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Abstract

The main purpose of this paper is to introduce the concept of a new
class of set called µ(m,n)-regular weakly star closed (briefly µ(m,n)-rw

∗-
closed) set in bigeneralized topological spaces. Here, basic properties of
µ(m,n)-rw

∗-closed sets are discussed and relationships among other type
of weakly closed sets in bigeneralized topological spaces are investigated.

Keywords: µ(m,n)-rw
∗-closed sets, µ(m,n)-rw

∗-open sets

1 Introduction

The notion of regular open sets in topological spaces was introduced and
investigated by Stone [7] in 1937. These sets are contained in the family of
open sets since a set is regular open if it is equal to the interior of its closure.

1This research is partially funded by the Commission on Higher Education, Philippines
under Faculty Development Program Phase II.
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In 1978, Cameron [4] introduced and investigated the concept of a regular
semiopen sets. He termed a set A as regular semiopen if there is a regular open
set U such that U ⊆ A ⊆ U . Using the latter study, Benchalli and Wali [2]
came up to a new class of sets called regular weakly closed (briefly rw-closed)
sets in topological spaces in 2007. A subset A of a topological space is said to
be rw-closed if the closure of A is contained in U whenever A is a subset of U
and U is regular semiopen.

Later in 2002, Á. Császár [6] introduced the concept of generalized topolog-
ical spaces and in 2010, C. Boonpok [3] introduced the concept of bigeneralized
topological spaces, a triple consisting of a nonempty set and two generalized
topologies.

In this paper, the concept of µ(m,n)-regular weakly star closed (briefly µ(m,n)-
rw∗-closed) set in bigeneralized topological spaces are introduced and investi-
gated.

2 Preliminaries

Here, we recall some preliminary concepts needed in the study. Let X be
a nonempty set and denote by P(X) the set of all subsets of X. [6] A subset
µ of P(X) is said to be a generalized topology (briefly GT) on X if ∅ ∈ µ
and the arbitrary union of elements of µ belongs to µ. A GT µ is said to be a
strong generalized topology if X ∈ µ.

If µ is a GT on X, then (X,µ) is said to be a generalized topological space
(briefly GT-space) and the elements of µ are called µ-open sets and the com-
plement of µ-open sets are called µ-closed sets. If A ⊆ X, then the µ-closure
of A, denoted by cµ(A), is the intersection of all µ-closed sets containing A and
the µ-interior of A, denoted by iµ(A), is the union of all µ-open sets contained
in A.

Definition 2.1 A subset A of a GT-space (X,µ) is said to be [5] µ-preopen if
A ⊆ iµ(cµ(A)), [5] µ-b-open if A ⊆ cµ(iµ(A))∪ iµ(cµ(A)), µ-regular semiopen if
there exists a µ-regular open set U such that U ⊆ A ⊆ cµ(U), [8] µ-regular open
if A = iµ(cµ(A)) and [8] µ-regular closed if A = cµ(iµ(A)). The complement of
µ-preopen (respectively µ-b-open and µ-regular semiopen) set with respect to
X is said to be µ-preclosed (respectively µ-b-closed and µ-regular semiclosed)
set in X.

Definition 2.2 Let (X,µ) be a GT-space and A ⊆ X. Then the µ-regular in-
terior of A, denoted by riµ(A), is the union of all µ-regular open sets contained
in A. Moreover, the µ-regular closure of A, denoted by rcµ(A), is the intersec-
tion of all µ-regular closed sets containing A. The µ-preclosure of A (briefly
pcµ(A)) and µ-b closure of A (briefly by bcµ(A)) are defined analogously as in
µ-regular closure of A.
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Theorem 2.3 Let (X,µ) be a GT-space and A,B ⊆ X. Then the following
are true: (i) If A is µ-regular open, then A is µ-regular semiopen; (ii) If A is µ-
regular closed, then rcµ(A) = A; (iii) cµ(iµ(A)) ⊆ cµ(A); (iv) pcµ(A) ⊆ cµ(A);
(v) cµ(A) ⊆ rcµ(A); (vi) bcµ(A) ⊆ pcµ(A); (vii) rcµ(A)∪rcµ(B) = rcµ(A∪B);
and (viii) rcµ(rcµ(A)) = rcµ(A).

