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Abstract

In this paper, we consider applying the Wilcoxon’s idea for the con-
struction of the one-sample problem to the two-sample case. For this,
we show that the location translation parameter becomes a median of
the distribution of the difference of two independent random variables
under the location translation model. Based on this fact, we construct
generalized signed-rank statistics for the two sample problem and con-
sider to apply the permutation principle to obtain the null distribu-
tion. Then we compare the efficiency of the proposed test with that
of the Wilcoxon test. We discuss some interesting features which are
related with the generalized signed-rank statistics. Finally, we derive
the asymptotic normality for the generalized signed-rank statistics with
the U-statistics theorem.
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1 Introduction

For the comparison study with two independent samples, one may apply the
two sample -test under the normality assumption. However when it would be
difficult to assume the normality except continuity, one may consider to use
an appropriate nonparametric procedure. For example, one may consider to
apply the rank sum test under the location translation model and the Ansari-
Bradley one for the scale model (cf. Randles and Wolfe, 1979). Especially, the
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rank sum test is still widely and effectively used among the nonparametric ones
though almost seven decades have passed since its advent. On the other hand,
for the one sample case, one can use the sign or signed-rank test to check on
the value of a population median. Especially, we note that the signed-rank test
requires the symmetry of the underlying distribution along with the continuity.

For obtaining the null distribution of any given nonparametric test, one
may apply the permutation principle (cf. Good, 2000 and Pesarin, 2001) for
the small sample case. Then the resulting test would be exact. However
for the large sample case, it has been customary to derive the asymptotic
normal distribution using the large sample approximation theorem and apply
it to conclude the test result in the limiting sense. However nowadays, as the
computer capacity and capability have been rapidly expanded and enhanced
along with the development of the statistical softwares with high performance
and accuracy, the application of the permutation principle for testing problems
have become routine and natural even for the large sample cases. In general,
it is recommended that one should apply the permutation principle with the
Monte-Carlo approach. Even though the test result becomes asymptotic, still
it is regarded as the exact test.

In this study, we consider a generalization of the rank sum test for the two
sample problem using the idea of the signed-rank test for the one sample case.
For this, the rest of this paper will be organized in the following order. In the
next section, first of all, we briefly review the sign and signed-rank tests by
noting the underlying distributional peculiarities for the tests for the one sam-
ple problem. Then we derive the result that the distribution of the difference
of two independent random variables are symmetric under the location trans-
lation model. In view of this observation, we propose a generalized form of the
rank sum statistic with mimicking the signed-rank one. In order to obtain the
null distribution, we consider to apply the permutation principle. Then in the
section 3, we compare the efficiency of the proposed test with the Wilcoxon
test by obtaining the empirical powers through a simulation study. In section
4, we discuss some interesting features which are related with the proposed
test. Finally, in Appendix, we consider to derive the limiting distribution of
the generalized rank sum statistics using the U-statistics theorem.

2 Permutation test

First of all, suppose that we have a sample X1, · · · , Xm from a population with
an unknown continuous distribution function F having a location parameter
θ as its median. Then for testing H0 : θ = θ0, the sign test can be applied
without any further assumption for F as a nonparametric test procedure. The
statistic for the sign test may be constructed as
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B =
m∑
i=1

I[Xi > θ0],

where [̇] is the indicate function. However under the assumption that F is sym-
metric about θ, the Wilcoxon signed-rank test based on the following statistic

W+ =
n∑
i=1

R+
i I[Xi > θ0]

might be more appropriate than the sign test in the light of the power of the
test, where R+

i is the rank of |Xi − θ0| among m number of the |Xi − θ0|’s.
Suppose now that we have another sample Y1, · · · , Yn, which is independent
of X1, · · · , Xm, with an unknown continuous distribution function G. In the
following, ∆ denotes the location translation parameter. From now on, we
assume that

G(x) = F (x−∆) for all real number x. (1)

In other words, we consider the location translation model for the two sample
case. Then under this model, for testing H0 : ∆ = ∆, the Wilcoxon rank
sum test is well-known for detecting the location shift based on the following
statistic:

W =
m∑
i=1

n∑
j=1

I[Yj −Xi −∆0].

