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Abstract

Let Γ(Zn) be a bipartite graph. A subset D of V (Γ(Zn)) is a bipartite
universal dominating set of Γ(Zn) if D is a dominating set of Γ(Zn) and

¯Γ(Zn)b .The minimum cardinality of a bipartite universal dominating set
of Γ(Zn) is called the bipartite universal domination number of Γ(Zn)
and is denoted by γbu(Γ(Zn)). In this paper,we introduce bipartite
universal domination number of zero divisor graphs and we study about
the structure of this parameter in Γ(Zn).
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1 Introduction

Let R be a commutative ring and let Z(R) be its set of zero-divisors. We
associate a graph Γ(R) to R with vertices Z(R)∗ = Z(R) − {0}, the set of
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non-zero zero divisors of R and for distinct u, v ∈ Z(R)∗, the vertices u and v
are adjacent if and only if uv = 0. Throughout this paper, the commutative
ring R is Zn and zero divisor graph Γ(R) is Γ(Zn). The idea of a zero-divisor
graph of a commutative ring was introduced by I. Beck in [1], where he was
mainly interested in colorings. For notation and graph theory terminology, are
considered as in [2, 3, 4, 5].

A subset S of the vertex set in a graph Γ(Zn) is said to be a independent
if no two vertices in S are adjacent. The maximum number of vertices in an
independent set of a graph Γ(Zn) is called the independence number of Γ(Zn)
and is denoted by β0(Γ(Zn)) or β(G). Also a vertex and an edge are said to
cover each other if they are incident. A set of vertices which cover all the edges
of a graph is called a vertex cover of Γ(Zn). The smallest number of vertices
in any vertex cover of Γ(Zn) is called the vertex covering number of Γ(Zn) and
is denoted by α0(Γ(Zn)).

2 Bipartite Universal Dominating set of G

Let G be a bipartite graph. The bipartite complement graph denoted by Ḡb is
defined as follows, (i) The vertex set of G and Ḡb are partition into the vertex
subsets of V1 and V2 (ii) No two vertices of V1 in G and Ḡb are adjacents.
Similarly, no two vertices of V2 in G and Ḡb are adjacents. (iii) Any vertex of
V1 in G is adjacent to any other vertices in V2 in G, then the same vertices are
non-adjacents in Ḡb . (iv) Any vertex of V1 in G is non-adjacent to any other
vertices in V2 in G, then the same vertices are adjacent in Ḡb.

A subset D of V(G) is a bipartite universal dominating set of G if D is a
dominating set of G and Ḡb .The minimum cardinality of a bipartite universal
dominating set of G is called the bipartite universal domination number of G
and is denoted by γbu(G).

3 Bipartite Universal Domination of Γ(Zn)

In this section, we evaluate the properties of the Bipartite universal domination
of Γ(Zn)

Theorem 3.1 Let Γ(Zn) be a connected bipartite graph. Then Γ(Zn) admits
a unique bipartition.

Proof: First, we construct a bipartition of Γ(Zn). Let us assume that the
bipartite vertex sets V1 and V2 are φ. That is V1=V2=φ. Let v ∈ V (Γ(Zn)).
Put v in V1 and all neighbours of v is in V2. Similarly, there exist a vertex
u /∈ N [v] then put u in V1 and all neighbours of u is in V2. Continue in the
same way,we arrange all remaining vertices belongs to either V1 or V2.
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Case(i): Let v ∈ V (Γ(Zn)). Put v in V1 and all neighbours of v is in V2.
If V=N [v], that is the vertex set of Γ(Zn) contains v and open neighborhood
of v which implies that V = v ∪N (v),then V can be partities into V1 and V2.
Then the graph Γ(Zn) is bipartite graph with bipartition V1 and V2 .

Case(ii): Let v ∈ V (Γ(Zn)). Put v is in V1 and put all the neighbours of
v is in V2 . That is, N (v) ∈ V2. Suppose V = v ∪N (v), then we conclude the
case (i) if not, that is V 6= v ∪N (v) and v ∪N (v) is proper subset of V , then
there exist a vertex u in V . Let u ∈ V −N [v] ,put u in V1 and all the neighbours
of u in V2. That is, N(u) ∈ V2. If V = v ∪ N(v) ∪ u ∪ N(u)=N [v] ∪ N [u],
then ( V1, V2 ) is a bipartite graph.

