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Abstract

Coalition between H1N1-p and H5N1 influenza virus were formed
through hemaglutinin and amino acid which is a series of dynamic pro-
cesses and very interesting to study. In Indonesia, there are 170 variants
of the H5N1 influenza virus which consists of 3 types that vary widely
spread. This paper will discuss the persistence of the virus to system
based on the Construction model of a Coalition between the H1N1-p
and H5N1 influenza virus as a continuation of the model created by
Hariyanto et al (2013). In this study, analysis of persistence and posi-
tive solution is based on the construction parameters obtained from the
dynamic analysis of the model.
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1 Introduction

Coalition between the virus will occur if the genetic material of some species are
formed together and produce new species that have different characteristics,
but still have the lineage of previous species. Coalition of the influenza virus
formed from genome which consist of 8 different segments in the RNA and the
segments are similar to mini-chromosomes that every moment will converge.
If the host that acts as a mixing vessel is infected by a virus with two different
strains, than the chances of that would happen is the new formation of a
couple of viral particles. The new pair of viral particle is referred to as a
new strain that will be part of both viruses. Coalition generally occurs in
the form of a genetic shift, among other pandemic of Asia H2N2 strain of
influenza virus in 1957. Recombination that occurs between H5N1 and H1N1
in 1918 and a potential pandemic of H1N1 influenza virus as influenza virus
recombination between avian, swine and human [8],[17]. The following are
some of the development of mathematical models that show the pattern of
spread of the virus globally:

1. Byluss et al (2005) develop a global construction using convolution in-
tegral and diffusion operators as a global and local distribution, so that
the model obtained in the form of a reaction-diffusion system.

2. Coburn et al (2011) construct a model of the spread of H1N1 and H5N1
influenza virus based on the contact and interaction that occurs in multi-
species, so that the transmission of multi-strain that occur in an individ-
ual is at a fixed location.

3. Hariyanto et al (2013) construct a model based on the dynamic evolu-
tion of genetic H1N1-p and H5N1, so that the persistence of the virus
can be observed through the base reproduction number and exponential
completion of the model.

In this paper, more emphasis on the observation of the co-existence of
both viruses through an analysis of the positive completion of the model and
persistence against both viruses on spreading condition of H1N1-p and H5N1
are unstable and stable at free-disease or endemic point.

2 Model Derivation

Suppose Ω1, Ω2 denote the set of finite closed from location 1 and location 2
and Ω1, Ω2 ⊂ R for n ≥ 1 with Ω1 = [0 · L1],Ω2 = [0 · L2], if X set of individ-
ual population to move on Ω1 and Ω2, then distribution of each location will
experience changes. Mathematical models which will be built based on the
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changes observed distribution of the location of each individual effect against
viruses. In this paper, H1N1-p virus transmission occurs through contact and
interaction between human individuals while the H5N1 virus transmission oc-
curs through contact and interaction between humans and poultry and poultry
to humans. Construction models shaped differential partial-integral equations
with parameters and is the rate of transmission of H1N1-p virus through con-
tact and interaction. Parameter β∗1 and β∗2 is the rate of transmission of the
H5N1 virus through contact and interaction between humans and poultry,
while the parameter β is the contact transmission between poultry to poul-
try. Coalition of the two viruses can be observed from a cross transmission
between infected individual of H1N1-p and H5N1 in order to obtain density of
subpopulation co-infection, thus the construction of the model has 3 equation
of subpopulation infected in humans and 1 equation of subpopulation infected
in poultry, that is
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with initial conditions:
Iijm(x, 0) = Iijm0, Ico−inf(x, 0) = 0, I2ju(x, 0) = I2ju0
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Index i = 1, 2 states spread of influenza virus with i = 1 for H1N1-p in-
fluenza virus and i = 2 for H5N1 influenza virus. However, j = 1, 2 states the
location with j = 1 for location 1 and j = 2 for location 2. Meanwhile index
m states the spread of influenza virus on human and index u states the spread
of H5N1 influenza virus on poultry. Index k = 1 if j = 2 and k = 2 if j = 1
state Global diffusion. Genetic evolution that occurs in both viruses resulted
in transition and changes in the function of a transmission f(S, I) that reduces
the model to be as:
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with total population Njm(t) = Sjm(t)+E1jm(t)+I1jm(t)+I2jm(t)+Ico−inf(t).
Parameters r and h, are the transition rate of susceptible individuals who

would into exposure individual as a result of the H1N1-p influenza virus trans-
mission through contact and interaction. Parameters m and f are the transi-
tion rate of susceptible individuals who would turn into an infected individual
as a result of the H5N1 influenza virus transmission through contact and inter-
action. Parameter w1 is the transition rate from H5N1 infected individuals who
will turn into an individual infected with H5N1 and H1N1-p because H1N1-p
virus transmission.