Definition 2.4 [3] Let X be a nonempty set and µ1, µ2 be generalized topolo-
gies on X. A triple (X,µ1, µ2) is said to be a bigeneralized topological space
(briefly BGT-space). If µ1 and µ2 are both strong topologies, then (X,µ1, µ2)
is said to be a strong bigeneralized topological space (briefly SBGT-space).

Throughout this paper, m and n are elements of {1, 2} where m 6= n.

Remark 2.5 Let (X,µ1, µ2) be a BGT-space and A ⊆ X. The closure of
A and interior of A with respect to µm are denoted by cµm(A) and iµm(A)
respectively.

Definition 2.6 A subset A of a BGT-space (X,µ1, µ2) is said to be:

(i) µ(m,n)-regular weakly closed (briefly µ(m,n)-rw-closed) if cµn(A) ⊆ U when-
ever A ⊆ U and U is µm-regular semiopen;

(ii) µ(m,n)-regular generalized closed (briefly µ(m,n)-rg-closed) if cµn(A) ⊆ U
whenever A ⊆ U and U is µm-regular open;

(iii) [1] µ(m,n)-regular generalized b-closed (briefly µ(m,n)-rgb-closed) if bcµn(A) ⊆
U whenever A ⊆ U and U is µm-regular open;

(iv) µ(m,n)-generalized preregular closed (briefly µ(m,n)-gpr-closed) if pcµn(A) ⊆
U whenever A ⊆ U and U is µm-regular open;

(v) µ(m,n)-regular generalized weakly closed (briefly µ(m,n)-rgw-closed) if
cµn(iµn(A)) ⊆ U whenever A ⊆ U and U is µm-regular semiopen; and

(vi) µ(m,n)-regular weakly generalized closed (briefly µ(m,n)-rwg-closed) if
cµn(iµn(A)) ⊆ U whenever A ⊆ U and U is µm-regular open.

3 µ(m,n)-rw
∗-closed and µ(m,n)-rw

∗-open Set

In this section, we introduce µ(m,n)-regular weakly star closed set in bigen-
eralized topological space and investigate some of its properties.

Definition 3.1 A subset A of a BGT-space (X,µ1, µ2) is said to be µ(m,n)-
regular weakly star closed (briefly µ(m,n)-rw

∗-closed) if rcµn(A) ⊆ U whenever
A ⊆ U and U is a µm-regular semiopen. The complement of µ(m,n)-rw

∗-closed
set is said to be µ(m,n)-rw

∗-open.
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Remark 3.2 A subset A of a BGT-space (X,µ1, µ2) is said to be µ(m,n)-rw
∗-

open if U ⊆ riµn(A) whenever U ⊆ A and U is a µm-regular semiclosed.

Example 3.3 Let X = {a, b, c, d} with the generalized topologies µ1 = {∅,
X, {b}, {d}, {b, d}, {a, b, c}, {a, b, d}, {a, c, d}} and µ2 = {∅, {b}, {d}, {a, d},
{b, d}, {a, b, d}}. Then µ(1,2)-rw

∗-closed sets are X, {c}, {a, d}, {b, c}, {b, d},
{c, d}, {a, b, d}, {a, c, d} and {b, c, d}. Hence, the µ(1,2)-rw

∗-open sets are ∅,
{a, b, d}, {b, c}, {a, d}, {a, c}, {a, b}, {c}, {b} and {a}.

Let the family of all µ(m,n)-rw
∗-closed and µ(m,n)-rw

∗-open sets of the BGT-
space (X,µ1, µ2) be denoted by µ(m,n)-RW

∗C(X) and µ(m,n)-RW
∗O(X), re-

spectively.

