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Abstract

We present a certain generalization of a recent result of M. I. Cirnu
on linear recurrence relations with coefficients in progressions [2]. We
provide some interesting examples related to some well-known integer
sequences, such as Fibonacci sequence, Pell sequence, Jacobsthal se-
quence, and the Balancing sequence of numbers. The paper also pro-
vides several approaches in solving the linear recurrence relation under
consideration. We end the paper by giving out an open problem.
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1 Introduction

A k' -order linear recurrence relation for a sequence {z,,} 7> has the form
Tp = 01Tp_1 + ATy + A3Tp_3 + ... + QpTp_t + fr (n > k),

where als are constants, and fg, fri1, fer2, ... is some given sequence. This
linear recurrence relation is homogeneous if f, = 0 for all n; otherwise, it is
non-homogeneous.



2596 Jerico B. Bacani and Julius Fergy T. Rabago

The sequence {z,, };/2) that satisfies the relation above is called linear recur-
rence sequence. It is an interesting topic in number theory because of its vast
applications in science and mathematics. The simplest type of recurrence se-
quence is the arithmetic progression, popularly known as arithmetic sequence.
It is a number sequence in which every term except the first, say a, is obtained
by adding the preceding term a fixed number d, called the common difference.
The set N of natural numbers is a very good example for this. If a, denotes
the n*" term of an arithmetic sequence, then we have

ay = 0,0, = apn_1 +d (n>2). (1)
An explicit formula for a,, is given by
ap,=a+(n—1d (n>2).

The number sequence defined by the relation (1) is an example of a linear
recurrence sequence of order one. The sum S, of the terms in this progression
is given by

5|

Sy = 5 2a+ (n—1)d] (n>1).

Another type of number sequences is the geometric progression. It is a
number sequence in which every term except the first is obtained by multi-
plying the previous term by a constant number r, called the common ratio.
The sequence 3,9,27,81, ... is an example of a geometric sequence with a com-
mon ratio 3. If a,, denotes the n'® term of the sequence with first term a and
common ratio r, then a,, is defined recursively as

ap=a, a,=a,1-r (n>2). (2)

An explicit formula for a, is given by

The sum S, is given by

1 __nn
Sn=a T,T%l (n>1).
If || < 1, then we have
lim Sn:air": “_ (3)
n—00 — 1—7r

Recently, various generalizations of arithmetic and geometric progressions
were offered by several authors. In [9], X. Zhang and Y. Zhang introduced the
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concept of arithmetic progression with two common differences, and in [10],
X. Zhang and two others generalized this sequence by injecting a period with
alternate common differences. These concepts were then extended by A. A. K.
Majumdar to geometric progressions [4], in which an alternative approach to
some results in [10] was also presented. Further extensions of these concepts
are found in [5], [6], [7], and [8].

In this paper we shall provide a generalization of a recent result of M. I.
Cirnu on linear recurrence relations with coefficients in progressions [2]. We
give some interesting examples related to some well-known sequences (e.g. Fi-
bonacci sequence, Pell sequence, Jacobsthal sequence, and the Balancing num-
ber sequence). The results are elementary; however, the present study provides
the readers new properties of some special types of recurrence sequences and
several procedures in dealing with similar types of problems. Finally, we end
the paper with an open problem.

2 Main result

In [2], Cirnu solved the linear recurrence relation
Tpp1 = Q0Tpt1 + Q1Tpo1 + - + A1 @1+ apze (0> 0), (4)

where its coefficients a)s form an arithmetic (or geometric) progression. In
short, he provided explicit formulas for z,, to the following recurrence relations:

(1) Zny1 = azn + (@ +d)xp + -+ (a + (n = 1)d)21 + (a + nd)zp; and
(11) Tp+l = ATy + AqTp—1 + -+ - + aqnill’l + aq"xo,

with initial data xg. These two sequences defined by the two relations above
were considered separately in [2]. In this paper, however, we dealt with the
two sequences simultaneously. In other words, we considered the convolved
sequence

a, (a+d)r, (a+2d)r* ..., (a+ (n—1)d)r"", (a+nd)r™ (5

rather than dealing with (i) and (ii) separately.