3 Well - Posedness

Suppose that the population density of the coalition model construction (1) is
positive which can be expressed as follows:

S1m(x, t), E11m(x, t), I11m(x, t), I21m(x, t), Ico inf(x, t) > 0, S21u(x, t), I21u(x, t) > 0

S2m(x, t), E12m(x, t), I12m(x, t), I22m(x, t), Ico inf(x, t) > 0, S22u(x, t), I22u(x, t) > 0

for every x, y ∈ Ω1 in location 1 and 2. To show that the construction of the
model is well posed are discussed below

3.1 Existence and Uniques Solution

To show about existence and uniqueness solution of the model, used the defi-
nition which states that any solution of the system model can be expressed in
matrix norm and rely on constant Lipschitz k(t) for each t ∈ R.

Suppose density equation of susceptible subpopulation in location 1 can be
expressed in the form S1m(t) =

∫
Ω1
S1m(x, t)dx than the construction of a

mathematical model obtained in the system of ordinary differential equations
in the form: dX

dt
= f(X(t), t).

Suppose the set of subpopulation of X at location 1 and 2 form:
X = {Sm > 0, Em1 > 0, Im1 > 0, Im2 > 0, Ico inf , Su > 0, Iu > 0|S1m, S2m ∈
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Sm, E11m, E12m ∈ Em1, I11m, I12m ∈ Im1, I21m, I22m ∈ Im2Ico inf 1, Ico inf 2 ∈ Ico inf ,
S21u, S22u, S22u ∈ Su, I21u, I22u ∈ Iu}

there will be f(X1(t), t) and f(X2(t), t) with
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To show that the model and the system has a single global solution used
the following assumptions [3]:

1. T ⊂ R+ contains points of unity finite interval.

2. For every X ∈ Rn, f(X, t) continuous at t /∈ T

3. For every ti ∈ T, f(X, t) has right and left limit at t = ti

4. f : Rn×R→ Rn meet global Lipschitz, so there is a continuous function
piecewise k : R+ → R+ so that
‖f(X1(t), t)− f(X2(t), t‖ < k(t)‖X1 −X2‖ for all t ∈ R+ and all point
X1, X2 ∈ Rn

Suppose ‖f(X1(t), t) − f(X2(t), t)‖ = ‖ai1‖ with ‖ai1‖ = maxi

∥∥∥∥Σn
j=1|aij|

∥∥∥∥
as the norm matrix is defined as the maximum of constant Lipscitz k(t) such

that meet ‖ai1‖ = maxi

∥∥∥∥Σn
j=1|aij|

∥∥∥∥ ≤ k(t)‖X‖, k(t) is determined based on

the maximum value of the coefficients |aij|, so the construction of model (2)
can be obtained

k(t) = (|(b+ o+ q1 + q2 + w)max − (r +m+ h1 + f1 + d)min|,
|(k + f2 + µσ)max − (l + d+ b+ µ+ n)min|, |amxs − (d+ b+ v)min|,
|(p+ h2)max − (2w2 + d+ b+ u)min|, ·|(2w1)mxx − (d+ b+ c)min|,
|bmax − (d+m3)|, |(p1)max − (d+ b)min|)

Constant Lipschitz is constructed based on the parameter amax− (d+ b+v)min

as the rate of change or transition of I11m derived from the individual popu-
lation exposure after a transition amaxE11m at the end of the exposure period,
the parameter (p + h2)max − (2w2 + d + b + u)min as the rate of change or
transition of pI21m after contact or interaction with the individual susceptible,
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the parameter (p1)max − (d + b)min as the rate of change or transition of I21U

and the parameter (2w1)max − (d + b + c)min as the rate of change or transi-
tion I21m after contact with I11m thus the constant Lipschitz can be expressed
k(t) ≈ amax + (p+ h2)max + (p1)max + (2w1)max for d→ 0 and b birth rate that
is assumed as part of the susceptible population.