Remark 3.4 Let (X,µ1, µ2) be a BGT-space. Then µ(1,2)-RW
∗C(X) is gen-

erally not equal to µ(2,1)-RW
∗C(X).

To see this, consider the set X = {a, b, c, d} with the generalized topologies
µ1 = {∅, X, {b}, {d}, {b, d}, {a, b, c}, {a, b, d}, {a, c, d}} and µ2 = {∅, {b},
{d}, {a, d}, {b, d}, {a, b, d}}. Then µ(1,2)RW

∗C(X) = {X, {c}, {a, d}, {b, c},
{b, d}, {c, d}, {a, b, d}, {a, c, d}, {b, c, d}} and µ(2,1)RW

∗C(X) = {∅, X, {b},
{d}, {a, c}, {c, d}, {a, b, c}, {a, c, d}, {b, c, d}}. Therefore, µ(1,2)-RW

∗C(X) 6=
µ(2,1)-RW

∗C(X).

Theorem 3.5 Let (X,µ1, µ2) be a BGT-space and A ⊆ X. Then the following
are true:

(i) If A is a µn-regular closed set, then A is µ(m,n)-rw
∗-closed.

(ii) If A is a µ(m,n)-rw
∗-closed set, then A is µ(m,n)-rw-closed.

Proof :

(i) Suppose that A is µn-regular closed and A ⊆ U where U is µm-regular
semiopen. By Theorem 2.3 (ii), rcµn(A) = A ⊆ U . Hence, A is µ(m,n)-
rw∗-closed.

(ii) Suppose that A is µ(m,n)-rw
∗-closed and A ⊆ U where U is µm-regular

semiopen. Thus, rcµn(A) ⊆ U . By Theorem 2.3 (v), cµn(A) ⊆ rcµn(A) ⊆
U . Therefore, A is µ(m,n)-rw-closed. �

Remark 3.6 The converses of Theorem 3.5 need not be true in general.

To see these, consider the set X = {a, b, c, d} with the generalized topolo-
gies µ1 = {∅, X, {b}, {d}, {b, d}, {a, b, c}, {a, b, d}, {a, c, d}} and µ2 = {∅,
{b}, {d}, {a, d}, {b, d}, {a, b, d}}. Then, observe that: (i) {a, d} is a µ(1,2)-
rw∗-closed set but not µ2-regular closed and (ii) {a, c} is a µ(1,2)-rw-closed set
but not µ(1,2)-rw

∗-closed.
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Lemma 3.7 Let (X,µ1, µ2) be a BGT-space and A ⊆ X. Then the following
are true:

(i) If A is a µ(m,n)-rw-closed set, then A is µ(m,n)-rg-closed.

(ii) If A is a µ(m,n)-rg-closed set, then A is µ(m,n)-gpr-closed.

(iii) If A is a µ(m,n)-gpr-closed set, then A is µ(m,n)-rgb-closed.

(iv) If A is a µ(m,n)-rw-closed set, then A is µ(m,n)-rgw-closed.

(v) If A is a µ(m,n)-rgw-closed set, then A is µ(m,n)-rwg-closed.

Proof :

(i) Suppose that A is µ(m,n)-rw-closed and A ⊆ U where U is µm-regular
open. Since every µm-regular open is µm-regular semiopen, U is µm-
regular semiopen. Thus, cµn(A) ⊆ U . Therefore, A is µ(m,n)-rg-closed.

(ii) Suppose that A is µ(m,n)-rg-closed and A ⊆ U where U is µm-regular
open. Thus, cµn(A) ⊆ U . By Theorem 2.3 (iv), pcµn(A) ⊆ cµn(A) ⊆ U .
Therefore, A is µ(m,n)-gpr-closed.

(iii) Suppose that A is µ(m,n)-gpr-closed and A ⊆ U where U is µm-regular
open. Thus, bcµn(A) ⊆ U . By Theorem 2.3 (vi), bcµn(A) ⊆ pcµn(A) ⊆ U .
Therefore, A is µ(m,n)-rgb-closed.