The sequence (5) is called an arithmetic-geometric progression. Though its
form appears to be very simple, it has not gained much attention of mathe-
maticians unlike the well-known Fibonacci sequence, Pell sequence, Jacobsthal
sequence,and Balancing number sequence [1]. In fact, not much information is
available about this sequence except for the formula for the sum S, of its first
n terms; that is,

- — (a + nd) r™t? 1—rn
S, = Pl G d .
kz_o(a—l— )T T, + r(l—r)Q
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It is easy to verify that for r € (—1,1),

S — + r —
n as n 0.
1—r (1 — 7")2

But if r € R\(—1,1) and n tends to infinity, S, diverges. Perhaps, the sequence
(5) does not posses fascinating properties that the Fibonacci sequence does.
However, as we shall see later, the sequence (5) is somehow related to some
well-known recurrence sequences of order two.

By interchanging the operations of addition and multiplication by a con-
stant, we may also define analogously a sequence that we call geometric-
arithmetic progression. This sequence is of the form

a, ar+d, ar*+2d, ..., ar" '+ (n—1)d, ar" +nd. (6)

It can be verified that the sum of the first n terms of the sequence (6) is given
by

1—r" nn-1)
T3
Now, combining the idea behind the usual arithmetic progression generated
by (1) and the concept of arithmetic-geometric progression (resp. geometric-
arithmetic progression), we come up with the following recurrence relations of
order one:

S, = d. (7)

ag = a, Gy = apn_17+d (n>1); (8)
ap=a, a,= (a1 +d)r (n>1). 9)

For r # 1, the corresponding formulas of n'* term for (8) and (9), are as
follows:

1—7""‘

1—7r’

1—pm
an:ar”—l—drl r

a, =ar" +d (10)

(11)

-Tr

For r = 1, the recurrence relations (8) and (9) coincide with the usual arith-
metic progression (1).

In this section, we consider the relation (4), where a, = (a 4+ nd)r™; that
is, we study the following recurrence relation:

Tpi1 = ary+(a+d)ra, 1+ (a+2d)r*r, o+ -+ (a+nd)r"zy  (n >0). (12)

Surprisingly, (12) is related to a Horadam-like sequence since (12) can be
reduced to a second-order linear recurrence relation as we shall see in the
proof of this result.
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Theorem 2.1. The sequence {x,} satisfies the recurrence relation (12) with
coefficients in arithmetic-geometric progression if and only if the sequence {x.,,}
satisfies the generalized (second-order) Fibonacci sequence with the Binet fo-
mula given by

Zo

VDY

[(B—aX) A" = (B—aX) AT (n>1), (13)

Tn

where B = a* + (a + d)r and)\172:%<a+2ri\/a2—4r(r—d—1)>.

Proof. We prove the theorem by reducing (12) to a second order linear recur-
rence relation of order two. We suppose that the sequence {z,} satisfy the
recurrence relation (12). Then, we have x1 = axg, T2 = a*zo+ (a+d)rzy, and

n n—1
Tpyl — VT, = Z (a4 kd)rFa,_, —r Z (a + kd) rkx(n_l)_k (14)
k=0 k=0

= ATy, + dre,_1 + dr’z,_s + - + dr'zo;
n—1 n—2
Ty — Ty = Z (a + kd) rkx(n,l),k -7 Z (a + kd) rkx(n,g),k (15)
k=0 k=0
= arp 1+ dreg,_o+ dric, s+ -+ dr" .

Hence,
(Tpg1 — 120) — (T — TTp_1) = Ty + dre, 1 — arx, 1,

or equivalently,
Tpt+1 = Px, + an—la (16)

where P = a+2r and Q = —(r?>+ (a — d)r). We recognized that (16) portrays
a Horadam-like sequence (cf. [3]). Hence, we reduced the recurrence relation
(12) of order n to a second-order linear recurrence relation (16). In fact, (16)
can be further reduced to a linear recurrence relation of order one which will
be shown later.

Note that there are several methods known in solving linear recurrences.
So we first provide several approaches in obtaining the general solution to (16)
so as to help the readers get familiarized with solving similar problems.

