘0

F+(x0)− F+(x0 + h)

−h
= lim

h↘0

F+(x0)− F+(x0 − h)

−h
= F+′(x0)

[h and (−h)at denominators mean 1
h
� and −1

h
�,respectively].

Results similar to (i) to (iv) can be defined to the function F−′(x0) ∈ E1.
Remark 2.1: A function that is strongly differentiable as in cases(i) and (ii)
of definition (2.7),will be referred as (i)-differentiable or as (ii) differentiable,
respectively.
Following the ideas of Chalco-Cano & Roman-Flores[5],the intuitionistic fuzzy
lateral H-derivative for an intuitionistic fuzzy mapping F : (a, b) → W n is
defined as follows:

Definition 2.8. Let be F : (a, b) → W n and x0 ∈ (a, b) .We say that,if
∃F+′(x0), F

−′(x0) ∈ En,such that
(i)for all h > 0 sufficiently small,∃F+(x0 + h) − F+(x0), F+(x0) − F+(x0 −
h),F−(x0 + h)−F−(x0),F−(x0)−F−(x0− h)and the limits (in the metric D)

lim
h→0+

F+(x0 + h)− F+(x0)

h
= lim

h→0+

F+(x0)− F+(x0 − h)

h
= F+′(x0)

lim
h→0+

F−(x0 + h)− F−(x0)

h
= lim

h→0+

F−(x0)− F−(x0 − h)

h
= F−′(x0)
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(OR)
(ii)for all h < 0 sufficiently small,∃F+(x0 + h) − F+(x0), F+(x0) − F+(x0 −
h),F−(x0 + h)−F−(x0),F−(x0)−F−(x0− h)and the limits (in the metric D)

lim
h→0−

F+(x0 + h)− F+(x0)

h
= lim

h→0−

F+(x0)− F+(x0 − h)

h
= F+′(x0)

lim
h→0−

F−(x0 + h)− F−(x0)

h
= lim

h→0−

F−(x0)− F−(x0 − h)

h
= F−′(x0)

3 Intuitionistic Fuzzy Cauchy Problem

Following Ming Ma et al[11],a first order intuitionistic fuzzy differential equa-
tion is defined as follows.

A first order intuitionistic fuzzy differential equation is a differential equation
of the form

y
′
(t) = f(t, y(t)), y(t0) = y0 and t ∈ I = [a, b] (1)

where (i)y is an intuitionistic fuzzy function of the crisp variable t
(ii) f(t, y)is an intuitionistic fuzzy function of the crisp variable t and the in-
tuitionistic fuzzy variable y and (iii) y

′
is the intuitionistic fuzzy derivative.

If an initial value y(t0) = y0 { intiutionistic fuzzy number }, we get an
intuitionistic fuzzy Cauchy problem of first order y

′
= f(t, y), y(t0) = y0.

As each intuitionistic fuzzy number is a conjecture two fuzzy numbers[6], equa-
tion (1) can be replaced by an equivalent system as follows:
y
′
(t) = {[y′+(t), y′+(t)], [y

′−(t), y′−(t)]},where

y
′+(t) = f+(t, y+) = min{f+(t, u) | u ∈ [y+, y+]}

= F (t, y+, y+), y+(t0) = y+0
(2)

y′+(t) = f+(t, y+) = max{f+(t, u) | u ∈ [y+, y+]}

= G(t, y+, y+), y+(t0) = y+0
(3)

y
′−(t) = f−(t, y−) = min{f−(t, u) | u ∈ [y−, y−]}

= H(t, y−, y−), y−(t0) = y−0
(4)

y′−(t) = f−(t, y−) = max{f−(t, u) | u ∈ [y−, y−]}

= I(t, y−, y−), y−(t0) = y−0
(5)

The system of equations given in (2) and (3) will have unique solution
[y+, y+] ∈ B = C[0, 1]×C[0, 1] and the system of equations given in (4) and(5)
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will have unique solution [y−, y−] ∈ B = C[0, 1]× [0, 1].
Therefore the system given from Eqns(2) to (5) possesses unique solution
y(t) = {[y+(t), y+(t)], [y−(t), y−(t)]} ∈ B × B,which is an intuitionistic fuzzy

function. (i.e) for each t, y(t; r) = {[y+(t; r), y+(t; r)], [y−(t; r), y−(t; r)]},r ∈
[0, 1]is an intuitionistic fuzzy number.
The parametric form of the system of equations (2) to(5) is given by

y
′+(t; r) = F (t, y+(t; r), y+(t; r)), y+(t0; r) = y0

+(r) (6)

y′+(t; r) = G(t, y+(t; r), y+(t; r)), y+(t0; r) = y0
+(r) (7)

y
′−(t; r) = H(t, y−(t; r), y−(t; r)), y−(t0; r) = y0

−(r) (8)

y′−(t; r) = I(t, y−(t; r), y−(t; r)), y−(t0; r) = y0
−(r) (9)

for r ∈ [0, 1].
A solution to the system of equations(6)to(9)must solve equations(2) to(5).In

some cases,the system given in Eqs(6)to(9)can be solved analytically. But in
most cases, however, analytical solutions to Eqs (6)to(9) may not be found and
a numerical approach must be considered. For every prefixed r,each equation
from (6) to(9)represents an ordinary Cauchy problem for which any converging
classical numerical procedure can be applied.

In the next section Euler method is proposed and a complete error analysis
guarantees the method’s convergence to the unique solution to Eq(1).