To show that k(t) is a piecewise continuous function for all t ∈ R+ and
X1, X2 ∈ Rn can be done by observing the changes or transitions that oc-
cur in the subpopulation that is:

1. Transmission of the H5N1 influenza virus to change or transition (p +
h2)S1m as a result of contact and interaction with the individual in the
form (β∗+ e2)S11mI21U with rate of change or transition force during the
infection, whereas at the end of the infected are (p+ h2)I21m dependent
upon signs of infection appear.

2. There is a rate of change or transition of individual exposure E11m of
amax − (d + b + v)min. So that during the period of exposure apply
amaxE11m and at the end of the exposure or were at the time of infection
there is amaxI11m, which means in the event of signs of infection rate
changes do not apply to the individual exposure or vice versa.

3. H1N1-p influenza virus transmission may also occur in individuals in-
fected with H5N1 with a rate of change or transition of (2w1)max − (d+
b + c)min that are individually co-infection Ico inf with rate changes or
transitions (2w1)max is only valid for the duration of infection.

3.2 The Construction Models is Dynamic System

Construction of a mathematical model of the coalition (2) is a series of coalition
or deployment process H5N1 avian influenza virus and H1N1-p. Transmission
of both viruses are developed through contact and interaction between indi-
viduals susceptible to infected individuals and also cross-transmission between
individuals infected with different influenza virus.
Suppose X metrics space with metric d and the set of continuous function
C1(Ω, R) = (I11m(x, t), I21m(x, t), Ico inf(x, t), I21u(x, t) ⊂ X,φi(x, t) ∈ C1(Ω, R)
and G = (C,R, π) are continuous flow at C1(Ω, R) and C2(Ω, R) is expressed
as π : C(Ω, R) × R → C(Ω, R) such that for all φ ∈ C(Ω, R) and for all real
numbers s, t ∈ R applicable π(φ(x, t), 0) = φ(x, t) and π(π(s, φ(x, t)), t) =
π(φ(x, t), t+ s).
Considering the solution of the form (2) below

Em(x, t) = (
√

2
π

exp(−(−(k+f2)+ l+d+b+µσ+µ+n)t)+ 1
2

exp(−(−(k+

f2) + l + d + b − µσ + µ + n)t))Em(x, 0) moving from location 1 to 2 on
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interval t1 ≤ t ≤ s, if π(Em(x, t), 0) = Em(x, t) is completion of construc-
tion of the model then Em(x, t) is a continuous flow of global if it satisfies
π(π(Em(x, t), t1), s) = π(Em(x, t), t1 + s). Therefore Em(x, t) moves in the in-
terval 0 ≤ t ≤ t1 + s can be obtained

Em(x, t1 +s) = (
√

2
π

exp(−(−(k+f2)+ l+d+b+µσ+µ+n)s+ 1
2

exp(−(−(k+

f2) + l + d+ b− µσ + µ+ n)s))Em(x, t1) < Em(x, t1) or π(Em(x, t), t1 + s) =
π(π(Em(x, t), t1), s).

Suppose Em(x, t) moves at interval of 0 ≤ t1 + s ≤ t or 0 ≤ t1 ≤ t − s

before t so Em(x, t− s) = (
√

2
π

exp(−(−(k + f2) + l + d+ b+ µσ + µ+ n)t) +
1
2

exp(−(−(k + f2) + l + d + b − µσ + µ + n)t))(
√

2
π

exp((−(k + f2) + l + d +

b + µσ + µ + n)s) + 1
2

exp((−(k + f2) + l + d + b − µσ + µ + n)s))Em(x, 0),
therefore Em(x, t) moves before the exposure period there will be an increase
in the spread of the H1N1-p influenza virus, so that:

Em(x, t− s) = (
√

2
π

exp((−(k+ f2) + l+ d+ b+ µσ+ µ+ n)s) + 1
2

exp((−(k+

f2) + l + d+ b− µσ + µ+ n)s))Em(x, t) = π(π(Em(x, t1), t), s)
and obtained
π(π(Em(x, t1), t), s) = π(Em(x, t1), t− s) or
π(π(Em(x, t), t1), s) = π(Em(x, t), t1 + s)

Thus it can be shown that the individual susceptible subpopulation is a con-
tinuous flow of global and can be shown also to individual sub populations sus-
ceptible as a continuous flow of global, individual subpopulation co-infection
as a continuous stream of local. On the above analysis has shown that the
construction of a mathematical model of a coalition (2) is well-posed. The se-
ries of qualitative analysis of the construction of the next model is the analysis
of population density.

