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Abstract

The stochastic precipitation simulation is used to produce time se-
ries of precipitation that have similar statistical properties as that of ob-
served data. The Markov chain-mixed exponential model is developed
based on the combination of the precipitation occurrence (described
using Markov chain process) and the distribution of precipitation in-
tensities on wet days (represented by the mixed exponential probability
distribution). The model parameters are estimated using the maxi-
mum likelihood method. The model is assessed using a 21-years histor-
ical records. The results indicate that Markov chain-mixed exponential
model is suitable for the simulation of precipitation process.
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1 Introduction

Stochastic precipitation modeling is essential for observing the climate change
studies, planning and management of water resources. Since the stochastic na-
ture of precipitation is generally accepted, stochastic models are mainly used
to describe the precipitation process. When the available observed precipita-
tion data are inadequate, it is possible to use stochastic precipitation model
to produce synthetic precipitation series which resembles the statistical prop-
erties comparable to those of existing records.

Although there are most commonly used stochastic models, such as WGEN
([7],[8]) and LARS-WG [11], they are often complex and restrictive to user
needs. Here, the proposed model consists of two components: (i) the first
component is based on the Markov chain to describe the occurrences of wet
days and (ii) the second component is constructed using the mixed exponential
distribution to define the precipitation intensities.

A simple Markov chain model describing the pattern of daily precipitation
occurrences has been found by several authors. To realize the application of
the Markov chain model in the study of stochastic precipitation modeling, ref-
erences [7], [6], [5] and [3] may be used.

Given the predicted wet days, there are some probability distribution func-
tions are used to generate the daily precipitation quantity. While precipitation
intensity is often modeled using a two-parameter gamma distribution, other
theoretical distributions such as one-parameter exponential distribution [7],
mixed exponential distribution [13] were also used to model the precipitation
intensity in the literature.

The objective of this work is to develop a stochastic precipitation model to
simulate the precipitation occurrence and intensities based on Markov chain-
mixed exponential model.

2 Methodology

2.1 Precipitation Occurrence

The observed precipitation series is simply considered as a series of two states:
dry or wet with a first-order Markov chain explaining the dependence between
wet and dry days on successive days. A wet day has been considered as one
with greater than or equal to 2.5 mm due to [1]. Let stochastic process,
{Xn, n ≥ 0} be a Markov process and it is defined under the assumption that



Stochastic simulation of precipitation 3207

the occurrence of wet or dry day is influenced by the status of previous day.
It is denoted by

Xn =

{
0 if the nth day is dry
1 if the nth day is wet

The first-order Markov chain is used here to describe the occurrence of wet
and dry days and its transition probability matrix P is defined as

P =

[
P00 P01

P10 P11

]

with P00 + P01 = 1 and P10 + P11 = 1, where Pij = P (X1 = j|X0 = i), i, j =
0, 1 (ie.,the probability of transition from state j to state i). The transition
probabilities are estimated using the method of maximum likelihood:

Pij =
fij∑

j=0,1 fij

where fij is the historical frequency of transition from state i to state j.

2.2 Precipitation Intensity

The mixed exponential distribution has been observed to be the most spe-
cific one for delineating the distribution of daily precipitation intensities as
compared to other theoretical distributions [10]. Since this distribution is a
mixture of two one-parameter exponential distributions, the probability den-
sity function is given by

f(x) =
ϕ

β1
e
− x
β1 +

1− ϕ
β2

e
− x
β2 , x > 0; 0 < ϕ < 1; β1, β2 > 0

where β1 and β2 are the means of two exponential distributions, ϕ denotes the
mixing probability which determines the weights given to the two exponential
distributions.

The parameters of the mixed exponential distribution are estimated through
the method of maximum likelihood. For solving, the log-likelihood function is
defined to be:

logL =
n∑
j=1

log
2∑
i=1

[
ϕi
βi
e
−
xj
βi

]
where ϕ1 = ϕ and ϕ2 = 1− ϕ
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Optimal solutions to maximizing the log-likelihood function can be ob-
tained by the iterative optimization technique [13]. The following solutions for
estimating the parameters to log-likelihood equation which is found by [2].

