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Abstract

In the paper basics of programmed iteration method is studied. This
method appeared for the purposes of research of non-regular differential
games. We consider zero-sum differential games with terminal payoff.
We introduce value operators and prove main properties of operators
used in programmed iteration method.
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1 Introduction

The method of programmed iteration was introduced by Chentzov and Chistyakov
[1, 2, 3, 4, 5, 6, 7, 8]. Initially it was used to tackle the challenges of research
of non-regular differential games. Later it found wider applications and could
be thought as non-smooth version of dynamic programming method for differ-
ential games.



2942 Sergei Chistyakov and Fedor Nikitin

In this article we introduce value operators Φ− and Φ+ and proove their
main properties. Before, main focus of research for programmed iteration
method was on value operators Φc

− and Φc
+ which are of simpler structure.

In the next section we describe the differential game under study and list
assumptions regarding right-hand side of the system of differential equations
and payoff function. These assumptions are common in the theory of differen-
tial games. It is worth to notice that we do not assume that Isaacs’ condition
holds.

In the section number three we introduce value operators Φ− and Φ+ proove
their main properties used in programmed iteration method.

We conclude the paper with remarks on presented results and how they are
connected to results of previous research on programmed iteration method.

2 Differential game

Let differential game be
dx

dt
= f(t, x, u, v), (1)

x(t0) = x0 (2)

(t ∈ [t0, T ], x ∈ Rn, u ∈ P ∈ Comp Rk, v ∈ Q ∈ Comp Rm),

H(x(T ))→ max
v(·)

min
u(·)

/min
u(·)

max
v(·)

. (3)

Condition (3) means that we consider zero-sum differential game with ter-
minal payoff. First player, controlling parameter u, aims at maximization of
the payoff. His or her opponent, controlling parameter v, has opposite goal,
i.e. tries to achieve minimum value of payoff. The game (1)-(3) is denoted as
Γ(t0, x0).

Throughout the paper it is assumed that
(a) function f is continuous on R1 × Rn × P × Q and satisfies Lipschitz’s

condition locally in x,
(b) there exists constant λ ≥ 0 such that

‖f(t, x, u, v)‖ ≤ λ(1 + ‖x‖)

for any (t, x, u, v) ∈ [t0, T ]× Rn × P ×Q,
(c) function H is continuous on Rn.
Let L([t1, t2], P ) (L([t1, t2], Q)) be the set of all Lebesgue measurable func-

tions on [t1, t2] with values in Rk(Rm) (in P (Q) almost surely).
Under conditions (a) and (b) it is, particularly, guaranteed [9] that for any

initial state (t∗, x∗) ∈ R1 × Rn and any open-loop controls u(·) ∈ L([t∗, T ], P )
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and v(·) ∈ L([t∗, T ], Q) there is an unique absolutely continuous solution x(t) =
x(t, t∗, x∗, u(·), v(·)) of the system (1) starting at state or position (t∗, x∗).

Let A(t0, x0) be the set of all solutions x(·) = x(·, t0, x0, u(·), v(·)) of the
system (1) from position (t0, x0) for all choices of controls u(·) ∈ L([t∗, T ], P )
and v(·) ∈ L([t∗, T ], Q) and

D = D(t0, x0) = {(t, x) ∈ R1 × Rn|t ∈ [t0, T ], x = x(t), x(·) ∈ A(t0, x0)}

is the set of all positions in the game. Due to (a) and (b) the set D =
D(t0, x0) is bounded and there exists constant M > 0 such that for any
position (t1, x1), (t2, x2) ∈ D, any τ ∈ [t1, T ], θ ∈ [t2, T ] and any controls
u(·) ∈ L([t0, T ], P ) and v(·) ∈ L([t0, T ], Q) the following inequality is valid

‖x(τ, t1, x1, u(·), v(·))− x(θ, t2, x2, u(·), v(·))‖ ≤
≤M(|τ − θ|+ |t1 − t2|+ ‖x1 − x2‖).

