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Abstract
In this paper, we obtain two general common fixed point theorems for weak com-

patible maps in an IFMS.
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1. Introduction

The fuzzy sets theory was introduced by Zadeh[12]. George and Veeramani[1]
modified the concept of fuzzy metric space introduced by Kramosil and Michalek
[4]. Grabiec[2] proved the contraction principle in the setting of fuzzy metric
spaces introduced in [1]. Several authors([2],[3],[5],[11]) studied and developed
the various concepts in different direction and proved some fixed point in fuzzy
metric space. Recently, Park et.al.[6] introduced the intuitionistic fuzzy metric
space(Shortly, IFMS), and proved common fixed point theorem in IFMS. Also,
Park[8] proved some properties for several types compatible maps, and Park[7]
defined weakly compatible map and obtained some fixed point using this maps
in IFMS.

In this paper, we obtain two general common fixed point theorems for weak
compatible maps in IFMS.

2. Preliminaries

In this part, we recall some definitions, properties and known results in the
intuitionistic fuzzy metric space as following :



1642 Jong Seo Park

Let us recall(see [10]) that a continuous t−norm is a operation ∗ : [0, 1] ×
[0, 1]→ [0, 1] which satisfies the following conditions: (a)∗ is commutative and
associative, (b)∗ is continuous, (c)a ∗ 1 = a for all a ∈ [0, 1], (d)a ∗ b ≤ c ∗ d
whenever a ≤ c and b ≤ d (a, b, c, d ∈ [0, 1]). Also, a continuous t−conorm is
a operation � : [0, 1] × [0, 1] → [0, 1] which satisfies the following conditions:
(a)� is commutative and associative, (b)� is continuous, (c)a � 0 = a for all
a ∈ [0, 1], (d)a � b ≥ c � d whenever a ≤ c and b ≤ d (a, b, c, d ∈ [0, 1]).

Definition 2.1. ([6])The 5−tuple (X,M,N, ∗, �) is said to be an intuitionistic
fuzzy metric space(Shortly, IFMS) if X is an arbitrary set, ∗ is a continuous
t−norm, � is a continuous t−conorm and M,N are fuzzy sets on X2 × (0,∞)
satisfying the following conditions; for all x, y, z ∈ X, such that

(a)M(x, y, t) > 0,
(b)M(x, y, t) = 1 if and only if x = y,
(c)M(x, y, t) = M(y, x, t),
(d)M(x, y, t) ∗M(y, z, s) ≤M(x, z, t+ s),
(e)M(x, y, ·) : (0,∞)→ (0, 1] is continuous,
(f)N(x, y, t) > 0,
(g)N(x, y, t) = 0 if and only if x = y,
(h)N(x, y, t) = N(y, x, t),
(i)N(x, y, t) �N(y, z, s) ≥ N(x, z, t+ s),
(j)N(x, y, ·) : (0,∞)→ (0, 1] is continuous.
Note that (M,N) is called an intuitionistic fuzzy metric on X. The functions

M(x, y, t) and N(x, y, t) denote the degree of nearness and the degree of non-
nearness between x and y with respect to t, respectively.

Let X be an IFMS. For t > 0, the open ball B(x, r, t) with center x ∈ X
and radius 0 < r < 1 is defined by

B(x, r, t) = {y ∈ X : M(x, y, t) > 1− r, N(x, y, t) < r}

A subset A ⊂ X is called open if for each x ∈ A, there exist t > 0 and
0 < r < 1 such that B(x, r, t) ⊂ A. Let τ denote the family of all open subsets
of X. Then τ is called the topology on X induced by the intuitionistic fuzzy
metric M and N . This topology is Hausdorff and first countable. A subset A
of X is said to be IF-bounded if there exist t > 0 and 0 < r < 1 such that
M(x, y, t) > 1− r and N(x, y, t) < r for all x, y ∈ A.