Approach 1 (Using a discrete function \", A € R, n € N)

Let 2, = A", A # 0. So A"t = PX" +Q\"~!, which is equivalent to \> — P\ —
@ = 0. This characteristic equation of (16) has the solutions

P+/P?+4Q

Ao = 9
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Hence, (16) has the general solution z,, = C1 A} + Co\y, where C1,Cy € R
subject to the initial conditions x; = C1A\; + Cody = axy and zo = C1A? +
Co)3 = a*zg + (a + d)rxo. Solving for C 5 we obtain

2 _
0172 _ :txo <a + (CL + d)’l“ a>\271) ‘

Ar2(A1 — A2)
Thus the solutions of the recurrence relation (12) are given by the formula
(13).

Remark 2.2. The recurrence relation (16) fails to hold for n = 0. Hence, the
initial conditions are x1 and x instead of xog and xy.

Approach 2 (Via reduction to order one)

Let A12 be the roots of the quadratic equation 2 — Pz — @ = 0, where
P=a+2rand Q = —(r* + (a — d)r). Evidently, since \; + Ay = P and
AMAg = —Q, we have 2,11 = (A1 + A2)x,, — M Aoz, 1, Or equivalently,

T+l — /\1fL’n = /\Q(l‘n - )\11’n_1). (17)

Note that the sequence {x, 1 — Az, }5°, can be viewed as a geometric pro-
gression with Ay as the common ratio. Hence, by iterating n, we get

Ln+1 — )\11‘” = )\;L_I(ZEQ — )\11’1).
Dividing both sides by A3, and doing algebraic manipulations, we obtain

A — A
U1 = )\_ly” y - An (18)
2

Az
where y,, ;== x,,/\y. Suppose P?+4Q > 0. Then it follows that A\; > Xy. Letting
p = A/X and 0 = (x5 — \z1)/Ae, we can express (18) as y,11 = pyn + 9,
which is similar to the linear recurrence equation (8) of order one. Hence, in
view of (10) with p # 1 (together with Remark (2.2)) and by replacing n + 1
by n, we get

T M"Y @ — Mz 1_(:\\_1>"
n:x1<1)+2 121 2

)\_3 X2 A2 -

This equation yields

To — M T

xn:xl)\?—i—n(

AT LY. (19)
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We notice that for n = 1, we get 1 = 5. Replacing n by n — 1 on the LHS
of (19), we obtain

n— Ty — M1y n— n—
xnle)\l 1+W()\1 1—>\2 1).
The above equation can be simplified into this desired formula:
= —2 [(B—ad) Xt  — (B —a\) Ap7] .
A1 — Ao

Approach 3 (Using generating functions)

Let X (t) be the generating function for {x,}. By considering Remark (2.2) and
re-indexing, we write X (¢) = > 7 z,t""'. On the other hand, we multiply

the equation (16) by "~ and sum up the terms over n > 2 to get

Z Tt =P Z 2"+ Q Z Y (20)
n=2 n=2 n=2

After doing some algebraic manipulations, we get an equivalent form of (20):
1

S (X(1) = 21— 25t) = PX(t) = Py + QLX (1),

Solving for X (), we obtain

(Pl'l — l’g)t — I
X(t) =
®) Qt? + Pt —1
Thus,
ix g1 _ (le - xz)t — _ (le — xg)t —
n=1 Qt* + Pt —1 0 (t n P+\/21;2+4Q> (t n P—\/;Z;-’-—4Q>
(Pﬂfl — .CCQ)t — T (Pl’l — 272)t — I

Ao <t+ %) Y (t T %) (1= Xat) (1 = Ait)

_ 1 |:)\1$L’1 — (Px1 — x9) Ao — (Pxy — xg)]
Al — Ao 1— Xt 1— )Xot

1 (xQ — Nz To — /\gxl)

T\ 1=t 1— At
Applying (3), we get

o 1 oo o
;%tnl RBYEDW [(xz — A1) Z AP — (g — M) Z )\gltnll

n=1 n=1
o

1
= Z |:>\ )\ (({L‘Q — )\21‘1))\?_1 — ((L’Q — )\L’El))\g_l)] tn_l.
n—1 1 — N2
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By taking 71 = axg and x5 = (a® + (a + d)r)zo = Bxy and dropping down the
summation symbol, we obtain the desired result.