Case(iii): Suppose V 6= N [v] ∪ N [u], that is N [v] ∪ N [u] is a proper
subset of V then there exists a vertex which is not in N [v] ∪ N [u]. Clearly,
ther exists a vertex w ∈ V − (N [v] ∪ N [u]). Put w ∈ V1 and all neighbours
of w is in V2. That is N(w) ∈ V2. If V = N [v]∪N [u]∪N [w], then (V1, V2) is
a bipartite graph. Otherwise continue the same process, after a finite number
of steps, we get a bipartition of Γ(Zn)

Case(iv): Let us assume that Γ(Zn) admits two bipartition, say (V1, V2)
and (V3, V4). Suppose V1 6= V3. Then there exists v ∈ V3, such that v /∈ V1 or
v ∈ V1 implies that v /∈ V3. Let v ∈ V3 and v /∈ V1. Let u ∈ V1, suppose u ∈ V3
since, v and u belong to different partitions V1 and V2 we get that d(u, v) is
odd, otherwise v and u belong to V3, implies that d(u, v) is even, which is a
contradiction. Therefore u ∈ V4. Clearly V1 ⊂ V4. Let w ∈ V4. Suppose
w ∈ V2, then continue the case (iv) once again we get a contradiction. Hence
w ∈ V1 implies that V4 ⊂ V1. Finally we get, V1 = V4 and V2 = V3.

Theorem 3.2 Let Γ(Zn) be a acyclic connected graph with unique biparti-
tion (V1,V2 ). Let |V1| < |V2|. Then the number of pendent vertices in V1 is
less than the number of pendent vertices in V2.

Proof: The proof is by the method of induction on number of vertices in
Γ(Zn) . For n = 4, 6, 8 the result is obvious.
Assume the theorem is true for all connected acyclic Γ(Zn) with |V (Γ(Zn)| =
n ≥ 1. Let Γ(Zn) be tree and Γ(Zn) have unique bipartition (V1, V2 ). Since we
know that the only tree in Γ(Zn) is Γ(Z2p). Therefore let us assume the tree
Γ(Z2p) with |V (Γ(Z2p)| =P. Let |V2| > |V1|. That is |V2| ≥ |V1| + 1. Suppose
V1 has no pendent vertex.Then V2 contains all pendent vertices of Γ(Z2p). Let
u, v be two pendent vertices in V2 and r, s are respectively their supports. Let
r 6= s and r, s belong to V1. Then |V1| ≤ |V2|, a contradiction. Clearly r = s.
Let t ∈ V1 such that t 6= r, then also |V1| ≤ |V2|, a contradiction. Therefore
|V1| = 1 and Γ(Z2p) is a star graph, namely K1,p−1. Since Γ(Z2p) has atleast
two pendent vertices |V2| ≥ 2 ≥ |V1|. Clearly we get that there is no pendent
vertices in V1and all the pendent vertices are in V2. Hence the number of
pendent vertices in V2 is always greater than V1.
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Theorem 3.3 For any graph Γ(Zn), 2 ≤ γbu(Γ(Zn)) ≤ |V (Γ(Zn))|

Proof: Let Γ(Zn) be a complete bi-partite graph. Clearlythe vertex set of
Γ(Zn) can be partition into two vertex subsets V1 and V2.
Case(i): Let the minimum complete bipartite graph of Γ(Zn) be K2. So,
universal domination number of Γ(Zn) is 1. Then the complementary of the
complete bipartite graph is null graph with two vertices. Clearly the domina-
tion set contains two vertices. Therefore the universal dominating set of Γ(Zn)
is two. Hence 2 = γbu(Γ(Zn)) = |V (Γ(Zn))| = 2
Case(ii): Let Γ(Zn) be a maximum bipartite graph where n=pq with p<q
(a large value of p and q). Since in case(i), Γ(Zn) is K2 and K2 is proper
subset for all the complete bipartite graph of Γ(Zn). So, compulsory the bi-
partite number is minimum 2. Also the maximum number of bipartite uni-
versal domination does not exist the number of vertices in Γ(Zn). Therefore,
2 ≤ γbu(Γ(Zn)) ≤ |V (Γ(Zn))|.
Case(iii): Let Γ(Zn) be a bipartite graph but not complete . Let n=12. Then
the vertex set of Γ(Z12) is 2,3,4,6,8,9,10. Then the vertices of Γ(Zn) can be par-
tition into vertex subsets V1 and V2 where V1=3, 6, 9 and V2=2, 4, 8, 10. Clearly
the bipartite universal domination set of Γ(Z12) is either 4, 6, 3, 9 or 4, 6, 3, 8.
Therefore, γbu(Γ(Z12)) is 4 and |V (Γ(Z12))|=7 and hence 2 ≤ γbu(Γ(Z12)) ≤
|V (Γ(Z12))|. i.e.,2 < 4 < 7.