Definition 2.2. ([9]) Let X be an IFMS.
(a) {xn} is said to be convergent to a point x ∈ X by limn→∞ xn = x if

limn→∞M(xn, x, t) = 1, limn→∞N(xn, x, t) = 0 for all t > 0.
(b) {xn} is called a Cauchy sequence if

lim
n→∞

M(xn+p, xn, t) = 1, lim
n→∞

N(xn+p, xn, t) = 0

for all t > 0 and p > 0.
(c) X is complete if every Cauchy sequence converges in X.
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Definition 2.3. [7] Let X be an IFMS. M and N are said to be continuous
on X2 × (0,∞) if

lim
n→∞

M(xn, yn, tn) = M(x, y, t), lim
n→∞

N(xn, yn, tn) = N(x, y, t)

whenever a sequence {(xn, yn, tn)} in X2×(0,∞) converges to a point (x, y, t) ∈
X2 × (0,∞). That is, whenever

lim
n→∞

M(xn, x, t) = lim
n→∞

M(yn, y, t) = 1, lim
n→∞

M(x, y, tn) = M(x, y, t),

lim
n→∞

N(xn, x, t) = lim
n→∞

N(yn, y, t) = 1, lim
n→∞

N(x, y, tn) = N(x, y, t).

Definition 2.4. [7] Let X be an IFMS and let f and g be self mappings on
X. Then the mappings are said to be weakly compatible if they commute at
their coincidence point, that is, fx = gx implies that fgx = gfx.

Definition 2.5. Let X be an IFMS. X is said to be sequentially compact if
every sequence in X has a convergent subsequence in it.

3. Main results

Theorem 3.1. Let g, f be self mappings on a complete IF-bounded IFMS X
satisfying

g(X) ⊆ f(X), (3.1)

(g, f) is a weakly compatible pair, (3.2)

M(gx, gy, t) ≥ φ(min{M(fx, fy, t),M(fx, gx, t),M(fy, gy, t),

M(fx, gy, t),M(fy, gx, t)}) (3.3)

N(gx, gy, t) ≤ ψ(max{N(fx, fy, t), N(fx, gx, t), N(fy, gy, t),

N(fx, gy, t), N(fy, gx, t)})

for all x, y ∈ X and for all t > 0, where φ : [0, 1]→ [0, 1] and ψ : [0, 1]→ [0, 1]
are continuous functions satisfying

(I)φ is monotonically increasing such that φ(s) > s for all s ∈ [0, 1],
(II)ψ is monotonically decreasing such that ψ(s) < s for all s ∈ [0, 1].
Then f and g have a unique common fixed point in X.

Proof. Let x0 ∈ X. From (3.1), there exists a sequence {xn} ⊂ X such that
gxn = fxn+1 = yn for n ∈ N .

Case(I). Suppose that yn+1 = yn for some n ∈ N . Then gz = fz where
z = xn+1. Put gz = fz = u. Since (g, f) is a weakly compatible pair, we have
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gu = fu. Hence, we have the following from (3.3)

M(gu, u, t) = M(gu, gz, t)

≥ φ(min{M(fu, fz, t),M(fu, gu, t),M(fz, gz, t),

M(fu, gz, t),M(fz, gu, t)})
= φ(min{M(gu, u, t), 1, 1,M(gu, u, t),M(gu, u, t)})
= φ(M(gu, u, t)) > M(gu, u, t), if M(gu, u, t) < 1,

N(gu, u, t) = N(gu, gz, t)

≤ ψ(max{N(fu, fz, t), N(fu, gu, t), N(fz, gz, t),

N(fu, gz, t), N(fz, gu, t)})
= ψ(max{N(gu, u, t), 0, 0, N(gu, u, t), N(gu, u, t)})
= ψ(N(gu, u, t)) < N(gu, u, t), if N(gu, u, t) > 0.

Hence gu = u. Therefore fu = gu = u.
If v(u 6= v) is another common fixed point of f and g, then

M(u, v, t) = M(gu, gv, t)

≥ φ(min{M(u, v, t), 1, 1,M(u, v, t),M(u, v, t)})
= φ(M(u, v, t)) > M(u, v, t),

N(u, v, t) = N(gu, gv, t)

≤ ψ(max{N(u, v, t), 0, 0, N(u, v, t), N(u, v, t)})
= ψ(N(u, v, t)) < N(u, v, t).