(4)

The latter follows from Gronwall lemma [19].

3 Value operators

Together with the game Γ(t0, x0) we introduce the set of games

Γ(D) = {Γ(t, x)|(t, x) ∈ D}.

By analogy with multistage games [18] one may consider the set D = D(t0, x0)
to be the tree of multistage game.

LetM(D) be the set of all bounded functions w(·) : D → R and UC(D) is
it’s subset of uniformly continuous functions w(·) ∈ M(D). On both sets we
introduce distance function as

ρ(w1(·), w2(·)) = sup
(t∗,x∗)∈D

|w1(t∗, x∗)− w2(t∗, x∗)|.

Let us consider value operators Φ− :M(D) →M(D) and Φ+ :M(D) →
M(D) defined for any function w(·) ∈M(D) and any position (t∗, x∗) ∈ D as

Φ− ◦ w(t∗, x∗) = sup
t∈[t∗,T ]

sup
v(·)∈LQ

inf
u(·)∈LP

w(t, x(t, t∗, x∗, u(·), v(·))), (5)

Φ+ ◦ w(t∗, x∗) = inf
t∈[t∗,T ]

inf
u(·)∈LP

sup
v(·)∈LQ

w(t, x(t, t∗, x∗, u(·), v(·))), (6)

where LQ = L([t0, T ], Q), LP = L([t0, T ], P ) and Φ− ◦ w(t∗, x∗) and Φ+ ◦
w(t∗, x∗) are the values of Φ− ◦ w(·) and Φ+ ◦ w(·) in position (t∗, x∗) ∈ D.
Here Φ− ◦ w(·) and Φ+ ◦ w(·) are images of function w(·) under Φ− and Φ+.

If w(·) ∈ UC(D) then outermost supremum in (5) and outermost infimum
in (6) are replaceable with maximum and minimum, correspondingly.
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Theorem 3.1. The set UC(D) is invariant under operators Φ− and Φ+.

Proof. Let w(·) ∈ UC(D), (t′, x′), (t′′, x′′) ∈ D and

β = Φ− ◦ w(t′, x′)− Φ− ◦ w(t′′, x′′).

Let us choose arbitrary α > 0. There exists τ ′ ∈ [t′, T ] and v′(·) ∈ LQ such
that

Φ− ◦ w(t′, x′) ≤ inf
u(·)∈LP

w(τ ′, x(τ ′, t′, x′, u(·), v′(·))) + α.

Let θ′′ = max{t′′, τ ′}. Recalling defintion of value operator Φ− we conclude
that

β ≤ inf
u(·)∈LP

w(τ ′, x(τ ′, t′, x′, u(·), v′(·)))− inf
u(·)∈LP

w(θ′′, x(θ′′, t′′, x′′, u(·), v′(·)))+α.

Same time there is u′′(·) ∈ LP such that

w(θ′′, x(θ′′, t′′, x′′, u′′(·), v′(·)))− α ≤ inf
u(·)∈LP

w(θ′′, x(θ′′, t′′, x′′, u(·), v′(·))).

Hence,
β ≤ w(τ ′, x(τ ′, t′, x′, u′′(·), v′(·)))−
−w(θ′′, x(θ′′, t′′, x′′, u′′(·), v′(·))) + 2α.

(7)

This is the upper bound on value β.
Same way lower bound for β is derived. First we select τ ′′ ∈ [t′′, T ] and

v′′(·) ∈ LQ, such that

Φ− ◦ w(t′′, x′′) ≤ inf
u(·)∈LP

w(τ ′′, x(τ ′′, t′′, x′′, u(·), v′′(·))) + α.

Then, we define θ′ = max{t′, τ ′′} and choose u′(·) ∈ LP . This leads us to
inequality

w(θ′, x(θ′, t′, x′, u′(·), v′′(·)))− α ≤ inf
u(·)∈LP

w(θ′, x(θ′, t′, x′, u(·), v′′(·))).