(iv) Suppose that A is µ(m,n)-rw-closed and A ⊆ U where U is µm-regular
semiopen. Thus, cµn(A) ⊆ U . By Theorem 2.3 (iii), cµn(iµn(A)) ⊆
cµn(A) ⊆ U . Therefore, A is µ(m,n)-rgw-closed.

(v) Suppose that A is µ(m,n)-rgw-closed and A ⊆ U where U is µm-regular
open. Since every µm-regular open is µm-regular semiopen, U is µm-
regular semiopen. Thus, cµn(iµn(A)) ⊆ U . Therefore, A is µ(m,n)-rwg-
closed. �

Corollary 3.8 Let (X,µ1, µ2) be a BGT-space and A ⊆ X. If A is a µ(m,n)-
rw∗-closed set, then A is µ(m,n)-rg-closed, µ(m,n)-gpr-closed, µ(m,n)-rgb-closed,
µ(m,n)-rgw-closed and µ(m,n)-rwg-closed.

Remark 3.9 The converses of Corollary 3.8 need not be true in general.

To see these, consider the set X = {a, b, c, d} with the generalized topolo-
gies µ1 = {∅, X, {b}, {d}, {b, d}, {a, b, c}, {a, b, d}, {a, c, d}} and µ2 = {∅,
{b}, {d}, {a, d}, {b, d}, {a, b, d}}. Then, observe that {a} is µ(1,2)-rg-closed,
µ(1,2)-gpr-closed, µ(m,n)-rgb-closed, µ(1,2)-rgw-closed and µ(1,2)-rwg-closed but
not µ(1,2)-rw

∗-closed.
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Remark 3.10 The following diagram shows the relation among different types
of weakly closed sets discussed in Theorem 3.5, Remark 3.6, Lemma 3.7, Corol-
lary 3.8 and Remark 3.9.

µ(m,n)-rw
∗-closed

µ(m,n)-gpr closedµ(m,n)-rgb-closed

µn-regular closed

µ(m,n)-rg-closed

µ(m,n)-rgw-closedµ(m,n)-rwg-closed µ(m,n)-rw-closed

A B means A implies B but not conversely

Theorem 3.11 Let (X,µ1, µ2) be a BGT-space and A ⊆ X. If A is both
µ(m,n)-rw

∗-closed and µm-regular semiopen, then A is µn-closed.

Proof : Suppose that A is both µ(m,n)-rw
∗-closed and µm-regular semiopen.

Then rcµn(A) ⊆ A. By Theorem 2.3 (v), cµn(A) ⊆ rcµn(A) ⊆ A. Thus,
cµn(A) ⊆ A. Note that A ⊆ cµn(A). Therefore, cµn(A) = A and so A is
µn-closed. �

Corollary 3.12 Let (X,µ1, µ2) be a BGT-space and A ⊆ X. If A is both
µ(m,n)-rw

∗-open and µm-regular semiclosed, then A is µn-open.

Lemma 3.13 Let (X,µ1, µ2) be a BGT-space. Then the following are true:

(i) If U is the largest µm-open set in X such that U 6= X, then cµm(U) = X.

(ii) Then X is µm-regular semiopen.

Proof :

(i) Suppose that U is the largest µm-open set in X such that U 6= X. Since
∅ is µm-open, X is µm-closed. We need to show that X is the only
µm-closed set such that U ⊆ X. Now, suppose that there exists a µm-
closed set F 6= X such that U ⊆ F . Then, CF 6= ∅ is open. Since
U is the largest µm-open set in X, CF ⊆ U . Thus, CF ⊆ U ⊆ F , a
contradiction. Therefore, X is the only µm-closed set that contains U
implying that cµm(U) = X.
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(ii) Suppose that X is µm-open. Then iµm(X) = X. Since ∅ is µm-open, X
is µm-closed. Hence, cµm(X) = X. Now, iµm(cµm(X)) = iµm(X) = X.
Thus, X is µm-regular open. Since every µm-regular open is µm-regular
semiopen, X is a µm-regular semiopen set.