Hence u = v. Therefore u is the unique common fixed point of f and g.
Case(II). Suppose that yn+1 6= yn for all n ∈ N . Let for n ∈ N , ωn(t) =

inf{M(yi, yj, t) : i, j ≥ n} and γn(t) = sup{N(yi, yj, t) : i, j ≥ n}for all
t > 0. Then {ωn(t)} is a monotonically increasing sequence and {γn(t)} is
a monotonically decreasing sequence of real numbers between 0 and 1 for
all t > 0. Hence limn→∞ ωn(t) = ω(t) and limn→∞ γn(t) = γ(t) for some
0 ≤ ω, γ ≤ 1. For any n ∈ N and integers i, j ≥ n, we have

M(yi, yj, t) = M(gxi, gxj, t)

≥ φ(min{M(yi−1, yj−1, t),M(yi−1, yi, t),M(yj−1, yj, t),

M(yi−1, yj, t),M(yj−1, yi, t)})
≥ φ(ωn−1(t)),

N(yi, yj, t) = N(gxi, gxj, t)

≤ ψ(max{N(yi−1, yj−1, t), N(yi−1, yi, t), N(yj−1, yj, t),

N(yi−1, yj, t), N(yj−1, yi, t)})
≤ ψ(γn−1(t)).

Thus ωn(t) ≥ φ(ωn−1(t)) and γn(t) ≤ ψ(γn−1(t)). Therefore we have ω(t) ≥
φ(ω(t)) > ω(t) and γ(t) ≤ ψ(γ(t)) ≤ γ(t) as n → ∞. Hence ω(t) = 1 and
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γ(t) = 0 so that limn→∞ ωn(t) = 1 and limn→∞ γn(t) = 0. Thus, for given
ε > 0, there exists n0 ∈ N such that ωn(t) > 1 − ε and γn(t) < ε for all
n ≥ n0. We have M(yn, yn+m, t) > 1 − ε and N(yn, yn+m, t) < ε for n ≥ n0,
m ∈ N . Hence {yn} is a Cauchy sequence in X. Since f(X) is complete,
yn → z ∈ f(X). Hence there exists w ∈ X such that z = fw. Now,

M(gw, z, t) ≥ φ(min{M(fw, fxn, t),M(fw, gw, t),M(fxn, gxn, t),

M(fw, gxn, t),M(fxn, gw, t)}),
N(gw, z, t) ≤ ψ(max{N(fw, fxn, t), N(fw, gw, t), N(fxn, gxn, t),

N(fw, gxn, t), N(fxn, gw, t)}).
We have as n→∞,

M(gw, z, t) ≥ φ(min{1,M(z, gw, t), 1, 1,M(z, gw, t)})
= φ(M(z, gw, t)) > M(z, gw, t),

N(gw, z, t) ≤ ψ(max{0, N(z, gw, t), 0, 0, N(z, gw, t)})
= φ(N(z, gw, t)) < N(z, gw, t).

Hence gw = z. Therefore fw = gw = z.
The proof of unique common fixed point is following from Case(I) of this

theorem. �

Corollary 3.2. Let g be self map on a complete IF-bounded IFMS X satisfying

M(gx, gy, t) ≥ φ{M(x, y, t),M(x, gy, t),M(y, gy, t),

M(x, gy, t),M(y, gx, t)},
N(gx, gy, t) ≤ ψ{N(x, y, t), N(x, gy, t), N(y, gy, t),

N(x, gy, t), N(y, gx, t)}
for all x, y ∈ X and t > 0, where φ, ψ : [0, 1]→ [0, 1] are continuous functions
satisfying

(I)φ is monotonically increasing such that φ(s) > s for all s ∈ [0, 1],
(II)ψ is monotonically decreasing such that ψ(s) < s for all s ∈ [0, 1].
Then g have a unique common fixed point in X.

Proof. Suppose that f = g in the equation (3.1) of Theorem 3.1, then we get
this corollary. �
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