Finally, we get
β ≥ w(θ′, x(θ′, t′, x′, u′(·), v′′(·)))−
−w(τ ′′, x(τ ′′, t′′, x′′, u′(·), v′′(·)))− 2α.

(8)

From (7) and (8) it follows that

|β| ≤ max{|β1|, |β2|}+ 2α, (9)

where
|β1| = |w(τ ′, x(τ ′, t′, x′, u′′(·), v′(·)))−
−w(θ′′, x(θ′′, t′′, x′′, u′′(·), v′(·)))|, (10)
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|β2| = |w(θ′, x(θ′, t′, x′, u′(·), v′′(·)))−
−w(τ ′′, x(τ ′′, t′′, x′′, u′(·), v′′(·)))|. (11)

Due to (4)

‖x(τ ′, t′, x′, u′′(·), v′(·))− x(θ′′, t′′, x′′, u′′(·), v′(·))‖ ≤
≤M(|τ ′ − θ′′|+ |t′ − t′′|+ ‖x′ − x′′‖) (12)

and
‖x(θ′, t′, x′, u′(·), v′′(·))− x(τ ′′, t′′, x′′, u′(·), v′′(·))‖ ≤

≤M(|τ ′′ − θ′|+ |t′ − t′′|+ ‖x′ − x′′‖). (13)

Moreover τ ′, θ′′, τ ′′ and θ′ were chosen so that

|τ ′ − θ′′| ≤ |t′ − t′′|, (14)

|τ ′′ − θ′| ≤ |t′ − t′′|. (15)

Uniform continuity of function Φ− ◦ w(·) then follows from (9)-(15), defi-
nition of β, uniform continuity of w(·), arbitrary choice of α > 0 and the fact
that (t′, x′), (t′′, x′′) ∈ D.

In the same way the proposition that UC(D) is invariant under Φ+ is de-
rived.

We say that operator Φ :M(D)→M(D) preserves the order on setM(D)
iff

Φ ◦ w1(·) ≤ Φ ◦ w2(·),

for any functions w1(·), w2(·) ∈M(D) satisfying w1(·) ≤ w2(·).

Lemma 3.2. Value operators Φ− Φ+ preserve the order on set M(D).

Proof. Let us proove the statement regarding value operator Φ−. Let w1(·), w2(·) ∈
M(D) and w1(·) ≤ w2(·), i.e.

w1(t∗, x∗) ≤ w2(t∗, x∗) ∀(t∗, x∗) ∈ D.

Then

w1(t, x(t, t∗, x∗, u(·), v(·))) ≤ w2(t, x(t, t∗, x∗, u(·), v(·)))

∀(t∗, x∗) ∈ D, ∀t ∈ [t∗, T ], ∀u(·) ∈ LP , ∀v(·) ∈ LQ.

Hence,

inf
u(·)∈LP

w1(t, x(t, t∗, x∗, u(·), v(·))) ≤ inf
u(·)∈LP

w2(t, x(t, t∗, x∗, u(·), v(·)))

∀(t∗, x∗) ∈ D, ∀t ∈ [t∗, T ], ∀v(·) ∈ LQ
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and

sup
t∈[t∗,T ]

sup
v(·)∈LQ

inf
u(·)∈LP

w1(t, x(t, t∗, x∗, u(·), v(·))) ≤

≤ sup
t∈[t∗,T ]

sup
v(·)∈LQ

inf
u(·)∈LP

w2(t, x(t, t∗, x∗, u(·), v(·))) ∀(t∗, x∗) ∈ D.

In other words
Φ− ◦ w1(·) ≤ Φ− ◦ w2(·).

Theorem 3.3. Value operators Φ− and Φ+ satisfy Lipschitz’s condition
with constant L = 1 on the set UC(D).

Proof. As before we present the proof for one value operator only. This time
let it be value operator Φ+.

Let us choose arbitrary ε > 0, w1(·), w2(·) ∈ UC(D) and (t∗, x∗) ∈ D. We
define value

γ = Φ+ ◦ w1(t∗, x∗)− Φ+ ◦ w2(t∗, x∗).

