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Abstract

This paper showed a short characterization of the convex combi-
nation operation introduced by Zadeh to fuzzy sets. We proved some
properties and established two basic results (existence and uniqueness)
in the representation of a fuzzy set as a convex combination. Our the-
ory was based on the fact that a closed interval [a, b] of real numbers is
a convex set, and the fact that a straight-line function from [0, 1] into
[a, b] is surjective always, and additionally, it is injective if a < b. We
showed some examples in order to illustrate our ideas.
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1 Introduction

In a vector space, given a finite number of vectors ~v1, ~v2, . . . , ~vn, their convex
combination is a vector of the form λ1~v1 + λ2~v2 + · · · + λn~vn where the real
numbers λi satisfy λi ∈ [0, 1] and λ1 + λ2 + · · ·+ λn = 1. As a particular case,
if n = 2 then their convex combination is λ~v1 + (1− λ)~v2, where λ ∈ [0, 1] and
λ+ (1− λ) = 1 [2, pp. 27].

The convex combination was introduced by Zadeh [11, pp. 345] to fuzzy
sets as an operation of the form µΛ(x)µA(x) + (1 − µΛ(x))µB(x), x ∈ X,
where µA, µB and µΛ are membership functions (MF) defined over a nonempty
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universal set X. In recent years, some authors [1, 3, 4, 6, 8] have used convex
combination in an implicit form: on type-reduction methods of type-2 fuzzy
sets.

Because of the applications reported above, we believe it is important to
give a short characterization of the convex combination from a classic math-
ematical point of view. We prove some properties and we establish two basic
results (existence and uniqueness) in the representation of a fuzzy set as a
convex combination. Some ideas behind this paper were discussed in [10].

This paper is organized as follows: Section 2 gives some preliminaries of
classic mathematical concepts. Section 3 presents the main results. Section 4
gives some examples in order to illustrate our ideas. Finally, conclusions are
drawn in Section 5.

2 Preliminaries

Our basic element is the unit interval [0, 1] = {x ∈ R | 0 ≤ x ≤ 1} which
is a fully ordered set. A well known fact is that any closed interval [a, b] =
{x ∈ R | a ≤ x ≤ b} is a convex set [9, pp. 31], i.e., given x1, x2 ∈ [a, b] then
λx2 + (1 − λ)x1 ∈ [a, b] for all λ ∈ [0, 1]. In particular, if x1 = a and x2 = b
then λb+ (1− λ)a ∈ [a, b] for all λ ∈ [0, 1]. The element λb+ (1− λ)a can be
written as a+ λ(b− a), and it can be interpreted as an image of the function
Ψ : [0, 1] 7→ [a, b] : λ 7→ a+ λ(b− a). This function is a straight-line from [0, 1]
into [a, b].

1. If a < b then Ψ is a bijection, i.e., if Ψ(λ1) = a+λ1(b−a) = a+λ2(b−a) =
Ψ(λ2) then λ1 = λ2 (Ψ is injective), and if ψ ∈ [a, b] then the element
(ψ − a)/(b− a) = λ ∈ [0, 1] is such that Ψ(λ) = ψ (Ψ is surjective).

2. If a = b then [a, b] = [a, a] = {a} degenerates into a single point, and Ψ
is surjective only.

3 Convex Combination on Fuzzy Sets

Definition 3.1 (Fuzzy set) [5, 7, 11] Given a nonempty universal set X,
a fuzzy set A is defined by a function µA : X 7→ [0, 1].