Actually, W is the Mann-Whitney form. In the expression of W , we note that
the differences, |Yj−Xi|’s are the basic components and W counts the number
of |Yj −Xi|’s which are greater than ∆0 among mn numbers of difference. On
the other hand, if we observe the distribution H of Y1 −X1 under the model
(1), we may find that ∆ is a median of H. Therefore the Wilcoxon rank sum
test could be considered as a sign test for the two sample case. Before we
proceed further, we note the following result.

Lemma 1 Under the model (1), H is symmetric about ∆.

Proof. Without loss of generality, we assume that ∆ = 0. Then we note
that for any t ∈ R1, we have

H(t) = Pr{Y1 −X1 ≤ t} = Pr{X1 − Y1 ≤ t}.

Thus for any t ∈ R1, we have

H(t) = Pr{Y1−X1 ≤ t} = Pr{X1−Y1 > −t} = 1−Pr{X1−Y1 < −t} = 1−H(−t)−,

which shows the symmetry of H about 0.
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From Lemma 1, we may consider an extension of the signed-rank test for
the two sample problem. Then for a signed-rank test of the two sample case,
one may propose a test based on the following test statistic V :

V =
m∑
i=1

n∑
j=1

φ(R+
ij)I[Yj −Xi −∆0],

where R+
ij is the rank of |Yj − Xi − ∆0| among all the mn numbers of the

absolute value of difference Yj − Xi − ∆0 and φ, a score function. We note
that if we choose φ(x) = 1 for all x, then V corresponds to the Mann-Whitney
form of the Wilcoxon statistic and if φ(x) = x, V becomes a generalization of
the one sample signed-rank statistic. As a matter of fact, Park (2006) already
proposed the statistic V with the score function φ(R+

ij) = R+
ij. In this study,

we consider a generalization of the score function φ(x), which can be a non-
negative one. Then the testing rule would be to reject H0 : ∆ = ∆0 in favor
of H0 : ∆ > ∆0 for some large values of V . In order to complete the test
procedure, we have to derive the null distribution or at least a limit one of
V . However we note that it would be difficult to obtain the exact distribution
of V even under H0 : ∆ = ∆0 since the components Yj − Xi − ∆0’s are not
independent. Therefore it would be natural to consider to derive the limiting
distribution with the large sample approximation theorem, which yields an
asymptotic result. We will discuss this point in the Appendix. Then one
may consider to apply the permutation principle to obtain the exact testing
result by obtaining p-value for any given data set. Since it would be difficult
to consider all the permutational configurations of a data set even for the
moderate sample size, it is customary to take the Monte-Carlo approach for
the re-sampling stage from the original sample.

Also we note that Hollander (1967) considered a generalization of the rank
sum test based on the following statistic

U =
∑

1≤i<i′≤m

∑
1≤j<j′≤n

I[Yj + Yj′ −Xi −Xi′ > ∆0].

We note that U is a generalized U-statistic (cf. Serfling, 1984) for ∆ and the
asymptotic normality can be obtained using the U-statistics theory. One can
easily show that U and V are asymptotically equivalent when φ(R+

ij) = R+
ij

with the decomposition of V into several U-statistics using the Walsh averages
(cf. Park, 2006).

In the next section, we consider to compare the efficiency of our proposed
test with other ones by obtaining empirical powers through a simulation study.
For this, we consider the Wilcoxon rank sum and Hollander’s tests with our
proposed test. In particular, we consider the Wilcoxon and reverse Wilcoxon
scores for this study. The reverse Wilcoxon score implies the reverse order of
ranks.
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3 A simulation study

In this section, we compare the efficiency among tests by obtaining empirical
powers through a simulation. For this, we consider the Wilcoxon, our pro-
posed and Hollander’s tests. For our propose test, we choose the Wilcoxon
and reverse Wilcoxon scores for φ. We consider six different distributions such
as normal, Cauchy, uniform, exponential, logistic and double exponential with
unit variance except the Cauchy distribution. For the Cauchy distribution, we
consider the standard form which means 0 and 1 for the location and scale
parameters, respectively. For the sample sizes, we consider the following three
cases such as (10, 10), (10, 15) and (15, 10) for (m,n) in order to observe the
behavior of tests for the small sample case. For each distribution, we vary
the values of from 0 to 1 with increment 0.2 for all distributions. To obtain
the null distributions for all the tests, we used the permutation principle. We
performed 10,000 repetition for this simulation study and for each simulation,
we repeated 1,000 times to obtain the null distribution by applying the permu-
tation principle with the Monte-Carlo approach. All the computations were
carried out with the SAS/IML with PC version.