By definition of value operator Φ+ there exists t2 ∈ [t∗, T ] and u2(·) ∈ LP such
that

Φ+ ◦ w2(t∗, x∗) ≥ sup
v(·)∈LQ

w2(t2, x(t2, t∗, x∗, u2(·), v(·)))− ε.

Then
γ ≤ sup

v(·)∈LQ

w1(t2, x(t2, v(·)))− sup
v(·)∈LQ

w2(t2, x(t2, v(·))) + ε, (16)

where x(t2, v(·)) = x(t2, t∗, x∗, u2(·), v(·)).
Let us choose v1(·) ∈ LQ such that

w1(t2, x(t2, v1(·))) + ε ≥ sup
v(·)∈LQ

w1(t2, x(t2, v(·))). (17)

From (16) and (17) it follows that

γ ≤ w1(t2, x2)− w2(t2, x2) + 2ε, (18)

where
x2 = x(t2, v1(·)) = x(t2, t∗, x∗, u2(·), v1(·)).

In similar way we find t1 ∈ [t∗, T ], u1(·) ∈ LP , v2(·) ∈ LQ so that

γ ≥ w1(t1, x1)− w2(t1, x1)− 2ε, (19)

where
x1 = x(t1, t∗, x∗, u1(·), v2(·)).



On value operators in differential games 2947

From (18) and (19) then it follows that

|γ| < max{|w1(t+, x+)− w2(t+, x+)|, |w1(t−, x−)− w2(t−, x−)|}+ 2ε ≤

≤ sup
(t,x)∈D

|w1(t, x)− w2(t, x)|+ 2ε.

Thus,
|γ| ≤ ν(w1(·), w2(·)) + 2ε.

From the last inequality and definition of γ due to arbitrary choice of ε > 0
and (t∗, x∗) ∈ D we conclude that

ν(Φ+ ◦ w1(·),Φ+ ◦ w2(·)) ≤ ν(w1(·), w2(·)).

It is worth to notice that value operators Φ− and Φ+ are not contractors,
because any constant function on D is fixed point of value operator.

From (5) and (6) it immediately follows that

Lemma 3.4. For any w(·) ∈M(D)

Φ− ◦ w(·) ≥ w(·),

Φ+ ◦ w(·) ≤ w(·).

Let us consider the function

w
(0)
− (t∗, x∗) = sup

v(·)∈LQ

inf
u(·)∈LP

H(x(T, t∗, x∗, u(·), v(·))), (t∗, x∗) ∈ D (20)

and the function

w
(0)
+ (t∗, x∗) = inf

u(·)∈LP

sup
v(·)∈LQ

H(x(T, t∗, x∗, u(·), v(·))), (t∗, x∗) ∈ D. (21)

Due to H(·) ∈ C(Rn) the functions w
(0)
− (·) and w

(0)
+ (·) are uniformly continu-

ous, i.e. w
(0)
− (·), w(0)

+ (·) ∈ UC(D).

Theorem 3.5. Consecutive approximations

w
(n)
− (·) = Φ− ◦ w(n−1)

− (·) (22)

with initial approximations (20) converge uniformly on the set D to the fixed
point of value operator Φ− and consecutive approximations

w
(n)
+ (·) = Φ+ ◦ w(n−1)

+ (·) (23)

with initial approximation (21) converge uniformly on the set D to the fixed
point of value operator Φ+.
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Proof. Let us consider, for instance, consecutive approximations (22) with ini-

tial approximation w
(0)
− (·) ∈ UC(D).