4 The Euler Method

In this section, we will present the Euler formula for the intuitionistic fuzzy
differential equations.To solve the intuitionistic fuzzy system of ordinary dif-
ferential system in [t0, t1], [t1, t2], · · · [tk, t(k+1)], · · · ,for r ∈ [0, 1],we will re-
place each interval [tk, t(k+1)] by a set of Nk + 1regularly spaced points. The

grid points on [tk, t(k+1)] will be tk,n = tk + nhk where hk =
t(k+1)−tk

Nk
and

0 ≤ n ≤ Nk.Now we will give algorithm to numerically solve the system in
[t0, t1], [t1, t2], · · · [tk, t(k+1)], · · · .
Algorithm: To approximate the solution of the fuzzy initial value problem
given by the system of equations in Eqs (6) and (7).
Case:1 (i)-Differentiability

Step:1 Let hk =
t(k+1)−tk

Nk
,w+

r (tk,0) = α0 and w+
r (tk,0) = α1

Step:2 Let i = 1.
Step:3 Let
w+
r (tk,i) = w+

r (tk,i−1) + hFr[tk,i−1w
+
r (tk,i−1)];

w+
r (tk,i) = w+

r (tk,i−1) + hGr[tk,i−1w
+
r (tk,i−1)];

Step:4 t(k,i+1) = t(k,0) + (i+ 1)hk
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Step:5 Let i = 1 + 1.
Step:6 If i ≤ N , go to Step 3.
Step:7 The algorithm ends, and [w+

r (tk+1), w+
r (tk+1)]approximates the value

of [Y +
r (tk+1), Y +

r (tk+1)].
Case:2 (ii)-Differentiability

Step:1 Let hk =
t(k+1)−tk

Nk
,w+

r (tk,0) = α0 and w+
r (tk,0) = α1

Step:2 Let i = 1.
Step:3 Let
w+
r (tk,i) = w+

r (tk,i−1) + hGr[tk,i−1w
+
r (tk,i−1)];

w+
r (tk,i) = w+

r (tk,i−1) + hFr[tk,i−1w
+
r (tk,i−1)];

Step:4 t(k,i+1) = t(k,0) + (i+ 1)hk
Step:5 Let i = 1 + 1.
Step:6 If i ≤ N , go to Step 3.
Step:7 The algorithm ends, and [w+

r (tk+1), w+
r (tk+1)]approximates the value

of [Y +
r (tk+1), Y +

r (tk+1)].
Similar algorithm can be given to approximate the solution of the fuzzy initial
value problem given by the system of equations in Eqs(8)and(9).

5 Numerical Examples

Consider the Weight-Loss problem:
Over-weight people on diet and treatment gradually reduce their weightW .The
time rate of decrease of weight W is assumed to be proportional to the weight
W itself.In the model,uncertainty is introduced if we have uncertain informa-
tion on the initial weight W0 of over-weight people.However,in some situa-
tions,there may be hesitation about over-weight.In order to take into account
the uncertainty and hesitation,we consider initial value weight W0 as a trian-
gular intuitionistic fuzzy number (120,130,135:115,130,140) lb. Let us find the
weight after 30 days(The constant of proportionality isk = 1

3500
lb/cal)

Solution: The time rate of decrease of weight W is given by

dW/dt = −kW (10)

with the initial condition W (t0)=(120,130,135:115,130,140),an intuitionistic
fuzzy number.
The α-cut of W (t0) is given by

W (t0;α) = W0(α) = {[W+
0 (α),W+

0 (α)], [W−
0 (α),W−

0 (α)]},α ∈ (0, 1]
(i.e)W (t0, α) = W0(α) = {[120 + 10α, 135 − 5α], [115 + 15α, 140 − 10α]},α ∈
(0, 1].
Case(1): (i)-Differentiability
The exact solution of Eq(10) under (i)-differentiability is given by
W+(t;α) = (−7.5 + 7.5α)ekt + (127.5 + 2.5α)e−kt,
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(a) (i)-Differentiability (b) (ii)-Differentiability

Figure 1: Comparison of Exact and Euler

W+(t;α) = −(−7.5 + 7.5α)ekt + (127.5 + 2.5α)e−kt

W−(t;α) = (−12.5 + 12.5α)ekt + (127.5 + 2.5α)e−kt,
W−(t;α) = −(−12.5 + 12.5α)ekt + (127.5 + 2.5α)e−kt.
Comparison of exact and approximate solutions of Eq(10) at t =30 with h=0.1
is given in Fig.1(a).
Case(2): (ii)-Differentiability
The exact solution of Eq(10) under (ii)-differentiability is given by
W+(t;α) = (120 + 10α)e−kt, W+(t;α) = (135− 5α)e−kt

W−(t;α) = (115 + 15α)e−kt, W−(t;α) = (140− 10α)e−kt.
Comparison of exact and approximate solutions at t =30 with h=0.1 is given
in Fig.1(b)
The solution of Eq(10) under (i)-differentiability has an increasing length

of its support,which leads us to the conclusion that there is a possibility
that,the weight of the person on diet and treatment increases as days goes
on and even a non-zero possibility that it is negative.Fortunately, the real sit-
uation is different and the weight always decreases with time and it cannot be
negative.Therefore,(ii)-differentiability is suitable for this type of problems.

In both cases,the numerical solutions of Eq(10) by Euler method is closer to
the exact solutions.However,the errors can be minimised by taking smaller step
size h.

6 Conclusion

We propose a general numerical procedure for treating intuitionistic fuzzy
Cauchy problems.The original initial value problem is replaced by four para-
metric ordinary differential equations which are then solved numerically using
classical algorithms. In this work the standard Euler approximation method is
used.The methods applicability is illustrated by solving a first order intuition-
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istic fuzzy differential equation.In future,higher order methods will be used to
study numerical solution of intuitionistic fuzzy differential equations.
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