The function µA : X 7→ [0, 1] is called membership function and µA(x) ∈
[0, 1] is called the membership degree of x in A. Let [0, 1]X be the set of
all MFs defined over X [7] (some authors [5] denote this set as F(X)), i.e.,
[0, 1]X = {µ | µ : X 7→ [0, 1]}. The set [0, 1]X has a partial ordering relation ≤
that is defined in terms of the full order of [0, 1], i.e., 〈[0, 1]X ,≤〉 is a partially
ordered set. If µA, µB ∈ [0, 1]X then µA ≤ µB if and only if µA(x) ≤ µB(x) for
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all x ∈ X. Some elements in [0, 1]X are incomparable: MFs µA, µB ∈ [0, 1]X

such that µA(x) ≤ µB(x) for some x ∈ X, and µB(x) < µA(x) for the remaining
x ∈ X. A fuzzy set A is a subset of a fuzzy set B (denoted by A ⊆ B)
if µA ≤ µB. A and B are equal (denoted by A = B) if µA = µB, i.e.,
µA ≤ µB and µB ≤ µA. The empty set ∅ and the universal set X have MFs
µ∅, µX ∈ [0, 1]X defined by µ∅(x) = 0 and µX(x) = 1 for all x ∈ X. It follows
immediately that µ∅ ≤ µ ≤ µX for all µ ∈ [0, 1]X .

Given two fuzzy sets A and B, with MFs µA, µB ∈ [0, 1]X , Zadeh [11]
defined operations such as union (denoted by A ∪ B), intersection (denoted
by A ∩ B), complement (denoted by A′), algebraic product (denoted by AB)
and algebraic sum (denoted by A+B) as follows:

µA∪B(x) = max{µA(x), µB(x)}, (1)

µA∩B(x) = min{µA(x), µB(x)}, (2)

µA′(x) = 1− µA(x), (3)

µAB(x) = µA(x)µB(x), (4)

µA+B(x) = µA(x) + µB(x), if µA(x) + µB(x) ≤ 1. (5)

A particular property of (3) is its involution (A′)′ = A, i.e., µ(A′)′(x) = 1 −
µA′(x) = 1 − (1 − µA(x)) = µA(x) for all x ∈ X. Zadeh also defined an
additional operation of three fuzzy sets A, B, and Λ, with MFs µA, µB, µΛ ∈
[0, 1]X , called convex combination (denoted by 〈A,B; Λ〉) as follows.

Definition 3.2 (Convex combination) [11] Let A, B and Λ be arbitrary
fuzzy sets. The convex combination of A, B, and Λ is denoted by 〈A,B; Λ〉
and is defined by the relation

〈A,B; Λ〉 = ΛA+ Λ′B (6)

where Λ′ is the complement of Λ. Written out in terms of MFs, (6) reads

µ〈A,B;Λ〉(x) = µΛ(x)µA(x) + (1− µΛ(x))µB(x), x ∈ X. (7)

Equation (7) can be written (by distributivity and commutativity) in the
form

µ〈A,B;Λ〉(x) = µB(x) + µΛ(x)(µA(x)− µB(x)), x ∈ X. (8)

Zadeh [11, pp. 345] showed that 〈A,B; Λ〉 satisfies the basic property

A ∩B ⊆ 〈A,B; Λ〉 ⊆ A ∪B, for all Λ, (9)

which can be written out in terms of MFs: µA∩B ≤ µ〈A,B;Λ〉 ≤ µA∪B.



1064 Omar Salazar and Jairo Soriano

Lemma 3.3 Convex combination satisfies the following properties for all
A, B, Λ, Λ1 and Λ2:

〈A,B; Λ〉 = 〈B,A; Λ′〉, (10)

〈A,B; Λ〉′ = 〈A′, B′; Λ〉, (11)

〈A,B; 〈Λ1,Λ2; Λ〉〉 = 〈〈A,B; Λ1〉, 〈A,B; Λ2〉; Λ〉, (12)

〈A,B; Λ1〉 ⊆ 〈A,B; Λ2〉, if B ⊆ A and Λ1 ⊆ Λ2. (13)

Proof. The proof of (10)–(12) is based on involution, commutativity,
associativity and distributivity. For all x ∈ X,

µ〈B,A;Λ′〉(x) = µΛ′(x)µB(x) + (1− µΛ′(x))µA(x)

= (1− µΛ(x))µB(x) + µΛ(x)µA(x)

= µΛ(x)µA(x) + (1− µΛ(x))µB(x)

= µ〈A,B;Λ〉(x),

µ〈A′,B′;Λ〉(x) = µΛ(x)µA′(x) + (1− µΛ(x))µB′(x)

= µΛ(x)(1− µA(x)) + (1− µΛ(x))(1− µB(x))

= 1− (µB(x) + µΛ(x)(µA(x)− µB(x)))

= 1− µ〈A,B;Λ〉(x)

= µ〈A,B;Λ〉′(x).