Due to w
(0)
− (·) ∈ UC(D) and the set D is bounded, the function w

(0)
− (·) is

bounded as well on D. Same time because of lemma 3.2 value operator Φ−
preserves the order (≥) and any constant function is fixed point of value oper-

ator. From boundness of function w
(0)
− (·) on set D it follows that consecutive

approximations (22) with initial approximation w
(0)
− (·) ∈ UC(D) are uniformly

bounded on the set D.
Let us proove that consecutive approximations (22) with initial approxi-

mation w
(0)
− (·) are uniformly continuous on D. We choose arbitrary n ∈ N and

(t′, x′), (t′′, x′′) ∈ D. Let

βn = w
(n)
− (t′, x′)− w(n)

− (t′′, x′′) (24)

and
∞∑
k=1

αk (25)

be arbitrary converging series with positive terms. Repeating steps of proof
leading to (9) we get

|βn| ≤ |βn−1|+ 2α1, (26)

where
βn−1 = w

(n−1)
− (t′1, x

′
1)− w

(n−1)
− (t′′1, x

′′
1),

(t′1, x
′
1), (t

′′
1, x

′′
1) ∈ D, t′1 ∈ [t′, T ],

t′′1 ∈ [t′′, T ], |t′1 − t′′1| ≤ |t′ − t′′|,

x′1 = x(t′1, t
′, x′, u1(·), v1(·)), x′′1 = x(t′′1, t

′′, x′′, u1(·), v1(·))

(u1(·) ∈ LP , v1(·) ∈ LQ).

In similar way we get
|βn−1| ≤ |βn−2|+ 2α2, (27)

where
βn−2 = w

(n−2)
− (t′2, x

′
2)− w

(n−2)
− (t′′2, x

′′
2),

(t′2, x
′
2), (t

′′
2, x

′′
2) ∈ D, t′2 ∈ [t′1, T ],

t′′2 ∈ [t′′1, T ], |t′2 − t′′2| ≤ |t′1 − t′′1|,

x′2 = x(t′2, t
′
1, x
′
1, u2(·), v2(·)), x′′2 = x(t′′2, t

′′
1, x

′′
1, u2(·), v2(·))

(u2(·) ∈ LP , v2(·) ∈ LQ).

From (26) and (27) we conclude that

|βn| ≤ |βn−2|+ 2S2,
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where S2 = α1 + α2.
After n steps we get

|βn| ≤ |β0|+ 2Sn, (28)

where Sn is n-th partial sum of series (25), where

β0 = w
(0)
− (t′n, x

′
n)− w(0)

− (t′′n, x
′′
n), (29)

(t′n, x
′
n), (t′′n, x

′′
n) ∈ D, t′n ∈ [t′, T ], t′′n ∈ [t′′, T ],

x′n = x(t′n, t
′, x′, u(·), v(·)), x′′n = x(t′′n, t

′′, x′′, u(·), v(·))

(u(·) ∈ LP , v(·) ∈ LQ),

|t′n − t′′n| ≤ |t′ − t′′|. (30)

Because of (4) we have

‖x(t′n, t
′, x′, u(·), v(·))− x(t′′n, t

′′, x′′, u(·), v(·))‖ ≤
≤M(|t′n − t′′n|+ |t′ − t′′|+ ‖x′ − x′′‖),

(31)

The function w
(0)
− (·) ∈ UC(D), a number n ∈ N, positions (t′, x′), (t′′, x′′) ∈

D and converging series (25) with positive terms were chosen arbitrary. Then,
from (24), (28)-(31) it follows that consecutive approximations (22) are equicon-
tinuous on the set D. In turn due to Arzela-Ascoli theorem [21] consecutive
approximations (22) contains uniformly converging sub-sequence. Because of
lemma 1 we have

w
(0)
− (·) ≤ w

(1)
− (·) ≤ . . . ≤ w

(n)
− (·) ≤ . . . .

Therefore, consecutive approximations (22) converge uniformly on the set D
and because of theorem 3.3 their limiting value is fixed point of value operator
Φ−.

In analogy with [6] the following statement could be proved.

Lemma 3.6. Consecutive approximation w
(n)
− (·) (w

(n)
+ (·)) is fixed point of

value operator Φ+ (Φ−).