In general, the Wilcoxon test shows no inferiority to the signed-rank and
Hollander ones in terms of empirical powers even though its statistic has
much simpler than those of the signed-rank and Hollander tests. However,
the signed- reverse rank test yields the highest performance for the Cauchy
and exponential distributions. Therefore the signed-reverse rank test may be
effective for the skewed and/or heavy tailed distributions. In passing, we note
that the signed-rank and Hollander tests produce almost identical results for
all distributions and sample sizes. This may happen since the two statistics are
equivalent in the asymptotic sense which will be noticed in the next section.

4 Some concluding remarks

Also a similar form to V was considered by Hollander (1967) in a different
view point with our approach. He considered the test with the asymptotic
efficiency. Hollander proposed the following statistic for testing H0 : ∆ = ∆0:

VH =
<m,n>∑
i=1

R+
i I[Yi −Xi > ∆0],

where < m,n >= min{m,n} and R+
i , the rank of |Yi − Xi > ∆0| among

all the < m,n > number of the absolute values of differences Yi − Xi > ∆0.
However prior to the construction of VH , one has to consider making random
pairs between two samples and discard the rest of data which are the surplus
of the larger one. Therefore the test procedure based on VH might be lack of
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the universal validity since the test result depends solely upon the choice and
pairing of the observations for the given samples.

For the one sample case, with the spirit of the construction of V , one may
generalize the signed-rank statistic as

W+
φ =

m∑
i=1

φ(R+
i )I[Xi > θ0],

where φ is a non-negative score function. Then it would be interesting to
compare the efficiency among various forms of φ by obtaining empirical powers
through simulation studies.

We have used the permutation principle to obtain the null distributions for
the given test statistics. The permutation principle utilizes the re-sampling
method. In this fashion, also there is another method which is called the
bootstrap one (cf. Efron, 1979). The difference between the two methods are
as follows: the permutation principle re-samples without replacement while the
bootstrap method, with replacement. However it is known that sometimes the
results between the two methods are quite different in some cases (cf. Good,
2001). If one can use either one for the testing problem, it is recommended to
choose the permutation method since the permutation method estimates the
distribution function while the bootstrap one does the parameter.

5 Appendix. (Asymptotic normality of V )

In this appendix, we discuss the asymptotic normality for V . For this, first of
all, we need the following result (cf. Randles and Wolfe, 1979).

Lemma 2 Let Z be a continuous random variable with a distribution that
is symmetric about ∆. Then the random variable |Z| and Ψ = I(Z > ∆) are
stochastically independent.

Since the distribution of Yj − Xi are symmetric about ∆ for every pair
(Xi, Yj), i = 1, · · · ,m and j = 1, · · · , n, from Lemma 2, we have that

E(V ) = E

 m∑
i=1

n∑
j=1

φ(R+
ij)I(YJ −Xi > ∆)


=

m∑
i=1

n∑
j=1

E
[
(φ(R+

ij)
]
E[I(YJ −Xi > ∆)]

=
mnφ̄

2
,

since E[I(Yj −Xi > ∆)] = Pr [Yj −Xi > ∆] = 1/2, where ¯phi = E
[
(φ(R+

ij)
]
.