Approach 4 (Using induction on n)

We claim that (13) is the solution to (16). First, we note that the formula
(13) holds true for n = 1,2. Next, we assume that (13) is a solution to (12)

for some integers k£ and k — 1 where k < n for some fixed n > 2. Hence, from
(16), we have

Tpp1 = Prp + Qup—y

== o (B = ad) MT2(PA 4+ Q) = (B = ad) M2 (P + Q)] -
1= A2

Since A; 5 are the roots of the characteristic equation A> — PA—Q = 0 of (16),
then A, = PAys + Q. Thus, we get

Lo
AL — X
By principle of mathematical induction, we see that (13) is the solution to
(16).

Now, to complete our proof, we show that (13) also satisfies the relation
(12). We again proceed by induction. For n = 1,2, 3 we have the following:

(B — aXo) | — (B —a\) M) .

Tk+1 =

Zo
- B —a)) — (B —a\)] =
T M — [( adz) — ( aA1)] = axo,
X
Ty = 2\ 0)\ [(B — CL/\Q))\l — (B — a)\l))\g]
1 — 2
To
- B\ —aQ — (BXy —
Ny [BA1 — aQ — (BXz — aQ)]
= 20B = a*xo + (a + d)rzg
= axy + (a + d)rxo,
x
3= 5 OA (B — aXa)A] — (B — aAi)A3]
1 — A2
s
= 2 [BOA = 22) — ahida(A — No)]
AL — Ao

=20 (BP + aQ) = x9[B(a + 2r) — a(r® + ar — dr)]
= xo(aB + 2a°r + 2ar* + 2dr* — ar® — a*r + adr)
= 29(aB + a(a + d)r + (a + 2d)r?)
= axy + (a + d)rzy + (a + 2d)rx.
Now, we suppose that (12) is true for all £ < n where n > 2 is fixed, i.e.,
k

Trer = Y _(a+ (k= Dd)r* o (k <n).

=0
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From (16), together with the above equation, we obtain

ZL’k+2 = PZL'k+1 + ka
k—1

k
= PZ(a + (k — l)d)rk—lxl 4 QZ(G +(k—1-— l)d)rkq_le
1=0 P

k k
=P (a+ (k=Dd)r* o+ QY (a+ (k= Ddyr*z .
=0 =1

Now, with P = a + 2r and Q = —r? — ar + dr, we get

k
Tpyo = Z(a + (k — Dd)r* (P, 4+ Q1)

: + (a+2r)(a + kd)r*zo + (a + 2r)(a + (k — D)d)r* o,
— (r® +ar —dr)(a+ (k — 1)d)r*ta.

Letting Ay = (a + kd)r*, we obtain

k
Tpyo = Z Ak—lml—‘rl + (L’E()Ak + [2(& + k’d) — (CL + (k’ - 1)d)]’l"k+1l'0
1=2
+ a?xoAp_1 + 2ar Ap_120 — arAg_1x0 + drAi_170
k+1

k
= Z Ap_141 + Apg1mo + Apy + Ap_110 = Z Apy1271.
1=2 1=0

This proves the theorem. O

Remark 2.3. It was mentioned in [2] that the usual Fibonacci sequence {F,}
cannot be a solution of (12) with r = 1. However, if r = 1/2 , then the
Fibonacci numbers {F,}2°, = {0,1,1,2,3,5,8,...} become solutions of (12)
with a = 0 and d = 5/2 and inital data xy = 4/5. In particular, the linear
recurrence equation

5 5 15 5
Tnt1 = —Tp—1+ -Tp—2+ —=Tp_3+ -+ _nx(b (n Z 1)
Ty 4 16 2

with initial condition xy = 4/5, has the solution

o= (=g

Ty = = Fn—la

V5

where ¢ denotes the well-known golden ratio, i.e. ¢ = (1 ++/5)/2.
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Another interesting solution to (12), with r = 1/2 and a =0 and d = 9/2,
is the Jacobsthal numbers {J,} = {0,1,1,3,5,11,21,...}. More precisely, the
linear recurrence equation

9 27 9
Tp4l = =Tp-1+ -Tpo2+ ZTp_3+ -+ _nx(b (n > 1)
Ty 4 16

with initial condition xy = 4/9, has the solution

2n71 — (=1 n—1
T, = (=1) = Jp_1.

3

Example 2.4. In the following two examples we shall assume r = 1.