Lemma 3.7. Equation Φ−◦w(·) = Φ+◦w(·) is equivalent of pair of equations

Φ− ◦ w(·) = w(·), Φ+ ◦ w(·) = w(·).

Proof. Because of lemma 3.4 for any function w(·) ∈M(D)

Φ− ◦ w(·) ≥ w(·) ≥ Φ+ ◦ w(·)

holds. Apparently from these inequality statement of lemma follows.
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4 Conclusions

It is not hard to notice that consecutive approximations (22) and (23) with
initial approximations (20) and (21) have a property that for any position

(t, x) ∈ D sequences {w(n)
− (t, x)} and {w(n)

+ (t, x)} are sequences of upper and
lower values of multistage games, which approximate value of differential game
Γ(t, x) [13, 14, 20, 22]. Then from theorem 3.5 and results of works [6, 13, 14,

20, 22] it follows that if Isaacs’ condition holds [15] then any sequence {w(n)
− (·)

and {w(n)
+ (·)} converge uniformly to the value function of differential game

Γ(D).
Independently this result could also be derived from theorem 3.5 and work

[6], where instead of value operators Φ− and Φ+ simpler value operators Φc
− :

M(D) →M(D) and Φc
+ :M(D) →M(D) are considered. They are defined

as
Φc
− ◦ w(t∗, x∗) = sup

t∈[t∗,T ]

sup
v∈Q

inf
u(·)∈LP

w(t, x(t, t∗, x∗, u(·), v)), (32)

Φc
+ ◦ w(t∗, x∗) = inf

t∈[t∗,T ]
inf
u∈P

sup
v(·)∈LQ

w(t, x(t, t∗, x∗, u, v(·))). (33)

Indeed, for any function w(·) ∈M(D) the following inequalities hold

Φ− ◦ w(·) ≥ Φc
− ◦ w(·) ≥ w(·) ≥ Φc

+ ◦ w(·) ≥ Φ− ◦ w(·).

Hence, any solution of equation

Φ− ◦ w(·) = Φ+ ◦ w(·) (34)

is also solution of equation

Φc
− ◦ w(·) = Φc

+ ◦ w(·). (35)

But under assumptions (a)-(c) and Isaacs’s condition it is proven [6] that equa-
tion (35) posses unique solution on the space UC(D) with boundary condition

w(T, x) = H(x). (36)

This solution is the value function of differential game Γ(D). Due to any con-
secutive approximation (22) with initial approximation (20) and any consec-
utive approximation (23) with initial approximation (21) apparently satisfies
boundary condition (36) from theorem 3.5, lemma 3.6 and lemma 3.7 it follows
that both consecutive approximations converge uniformly to the value function
of differential game on the set D.

Historically, value operators Φ− and Φ+ were introduced earlier in pro-
grammed iteraton method. This method appeared for the needs of research of
so-called non-regular differential games. In these games the function w

(0)
− (t∗, x∗)
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is not the value of game Γ(t∗, x∗). In the games where this function is equal to

the value function of game are called regular. Interest in the function w
(0)
− (·)

(not the function w
(0)
+ (·)) is justified by the fact that in pursuit-evasion games

the former function has simpler geometric interpretation [16]. Theorem 3.5
together with lemma 3.6 and 3.7 lead us to the following criteria of regularity
for the set of games Γ(D). Every game from the set Γ(D) is regular if and only

if w
(0)
− (·) is a fixed point of value operator Φ−.
It is known [17] that solution of equation (35) with boundary condition (36)

is viscosity solution [10, 12] of Isaacs’ equation [15]. Moreover equation (35) is
equivalent to this equation on the space C1. On the spaceM(D) any solution
of equation (34) is solution of equation (35) and vice versa. For this reason
equations (34) and (35) could be considered as generalized Isaacs’ equations.

Presented in the paper properties of value operators Φ− and Φ+ are also
valid for value operators Φc

− and Φc
+. Excluding lemma 3.6 these results were

published in doctoral dissertation of Sergei Chistyakov, but weren’t widely
available for public. This paper particularly fills this gap.
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