Theorem 3.4 For any Γ(Zn) , γbu(Γ(Zn)) = n,where n is prime number.

Proof: Since we know that if n is prime number then Zn has no zero divisor.
Clearly Zn is an integral domain. Then every element of Zn is an isolated
vertex which implies that the domination number of Γ(Zn) is n. Similarly, the
complement of Γ(Zn) is a complete graph namely Kn. Thus γbu(Γ(Zn)) = n
where n is any prime number.

4 Relationship between domination and bipar-

tite universal domination of Γ(Zn)

In this section, we give some relation between domination and bipartite uni-
versal domination of zero divisor graph.

Theorem 4.1 For Γ(Zn), there exists pendent vertices u,v in V1, V2 respec-
tively. Then γbu(Γ(Zn)) ≤ γ(Γ(Zn)) + 2.

Proof: Let D be the dominating set of Γ(Zn). Let V1 and V2 be the vertex
subsets of V in Γ(Zn). Clearly, the dominating set D of Γ(Zn) containing
supports of u and v. Let u ∈ (V1 − (V1 ∩D)) be such that u is adjacent only
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to vertices of (V2 ∩D) and let v ∈ (V2 − (V2 ∩D)) be such that v is adjacent
only to vertices of (V1 ∩D) . Then D ∪ u, v is a dominating set of G and Ḡb.
Thus, γbu(Γ(Zn)) ≤ γ(Γ(Zn)) + |{u, v}| = γ(Γ(Zn)) + 2.

Theorem 4.2 γbu(Γ(Zn)) ≤ γ(Γ(Zn)) + 3, for some integer n.

Theorem 4.3 Given any positive integer k, there exists connected graphs
with pendent vertices such that γbu(Γ(Zn)) = γ(Γ(Zn)) + k.

Proof: Using the above theorem, in general we have γbu(Γ(Zn)) = γ(Γ(Zn))+
k. Clearly,given any two positive integers a and b, with a ≤ b then there ex-
ists a connected graph Γ(Zn) with γ(Γ(Zn)) = a and γ(Γ(Zn)) = b. That
is γbu(Γ(Zn)) = a + k where k = γbu(Γ(Zn)) − a = b − a. Let a + k = b
where k ≥ 1 let Γ(Zn)be a bipartite graph with bipartition (V1,V2) such that
V1 = u1, u2, ..., ua. N(u1) ∩ N(u2) ∩ ... ∩ N(ua) = k. Clearly γbu(Γ(Zn)) =
k + a = k + γ(Γ(Zn)) where γ(Γ(Zn)) = γbu(Γ(Zn)) − k.Therefore a = b − k
which implies a ≤ b.

Theorem 4.4 Let Γ(Zpq) be a bipartite graph without isolated vertices and
|V2| ≥ |V1|. Then γbu(Γ(Zpq))= min {n− β0 + a, β0 + b} = p+ q − 2, where a
is the number of vertices in V2 which are adjacent to every vertex of V1 and b
is the number of vertices in V1 which are adjacent to every vertex of V2.

Finally we conclude the following results.
1. If Γ(zn)b has no isolates, then γbu(Γ(Zn)) ≤ n− β0(Γ(zn)).
2. If a=1 and b=0 then γbu(Γ(Zn)) ≤ n− β0(Γ(zn)) + 1.
3. γbu(Γ(Zn)) ≤ n− β0(Γ(zn)) + a = α0(Γ(Zn)) + a.
4. For any graph Γ(Zn), γ(Γ(Zn)) ≤ i ≤ β0(Γ(zn)) then γ(Γ(Zn))+γbu(Γ(Zn))
≤β0(Γ(zn)) + α0(Γ(zn)) + a = n+ a.
5. Let Γ(Zn) be a bipartite graph then γbu(Γ(Zn)) − γb(Γ(Zn)) = k, where k
is a positive integer.
6. γbu(Γ(Zpq)) = p+ q − 2, γbu (Γ(Z2p)) = p and γbu

(
Γ(Z̄p2)

)
= p− 1.
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