ϕ̂i =
1

n

n∑
j=1

P̂ (i|xj)

β̂i =
1

nϕ̂i

n∑
j=1

P̂ (i|xj)xj

where P̂ (1|xj) =

[
ϕ1

β1
e
−
xj
β1

]
[

ϕ1

β1
e
−
xj
β1

]
+

[
ϕ2

β2
e
−
xj
β2

] and P̂ (2|xj) =

[
ϕ2

β2
e
−
xj
β2

]
[

ϕ1

β1
e
−
xj
β1

]
+

[
ϕ2

β2
e
−
xj
β2

]
Initial values can be assigned using the method of moments [9]. However,

seven initial estimates of the three parameters are chosen for obtaining the
optimum solution in a fast convergence rate [4]. The initial values of ϕ and
β1 are set to range from 0.2 to 0.8 at intervals of 0.1 and from 0.2x̂ to 0.8x̂
at intervals of 0.1x̂ respectively. For given ϕ and β1, the corresponding β2 is
calculated as β2 = (x̂−ϕ/β1)

(1−ϕ) . The highest value providing by the iterations out
of the seven likelihood functions is considered as the optimal solution to the
parameters.

3 Results and Discussion

For precipitation simulation, the historical records of precipitation are obtained
from Indian Institute of Tropical Meteorology during the period 1991-2011.
Figure 1 shows that the empirical distribution of observed precipitation inten-
sities for 21 years period.

The minimum and maximum average monthly precipitation intensities are
observed in January and July respectively by observing the statistical charac-
teristics of observed monthly precipitation. The year is divided into 26 periods
(14-days=1 period) and the maximum likelihood estimates of each parameter
is calculated for each period [13].

The mean and standard deviation of daily precipitation for each month is
shown in Figure 2. The variability of average monthly precipitation is sig-
nificantly high in July and August, while December, January, February and
March are identified as dry months.

Based on these historic records, two Markov chain transitional probabili-
ties (P01 and P11) and three mixed exponential parameters (ϕ, β1 and β2) of
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Figure 1: Frequency histogram
of historical precipitation data

Figure 2: Monthly average and
standard deviation of precipitation

precipitation simulation model are estimated for each 14-day period. Thus a
total of 130 parameters are needed to define the precipitation process. Seasonal
variability of each parameter through the 26 periods of the year is presented in
Figure 3 and it illustrates the parameter estimates of transitional probabilities
and mixed exponential distribution.

(a) Estimates of P01 and P11 (b) Estimates of ϕ (c) Estimates of β1 and β2

Figure 3: Maximum likelihood estimates of mixed exponential distribution

It is observed that the periodical changes of P01 and P11 are higher in July,
August and September. The conditional transition probabilities of wet day
precipitation reveal the persistence of daily precipitation events. In the mon-
soon season, a wet day is more likely to be followed by a wet day, meanwhile
the transition probabilities of a wet day from dry day are much smaller than
the transition probabilities of dry day from dry day in the non-monsoon sea-
son. The conditional transition probabilities of a wet day from wet day are
higher than the conditional transition probabilities of a wet day from dry day
for every period.

As can be seen in Figure 3(b), the values of ϕ are higher in 1, 2, 3, 8,
10 and 23rd periods than other periods. The values of β1 are ranging from
1.3082 (4th period) to 35.5018 (10th period) and the values of β2 vary greatly
in the range from 4.7352 (1st period) to 190.7697 (17th period). It is clearly
observed that the result indicate the significant variation of daily precipitation.

Twenty one years of monthly average precipitation data are generated and
compared with the observed data in Figure 4. The simulated and observed
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Figure 4: Comparison of observed and sim-
ulated monthly precipitation for 21 years

Table 1: Observed and simulated
monthly precipitation intensities by

Markov chain-mixed exponential model

Month
Precipitation Intensity
Observed Simulated

January 1956 1578.73
February 2812 2774.69
March 3123 3533.98
April 6324 5328.98
May 12003 11653.06
June 36852 33291.13
July 56524 57610.07

August 51747 48937.67
September 36396 35095.48
October 17468 16830.75
November 7203 6998.02
December 2428 2473.28

average precipitation intensity for each month is shown in Table 1. From
the results, it is found that the monthly average precipitation does not differ
significantly from the observed precipitation data.

4 Conclusion

The developed Markov chain-mixed exponential model is used in this paper
to generate the precipitation. The precipitation occurrence is well determined
by the first-order two state Markov chain and the precipitation intensities are
described by the mixed exponential distribution. The estimated parameters of
the Markov chain-mixed exponential model given by the maximum likelihood
estimation for each periods show the significant variation of daily precipita-
tion. Based on the results observed from the graphical and numerical studies,
the developed model is capable of representing many of the characteristics that
existed in the observed data. In summary, on the basis of the comparison made
in this paper, the Markov chain-mixed exponential model is recommended as
an appropriate stochastic simulation model for describing the precipitation
process.
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