Suppose that X is not µm-open and let U be the largest µm-open set in
X. By (i), cµm(U) = X. Now, iµm(cµm(U)) = iµm(X) = U . Therefore,
U is a µm-regular open set. In fact, U is the largest µm-regular open set.
Hence, U ⊆ X ⊆ cµm(U) = X and so X is a µm-regular semiopen set. �

Theorem 3.14 Let (X,µ1, µ2) be a BGT-space. Then X is a µ(m,n)-rw
∗-

closed set.

Proof : By Lemma 3.13 (ii), X is µm-regular semiopen. Now, X ⊆ X and
rcµn(X) ⊆ X. Therefore, X is a µ(m,n)-rw

∗-closed set. �

Corollary 3.15 Let (X,µ1, µ2) be a BGT-space. Then ∅ is a µ(m,n)-rw
∗-open

set.

Theorem 3.16 Let (X,µ1, µ2) be a BGT-space. Then ∅ is a µ(m,n)-rw
∗-

closed set if and only if µn is a strong generalized topology.

Proof : Suppose that ∅ is a µ(m,n)-rw
∗-closed set. Hence, X is µ(m,n)-rw

∗-open
set. By Lemma 3.13 (ii), X is µm-regular semiopen. Hence, by Corollary 3.12,
X is µn-open. Therefore, µn is a strong generalized topology.

Conversely, let µn be a strong generalized topology. Then ∅ is µn-open and
µn-closed. Hence, iµn(∅) = ∅ and cµn(∅) = ∅. Now, cµn(iµn(∅)) = cµn(∅) =
∅. Therefore, ∅ is µn-regular closed. Hence, ∅ ⊆ U and rcµn(∅) = ∅ ⊆ U
for all µm-regular semiopen set U . Therefore, ∅ is µ(m,n)-rw

∗-closed. �

Corollary 3.17 Let (X,µ1, µ2) be a BGT-space. Then X is µ(m,n)-rw
∗-open

if and only if µn is a strong generalized topology.

Theorem 3.18 Let (X,µ1, µ2) be a BGT-space and A,B ⊆ X. If A and B
are both µ(m,n)-rw

∗-closed sets in X, then A ∪B is µ(m,n)-rw
∗-closed.

Proof : Let A and B be µ(m,n)-rw
∗-closed sets in X. Suppose A ∪ B ⊆ U

where U is a µm-regular semiopen set in X. Then A ⊆ U and B ⊆ U .
Since A and B are µ(m,n)-rw

∗-closed, rcµn(A) ⊆ U and rcµn(B) ⊆ U . Hence,
rcµn(A)∪rcµn(B) ⊆ U . Since rcµn(A)∪rcµn(B) = rcµn(A∪B), rcµn(A∪B) ⊆
U . Therefore, A ∪B is µ(m,n)-rw

∗-closed in X. �

Remark 3.19 The intersection of two µ(m,n)-rw
∗-closed sets in X need not

be µ(m,n)-rw
∗-closed.
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To see this, consider the set X = {a, b, c, d} with the generalized topologies
µ1 = {∅, X, {b}, {d}, {b, d}, {a, b, c}, {a, b, d}, {a, c, d}} and µ2 = {∅, {b},
{d}, {a, d}, {b, d}, {a, b, d}} from Example 3.3. Then, observe that {c} and
{a, d} are µ(1,2)-rw

∗-closed sets but {c} ∩ {a, d} = ∅, where ∅ is not µ(1,2)-
rw∗-closed set in X.

Corollary 3.20 Let (X,µ1, µ2) be a BGT-space and A,B ⊆ X. If A and B
are both µ(m,n)-rw

∗-open sets in X, then A ∩B is µ(m,n)-rw
∗-open.