4 Density of Population Analysis

Positive solution of the construction of model (1) applies limt→∞ S1m(x, t) = 0
or limt→∞ I11m(x, t) = (I11m(x, t))max, therefore I11m(x, t)is an interface with
the construction of the model (1) than the H1N1-p influenza virus trans-
missions through contact and interaction resulting in limt→∞E11m(x, t) =
(E11m(x, t))max, as well as cross-transmissions that occur between I11m(x, t)
and I21m(x, t) with H1N1-p influenza virus is more dominant in order to ob-
tain Ico−inf(x, t) monotonic increasing or I11m(x, t) monotonic decreasing.

Theorem 4.1
If the construction of a mathematical model of pre-coalition [9] has a positive
solution, so that apply :
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1. If limt→∞ I21u(x, t) = 0 than S21u(x, t) monotonic increasing.

2. If limt→∞ S1m(x, t) = 0 than I11m(x, t) and I21m(x, t) monotonic increas-
ing

Proof.
For proof 2, has shown that the construction of the model has a positive solution
in the spread of H5N1 and H1N1-p influenza virus obtained limt→∞ S1m(x, t) =
0.
It indicates that the invasion of the virus experienced outbreaks so that the en-
demic equilibrium point of the system is unstable or R01 > 1 and R02 > 1.
Considering the solution of the construction of mathematical models pre-coalition

[9] for I21m(x, t) as follows I21m(x, t) =
√

2
π

exp(−(b + d + u − p)t)I21m(x, 0)
with based reproduction number R02 = p

D21m+b+d+u
, therefore sub populations

are infected with H5N1 was isolated in location 1 or just moving locally then
the diffusion coefficient of D21m very small so that R02 = p

D21m+b+d+u
> 1 or

exp(−(b+ d+ u− p)t) monotonic increasing function thus obtained I21m(x, t)
monotonic increasing.

Theorem 4.2
If the construction of a mathematical model of the coalition (1) has a positive
solution and satisfy the Theorema 4.1 applies:

1. limt→∞E11m(x, t) = 0 than I11m(x, t) monotonic increasing.

2. limt→∞ S1m(x, t) = 0 and I21m(x, t), I11m(x, t) are such that the mono-
tonic increasing then Ico inf(x, t) monotonic increasing.

Proof.
For proof 2, the subsequent verification has been known that for
limt→∞ S1m(x, t) = 0 occurs invasion H5N1 and H1N1-p influenza virus caus-
ing cross-transmission resulting in the emergence of subpopulation Ico inf(x, t),
I11m(x, t) and I21m(x, t) monotonic increasing. Notice of solution for the fol-

lowing coinfection Ico−inf(x, t) =
√

2
π

exp(−(2w1 + d+ b+ o)t)Ico−inf(x, 0) with

based reproduction number R0−co inf = 2w1

Dco inf+d+b+o
, by observing the isolation of

sub populations Ico−inf(x, t) then for Dco inf → 0 obtained R0−co inf monotonic
increasing or exp(−(2w1 + d + b + o)t) monotonic increasing function, thus
can be obtained that for limt→∞ S1m(x, t) = 0 will occurs I11m(x, t), I21m(x, t)
monotonic increasing such that Ico−inf(x, t) monotonic increasing.
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5 Persistent Analysis on H1N1-p and H5N1

Influenza Virus

By Theorema 4.2, the positif solution of the construction of the model (2)
applies limt→∞ S1m(x, t) = 0 which means that the transmission of H5N1
and H1N1-p influenza viruses have increased such that limt→∞ I11m(x, t) =
(I11m(x, t))max and limt→∞ I21m(x, t) = (I21m(x, t))max thus transmission of
H5N1 and H1N1-p influenza virus persistence of the system. If the base of
reproduction number R01 > 1 of the H1N1-p influenza virus is more dominant
in human transmitting cause the contact between the I11m(x, t) and I21m(x, t)
generate new individual subpopulation infected Ico−inf(x, t), if I21m(x, t) mono-
tonic decreasing after reaching maximum then both the virus transmissions are
persisten to the system but weak. Based on above explaned, the persistence
of transmission of H5N1 and H1N1-p influenza viruses is formulated in the
following Theorema:

Theorem 5.1

1. If the based of reproduction number for the H1N1 -p influenza virus R01 >
1 then H1N1-p influenza virus is strongly uniformly persistence.

2. If the based of reproduction number for the H5N1 influenza virus R02 > 1
then H5N1 influenza virus is strongly uniformly persistence.