Then by noting that φ(R+
ij)I(YJ − Xi > ∆) is the symmetric two-sample
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Table 1: Normal distribution
Test (m,n) ∆

0.0 0.2 0.4 0.6 0.8 1.0
(10, 10) 0.0051 0.1133 0.2205 0.3617 0.5219 0.6816

Wilcoxon (10, 15) 0.0513 0.1244 0.2468 0.4115 0.5955 0.7572
(15, 10) 0.0549 0.1301 0.2526 0.4180 0.5965 0.760

Signed (10, 10) 0.0505 0.1090 0.2145 0.3615 0.5227 0.6842
(10, 15) 0.0513 0.1218 0.2414 0.4151 0.6033 0.7686

Rank (15, 10) 0.0530 0.1254 0.2514 0.4208 0.6056 0.7726
Signed (10, 10) 0.0508 0.1015 0.1803 0.2952 0.4322 0.5856
Reverse (10, 15) 0.0493 0.1058 0.2034 0.3436 0.5003 0.6653
Rank (15, 10) 0.0526 0.1094 0.2096 0.3454 0.5003 0.6699

(10, 10) 0.0507 0.1110 0.2159 0.3606 0.5241 0.6863
Hollander (10, 15) 0.0516 0.1213 0.2414 0.4162 0.6025 0.7679

(15, 10) 0.0533 0.1255 0.2522 0.4214 0.6065 0.7741

kernel of φ̄/2 of degree (1,1), we see that V/mn is a two-sample U-statistic
(cf. Serfling, 1980) for φ̄/2. Therefore from the U-statistics theorem for the
two-sample case, we have that

√
m+ n

(
V

mn
− φ̄

2

)

converges in distribution to a normal random variable with mean 0 and vari-
ance σ2, where

σ2 =
σ2
1

λ
+

σ2
2

1− λ

as min{m,n} → ∞ with limm,n→∞
m

m+n
= λ, where

σ2
1 = E

{
φ(R+

11)I(Y1 −X1 > ∆)φ(R+
12)I(Y2 −X1 > ∆)

}
− φ̄2

4

and

σ2
2 = E

{
φ(R+

11)I(Y1 −X1 > ∆)φ(R+
21)I(Y1 −X2 > ∆)

}
− φ̄2

4
.

We note that for the application to the real problem, we have to estimate
the two variances σ2

1 and σ2
2. This may be done by applying the permutation

principle also.
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Table 2: Cauchy distribution
Test (m,n) ∆

0.0 0.2 0.4 0.6 0.8 1.0
(10, 10) 0.0534 0.0859 0.1280 0.1808 0.2479 0.3185

Wilcoxon (10, 15) 0.0568 0.0890 0.1397 0.2037 0.2748 0.3508
(15, 10) 0.0529 0.0900 0.1393 0.2025 0.2709 0.3515

Signed (10, 10) 0.0496 0.0722 0.1006 0.1375 0.1773 0.2232
(10, 15) 0.0530 0.0766 0.1112 0.1476 0.1922 0.2425

Rank (15, 10) 0.0504 0.0761 0.1064 0.1465 0.1933 0.2456
Signed (10, 10) 0.0491 0.0866 0.1355 0.1963 0.2744 0.3660
Reverse (10, 15) 0.0495 0.0923 0.1521 0.2374 0.3277 0.4277
Rank (15, 10) 0.0527 0.0943 0.1523 0.2312 0.3247 0.4236

(10, 10) 0.0508 0.0710 0.0992 0.1334 0.1720 0.2149
Hollander (10, 15) 0.0522 0.0758 0.1090 0.1447 0.1864 0.2336

(15, 10) 0.0498 0.0755 0.1050 0.1447 0.1879 0.2363

Table 3: Uniform distribution
Test (m,n) ∆

0.0 0.2 0.4 0.6 0.8 1.0
(10, 10) 0.0507 0.1159 0.2147 0.3472 0.4953 0.6478

Wilcoxon (10, 15) 0.0506 0.1165 0.2310 0.3863 0.5557 0.7144
(15, 10) 0.0545 0.1288 0.2386 0.3912 0.5587 0.7132

Signed (10, 10) 0.0479 0.1077 0.2026 0.3351 0.4967 0.6657
(10, 15) 0.0484 0.1082 0.2250 0.3840 0.5669 0.7417

Rank (15, 10) 0.0501 0.1201 0.2314 0.3880 0.5709 0.7425
Signed (10, 10) 0.0490 0.1045 0.1921 0.3026 0.4196 0.5437
Reverse (10, 15) 0.0457 0.1111 0.2094 0.3349 0.4754 0.6015
Rank (15, 10) 0.0503 0.1215 0.2186 0.3474 0.4805 0.6062