Proof : Let A and B be µ(m,n)-rw
∗-open sets in X. Then X \ A and X \ B

are both µ(m,n)-rw
∗-closed. By Theorem 3.18, (X \A)∪ (X \B) is µ(m,n)-rw

∗-
closed. Note that (X \ A) ∪ (X \ B) = X \ (A ∩ B). Thus, X \ (A ∩ B) is
µ(m,n)-rw

∗-closed and it follows that A ∩B is µ(m,n)-rw
∗-open. �

Remark 3.21 The union of two µ(m,n)-rw
∗-open sets in X need not be µ(m,n)-

rw∗-open. This implies that the collection of µ(m,n)-rw
∗-open sets does not form

a generalized topology on X.

To see this, consider the set X = {a, b, c, d} with the generalized topologies
µ1 = {∅, X, {b}, {d}, {b, d}, {a, b, c}, {a, b, d}, {a, c, d}} and µ2 = {∅, {b},
{d}, {a, d}, {b, d}, {a, b, d}} from Example 3.3. Then, observe that {a, b, d}
and {b, c} are µ(1,2)-rw

∗-open sets but {a, b, d} ∪ {b, c} = X, where X is not
µ(1,2)-rw

∗-open set in X. Therefore, µ(m,n)-rw
∗-open sets does not form a

generalized topology on X.

Theorem 3.22 Let (X,µ1, µ2) be a BGT-space and A,B ⊆ X where A ⊆
B ⊆ rcµn(A). If A is µ(m,n)-rw

∗-closed, then B is µ(m,n)-rw
∗-closed.

Proof : Let A ⊆ B ⊆ rcµn(A). Suppose that A is µ(m,n)-rw
∗-closed. Let

B ⊆ U where U is µm-regular semiopen. Then A ⊆ U and rcµn(A) ⊆ U .
Since B ⊆ rcµn(A), rcµn(B) ⊆ rcµn(rcµn(A)) = rcµn(A) ⊆ U . Therefore, B is
µ(m,n)-rw

∗-closed. �

Theorem 3.23 Let (X,µ1, µ2) be a BGT-space. For an element x ∈ X, the
set X \ {x} is µ(m,n)-rw

∗-closed or µm-regular semiopen.

Proof : Suppose X \ {x} is not µm-regular semiopen. Then X is the only µm-
regular semiopen set containing X \ {x}. Hence, rcµn(X \ {x}) ⊆ X. Thus,
X \ {x} is µ(m,n)-rw

∗-closed. �

Lemma 3.24 Let (X,µ1, µ2) be an SBGT-space. Then X and the empty set
are µm-regular closed and µm-regular semiclosed sets.



Regular weakly star closed sets 1461

Proof : Since X and ∅ are µm-open sets, X and ∅ are also µm-closed sets.
Hence, cµm(iµm(∅)) = ∅ and cµm(iµm(X)) = X. Therefore, X and ∅ are
µm-regular closed sets. It follows that X and ∅ are µm-regular semiclosed. �

Theorem 3.25 Let A be a subset of an SBGT-space (X,µ1, µ2). If A is µ(m,n)-
rw∗-closed, then [rcµn(A)] \ A does not contain a nonempty µm-regular semi-
closed set.

Proof : Suppose that A is µ(m,n)-rw
∗-closed. Let F be a µm-regular semiclosed

set such that F ⊆ [rcµn(A)]\A. We claim that F = ∅. Since F ⊆ [rcµn(A)]\A,
we have F ⊆ [rcµn(A)] ∩ [X \ A]. Hence, F ⊆ X \ A and F ⊆ rcµn(A). It
follows that A ⊆ X \ F where X \ F is µm-regular semiopen. Since A is
µ(m,n)-rw

∗-closed, [rcµn(A)] ⊆ X \ F . Thus, F ⊆ X \ rcµn(A) ∩ rcµn(A) = ∅.
Therefore, F = ∅. �
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