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Abstract

A set S ⊆ V (G) inG is a [1,2]-set if it satisfies that 1 ≤ |N(v)∩S| ≤ 2
for every vertex v ∈ V \ S. The minimum cardinality of a [1,2]-set of
G, denoted by γ[1,2](G), is called the [1,2]-domination number of G. In
this paper, we pose the bound of [1,2]-domination number of generalized
Petersen graphs P (n, k) and prove that γ(P (n, 1)) = γ[1,2](P (n, 1)).
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1 Introduction

Let G = (V,E) be a simple connected graph with vertex set V (G), edge
set E(G), and order n = |V (G)|, size m = |E(G)|. The neighborhood, and
closed neighborhood, degree of a vertex v in G are respectively denoted by
N(v) = {u ∈ V (G)|uv ∈ E(G)}, N [v] = N(v) ∪ {v}, and d(v) = |N(v)|. Each
vertex in N(v) is called a neighbor of v, a vertex v called a leaf if deg(v) = 1
and its neighbor is called a support vertex. The minimum degree of G is δ(G) =
minv∈V (G){d(v)} and the maximum degree is ∆(G) = maxv∈V (G){d(v)}. We
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consider undirected finite simple graphs only, and refer to [1] for undefined
notations and terminology.

Definition 1.1 A set S ⊆ V (G) is a dominating set for G if every vertex
of G either belongs to S or is adjacent to a vertex of S. The domination
number γ(G) is the minimum cardinality of a dominating set.

Definition 1.2 [2] A set S ⊆ V (G) in G is called a [j, k]-set if for every
vertex v ∈ V (G) \ S, j ≤ |N(v) ∩ S| ≤ k, that is every vertex in V (G) \ S is
adjacent to at least j vertices, but not more than k vertices in S.

We only consider [1, 2]-set in generalized Petersen graphs in this article.

Definition 1.3 The generalized Petersen graph P (n, k) is defined to be
a graph on 2n vertices with V (P (n, k)) = {vi, ui : 0 ≤ i ≤ n − 1} and
E(P (n, k)) = {vivi+1, viui, uiui+k : 0 ≤ i ≤ n− 1}.

Definition 1.4 [2, 4] The [1,2]-domination number is the minimum cardi-
nality of S, denoted by γ[1,2](G).

In this paper, we mainly study the [1, 2]-domination number of generalized
Petersen graphs. In section 2, we discuss the bounds of [1,2]-domination num-
ber of generalized Petersen graphs. In section 3, we prove that γ(P (n, 1)) =
γ[1,2](P (n, 1)). In section 4, we list several open problems about the [1,2]-
domination number of generalized Petersen graphs.

2 Bounds

We consider the bounds of domination number of a graph G as below:

Lemma 2.1 [3] For any graph G, ⌈ n
1+∆(G)

⌉ ≤ γ(G) ≤ n−∆(G).

Hence a generalized Petersen graph is cubic graph, and ∆(P (n, k)) =
δ(P (n, k)) = 3, we have the following Corollary.

Corollary 2.2 ⌈n
2
⌉ ≤ γ(P (n, k)) ≤ 2n − 3, for any generalized Petersen

graph P (n, k).

Chellali [2] et al posed the following inequality between γ(G) and γ[1,2](G).

Theorem 2.3 For any graph G with order n, γ(G) ≤ γ[1,2](G) ≤ n.

By Corollary 3.2 and Theorem 3.3, we get the lower bound of [1,2]-domination
number of generalized Petersen graphs P (n, k).



[1,2]-Domination in generalized Petersen graphs 3189

Figure 1: P (4, 1) and P (8, 1)

Corollary 2.4 γ[1,2](P (n, k)) ≥ ⌈n
2
⌉, for any generalized Petersen graph

P (n, k).

The lower bound is sharp, and it is easy to verify by the generalized Petersen
graphs P (n, 1) with n = 4m, shown in Figure 1.

We notice that the vertices of P (n, k) can be divided into two classes:
inner vertices U = {ui : 1 ≤ i ≤ n} and outer vertices V = {vi : 1 ≤ i ≤ n}.
Every vertex ui is adjacent to another vertex vi. If a subset S ∈ V (P (n, k))
is a dominating set of P (n, k), we let {ui, vi} ∈ S and {ui, vi} dominated
{ui−1, vi−1, ui+1, vi+1}. According to this method, any vertex p /∈ S is adjacent
to at most two vertices of S, so S is also a [1,2]-dominating set of P (n, k) and
have at most ⌈2n

3
⌉ vertices. Hence, we pose a upper bound of [1,2]-domination

number of P (n, k).

Lemma 2.5 γ[1,2](P (n, k)) ≤ ⌈2n
3
⌉, for any generalized Petersen graph P (n, k).

We don’t know any examples to show that this upper bound is sharp. In
fact, we believe this bound is not sharp for P (n, k). We pose the both bounds
of P (n, k) as below:

Theorem 2.6 ⌈n
2
⌉ ≤ γ[1,2](P (n, k)) ≤ ⌈2n

3
⌉, for any generalized Petersen

graph P (n, k).

3 γ[1,2](P (n, 1)) = γ(P (n, 1))

Zelinka [5] studied the domination in P (n, k) and proved the domatic
number d(P (n, k)) = 4 if and only if n ≡ 0 mod 4. We consider the following
Observation:

Observation 3.1 γ[1,2](P (4m, 1)) = γ(P (4m, 1)) = 2m, for any integer
m ≥ 1.

By Observation 3.1, we have γ[1,2](P (4m, 1)) = γ(P (4m, 1)), and then prove
the following Theorem.

Theorem 3.2 γ[1,2](P (n, 1)) = γ(P (n, 1)).
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Proof. By Observation 3.1, we have

γ(P (4m, 1)) = 2m, γ(P (4m+ 4, 1)) = 2m+ 2

By Definition 1.1, we have

γ(P (4m, 1)) < γ(P (4m+1, 1)) ≤ γ(P (4m+2, 1)) ≤ γ(P (4m+3, 1)) ≤ γ(P (4m+4, 1))

Let S = {v4i+1, u4i+3 : 0 ≤ i ≤ m − 1}, and S is a minimum [1, 2]-set
of P (4m, 1). Let S1 = S

∪
{v0}, and S1 is a minimum dominating set of

P (4m+ 1, 1). Let S2 = S
∪
{v4m+1, u4m+1}, and S2 is a minimum dominating

set of P (4m + 2, 1). Let S3 = S
∪
{v4m+1, u4m+2}, and S3 is a minimum

dominating set of P (4m+ 3, 1).
It is easy to verify Si is a [1,2]-set of P (4m+i, 1), so we have γ[1,2](P (n, 1)) =

γ(P (n, 1)). 2

4 Problems

We pose some open problems in the end of this paper.

Problem 4.1 Is the upper bound in Theorem 2.6 sharp or not?

Problem 4.2 If there is some integer 1 < k ≤ n such that γ[1,2](P (n, k)) =
γ(P (n, k))?

Problem 4.3 If there is a simple algorithm to compute the exact value of
γ[1,2](P (n, k))?
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