3. If the based of reproduction number of influenza virus H1N1 -p R01 > 1
and the based of reproduction number of influenza virus H5N1 R02 < 1
then the H1N1-p and H5N1 influenza virus is weakly uniformly persis-
tence.

Proof.
For proof 3, note the solution of the construction of mathematical model in (2)
for the density of subpopulation infected I21m(x, t), I11m(x, t) and Ico−inf(x, t)
as follows:

I11m(x, t) =

√
2

π
exp(−(−a+ d+ b+ v)t)I11m(x, o)

Ico−inf(x, t) =

√
2

π
exp(−(−2w1 + d+ b+ c)t)Ico−inf(x, o)

I21m(x, t) =

√
2

π
exp(−(b+ d+ u+ 2w2 − p− h2)t)I21m(x, o)

Considering on the assumption that the H1N1-p influenza virus is able to
adapt to humans without going through the Pb2 and H5N1 influenza virus
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can adapt to humans through Pb2 then cross transmission between infected
subpopulation I11m(x, t) and I21m(x, t) can be expressed in the form of the
following metrics: d(I11m(x, t), I21m(x, t)) ≤

∫
Ω |I11m(x, t) − Ico−inf(x, t)|dx +∫

Ω |Ico−inf(x, t) − I21m(x, t)|dx for I11m(x, t) ≥ Ico−inf(x, t) and Ico−inf(x, t) <
I21m(x, t) obtainable.∫

Ω |I11m(x, t)−Ico−inf(x, t)|dx+
∫
Ω |Ico−inf(x, t)−I21m(x, t)|dx =

√
2
π
(exp(−(−a+

d+ b+ v)t)I11m(0)− 2 exp(−(−2w1 + d+ b+ c)t)Ico−inf(x, 0) + (exp(−(b+ d+
u+ 2w2 − p− h2)t)I21m(x, 0)), thus

sup(d(I11m(x, t), I21m(x, t))) =
√

2
π
(exp(−(−a+ d+ b+ v)t)I11m(0)− 2 exp

(−(−2w1 +d+b+c)t)Ico−inf(x, 0)+(exp(−(b+d+u+2w2−p−h2)t)I21m(x, o))

The spread of H1N1-p and H5N1 influenza viruses with each basic repro-
duction number R01 > 1 and R02 < 1 so that H1N1-p infected subpopulation
is monotonic increasing density function and H5N1 infected subpopulation is
monotonic decreasing density function or it can be stated that the function
exp(−(−a + d + b + v)t) monotonous increase and function exp(−(b + d +
u + 2w2 − p − h2)t) monotonically decrease to t → ∞, consequently density
subpopulation co-infection is also monotone decrease and obtained as follows:

lim sup
t→∞

(d(I11m(x, t), I21m(x, t))) = NI11m(0)

with N the maximum value of exp(−(−a+ d+ b+ v)t) to t→∞

Thus, for any subpopulation I11m(x, t) dan I21m(x, t) with R01 > 1 and
R02 < 1 there constants ε0 = N such that

lim sup
t→∞

(d(I11m(x, t), I21m(x, t))) = |NI11m(0)| > ε0 = N

Which indicates that the transmission of the H1N1-p influenza virus in indi-
viduals infected H5N1 with R01 > 1 and R02 < 1 had little effect on the changes
in sub populations of co-infection in location 1 or called weakly uniformly per-
sistence.

6 Conclusion

In this paper, the construction of a mathematical model is development of a
model pre-coalition [9] by observing the transmission of the virus through con-
tact and interaction that resulted in the emergence of individual co-infection
with both viruses. Genetic evolution as a result of mutation and reassortment
of the virus is a series of coalition formation process between the H1N1-p and
H5N1 influenza viruses. The result of the analysis of the construction of the
model can be summarized as follows:



Dynamic analysis and positive solution of a model of coalition 2923

1. The rate of change of amax− (d+ b+v)min in the subpopulation exposure
so that the positive solution of the construction of model resulted in
I11m(x, t) monotonous increase to t→∞

2. The rate of change of (2w1)max − (d + b + c)min in the subpopulation
infected with the H5N1 influenza virus so that the positive solution of
model leads to the I21m(x, t) and I11m(x, t) monotonous increase such
that Ico−inf(x, t) monotonous increase.

3. For t → ∞ rate of change can be changed according to the genetic
evolution that occurs despite the persistence of the virus is weakly in
unstable and stable conditions of H1N1-p and H5N1 viruses but signs of
a coalition can be observed from Ico−inf(x, t) monotonous increase.
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