(1) The sequence {P,}>2, of Pell numbers {0,1,2,5,12,...} is a solution to
(12). Indeed, this requires that x,1 = 2z, — T,_1 with initial conditions
1 = arg = 0 and x9 = (a2 +a+ d)xg = 1. Therefore a +2 = 2 and
d—a—1=1, gwing us a = 0 and d = 2, and o = 1/2. Thus, the
recurrence

Tpy1 = 2Tp1 + 420+ -+ 2n29 (n>1),
with initial condition xo = 1/2, has the solution

O.n—l _ (1 _ O,)n—l

Ty = = I'n—1,
NG 1

where o denotes the well-known silver ratio, i.e. o = (1++/2)/2.

(2) In [1], A. Behera and G. K. Panda introduced the concept of balancing
numbers n € N as solutions of the equation

14244 m=—1)=Om+D)+n+2)+-+(n+7),

calling r € N, the balancer corresponding to the balancing number n.
For example 6,35, and 204 are balancing numbers with balancers 2,14,
and 84, respectively. The sequence B,, of balancing numbers satisfies the
relation

Bn+1 =68, — Bn—la (TL > 2)7

with intial conditions By = 1 and By = 6. It can be easily seen that
the balancing numbers are solutions of (12) with a = d = 4 and initial
condition xo = 1/4. More precisely, the linear recurrence relation

Tpr1 =40, +8xp1 + 122, o+ - +4(n+ Dzg, (n>1),
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with initial condition xo = 1/4, has the solution

An—l___An—l
Ly = . = Bn—l;
AL — g
where A\; o are roots of the quadratic equation x* — 6x —1 = 0, i.e.

)\172 - 3 + 2\/§
As corollaries to Theorem (2.1), we have the following results of Cirnu [2].

Corollary 2.5 ([2], Theorem 2.1). The numbers x,, are solutions of the linear
recurrence relation with the coefficients in arithmetic progression

Tpi1 = axp + (@ +d)xp_1 + -+ (a+nd)zy (n>0),

with initial data xg if and only if they are the generalized Fibonacci numbers
giwven by the Binet type formula

[(B—aX) A" = (B—aX) A (n>1),

Zo

Y
where B=a*+a+d and Mo = 3 (a+2+Va®+4d).

Corollary 2.6 ([2], Theorem 3.1). The numbers x,, are solutions of the linear
recurrence relation with the coefficients in geometric progression

Tn

Tpp1 = aTp + arx,_q + -+ ar"zg, (n>0)
with initial data xq if and only if they form the geometric progression given by
T, = azola+q)"", (n>1).
Remark 2.7. [t was presented in [2, Corollary 2.2] that the recurrence relation
Tpt1l = Tp +2Tpq + -+ nzxy+ (n+ 1xg, (n>0), (21)

with the initial data xo = 1, has the solution
1
Ty = —=

34v5)  [3-V5\
e ] e

We point out that {x,} is in fact the sequence of Fibonacci numbers with even
indices, i.e. T, = Fy,. Moreover, if xo is replaced by 2 as initial data of (22),
then we get x, = Fy,11, for n > 2, as solutions to (21).

Remark 2.8 (Convergence Property). Using (2.1), we can find the limit of
the sequence {xni,/Tn}, where x, satisfies the relation (12) and p is some
positive integer, as n tends to infinity. It is computed as follows:

n+p—1
e {(B —ak) — (B-a)) (%) 1
= M.

At {(B —aXy) — (B —a\) (A%)nl]
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3 Open problem

The recurrence sequence defined in (12) can be further generalized in various
forms. For instance, we may define the sequence {x,} to satisfy the recurrence

relation
S la+ kd)rFr,_ if nis even,
it = Sor_o(b+ kc)stz,_,  ifnis odd,

where a,b,c,d,r, and s are real numbers with abrs # 0. This can be further
extended into

Sor_olar + kdy)riz,—  if n =0 (mod m),

Tnt1 = : :
S heo(@m + kdp)rk x, . ifn=—1 (mod m),

where a5, dyg, s € R, for all e = 1,2, ..., m, with ayas - - - ay,r17re -+ - 17, # 0.
It might be of great interest to study the properties of these sequences (e.g.
explicit formula, convergence, etc.).
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