(10, 10) 0.0478 0.1085 0.2058 0.3411 0.5065 0.6742
Hollander (10, 15) 0.0486 0.1091 0.2271 0.3894 0.5740 0.7486

(15, 10) 0.0509 0.1212 0.2342 0.3915 0.5770 0.7499
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Table 4: Exponential distribution
Test (m,n) ∆

0.0 0.2 0.4 0.6 0.8 1.0
(10, 10) 0.0520 0.1808 0.3677 0.5691 0.7270 0.8421

Wilcoxon (10, 15) 0.0579 0.2023 0.4194 0.6302 0.7866 0.8852
(15, 10) 0.0506 0.1849 0.4121 0.6392 0.8028 0.9097

Signed (10, 10) 0.0475 0.1384 0.2848 0.4593 0.6246 0.7601
(10, 15) 0.0544 0.1559 0.3219 0.5103 0.6837 0.8129

Rank (15, 10) 0.0483 0.1433 0.3109 0.5181 0.7044 0.8415
Signed (10, 10) 0.0490 0.1918 0.3992 0.5891 0.7283 0.8259
Reverse (10, 15) 0.0583 0.2340 0.4765 0.6615 0.7900 0.8665
Rank (15, 10) 0.0480 0.2073 0.4662 0.6790 0.8158 0.9013

(10, 10) 0.0480 0.1364 0.2767 0.4470 0.6109 0.7450
Hollander (10, 15) 0.0541 0.1543 0.3165 0.5021 0.6742 0.8068

(15, 10) 0.0483 0.1413 0.3031 0.5057 0.6931 0.8316

Table 5: Logistic distribution
Test (m,n) ∆

0.0 0.2 0.4 0.6 0.8 1.0
(10, 10) 0.0507 0.1239 0.2379 0.3894 0.5595 0.7214

Wilcoxon (10, 15) 0.0506 0.1248 0.2581 0.4429 0.6154 0.7907
(15, 10) 0.0545 0.1366 0.2673 0.4416 0.6304 0.7909

Signed (10, 10) 0.0465 0.1139 0.2251 0.3790 0.5434 0.7077
(10, 15) 0.0468 0.1184 0.2530 0.4342 0.6154 0.7797

Rank (15, 10) 0.0505 0.1292 0.2583 0.4330 0.6180 0.7792
Signed (10, 10) 0.0476 0.1053 0.2040 0.3307 0.4825 0.6386
Reverse (10, 15) 0.0464 0.1111 0.2206 0.3800 0.5625 0.7198
Rank (15, 10) 0.0512 0.1250 0.2282 0.3803 0.5602 0.7156

(10, 10) 0.0464 0.1146 0.2236 0.3780 0.5412 0.7039
Hollander (10, 15) 0.0464 0.1183 0.2514 0.4314 0.6124 0.7781

(15, 10) 0.0508 0.1290 0.2566 0.4305 0.6136 0.7767



3164 Hyo-Il Park

Table 6: Double-exponential distribution
Test (m,n) ∆

0.0 0.2 0.4 0.6 0.8 1.0
(10, 10) 0.0507 0.1086 0.1883 0.3014 0.4243 0.5491

Wilcoxon (10, 15) 0.0506 0.1075 0.2021 0.3406 0.4810 0.6219
(15, 10) 0.0540 0.1202 0.2129 0.3412 0.4820 0.6206

Signed (10, 10) 0.0470 0.0947 0.1646 0.2618 0.3772 0.4962
(10, 15) 0.0455 0.0956 0.1823 0.3035 0.4331 0.5639

Rank (15, 10) 0.0517 0.1082 0.1892 0.3031 0.4331 0.5678
Signed (10, 10) 0.0475 0.0992 0.1746 0.2800 0.3836 0.5077
Reverse (10, 15) 0.0458 0.1026 0.1929 0.3148 0.4529 0.5916
Rank (15, 10) 0.0510 0.1135 0.1987 0.3199 0.4533 0.5919

(10, 10) 0.0479 0.0943 0.1637 0.2582 0.3698 0.4893
Hollander (10, 15) 0.0458 0.0950 0.1807 0.2990 0.4284 0.5578

(15, 10) 0.0514 0.1080 0.1882 0.3001 0.4274 0.5605
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