The proof of (12) is based on (11) (some steps were omitted). For all x ∈ X,

µ〈A,B;〈Λ1,Λ2;Λ〉〉(x) = µ〈Λ1,Λ2;Λ〉(x)µA(x) + µ〈Λ1,Λ2;Λ〉′(x)µB(x)

= µ〈Λ1,Λ2;Λ〉(x)µA(x) + µ〈Λ′
1,Λ

′
2;Λ〉(x)µB(x)

= µΛ(x)µ〈A,B;Λ1〉(x) + µΛ′(x)µ〈A,B;Λ2〉(x)

= µ〈〈A,B;Λ1〉,〈A,B;Λ2〉;Λ〉(x).

The proof of (13) is based on inequalities. Suppose that B ⊆ A and Λ1 ⊆ Λ2,
i.e., for all x ∈ X,

µB(x) ≤ µA(x) and µΛ1(x) ≤ µΛ2(x). (14)

Equation (14) implies µΛ1(x)(µA(x) − µB(x)) ≤ µΛ2(x)(µA(x) − µB(x)). The
latter implies µB(x)+µΛ1(x)(µA(x)−µB(x)) ≤ µB(x)+µΛ2(x)(µA(x)−µB(x)),
i.e., 〈A,B; Λ1〉 ⊆ 〈A,B; Λ2〉.

Theorem 3.4 (of existence) Let A, B and C be fuzzy sets with MFs
µA, µB, µC ∈ [0, 1]X . Then, A ∩ B ⊆ C ⊆ A ∪ B if and only if there ex-
ists at least one fuzzy set Λ, with MF µΛ ∈ [0, 1]X , such that C = 〈A,B; Λ〉.
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Proof. Suppose that A ∩B ⊆ C ⊆ A ∪B, i.e., for all x ∈ X,

µA∩B(x) ≤ µC(x) ≤ µA∪B(x). (15)

It is clear that µB(x) ≤ µA(x) or µA(x) ≤ µB(x). Therefore, we consider two
cases.

First case: For those x ∈ X such that µB(x) ≤ µA(x), we have µA∩B(x) =
µB(x) and µA∪B(x) = µA(x). Therefore, (15) reduces to

µB(x) ≤ µC(x) ≤ µA(x). (16)

From (16) we define a closed interval Ix = [µB(x), µA(x)], where clearly
µC(x) ∈ Ix. The function Ψx : [0, 1] 7→ Ix : λ 7→ µB(x)+λ(µA(x)−µB(x))
is surjective, then, there exists at least one λ = µΛ(x) ∈ [0, 1] such that
Ψx(λ) = µC(x), i.e., µB(x) + µΛ(x)(µA(x)− µB(x)) = µC(x).

Second case: For those x ∈ X such that µA(x) ≤ µB(x) we use an analogous
reasoning such as in the first case. Then, there exists at least one Λ2

such that µA(x) +µΛ2(x)(µB(x)−µA(x)) = µC(x). We obtain the result
in terms of Λ by substituting Λ2 = Λ′ and applying (10).

Now suppose that there exists at least one fuzzy set Λ such that C =
〈A,B; Λ〉. Then by (9) we have that A ∩B ⊆ C = 〈A,B; Λ〉 ⊆ A ∪B.

Theorem 3.5 (of uniqueness) Let A, B, C and Λ be described as in The-
orem 3.4, and S = {x ∈ X | µA∩B(x) < µA∪B(x)}. Then, µΛ(x) is unique in
the representation C = 〈A,B; Λ〉 for each x ∈ S only.

Proof. We continue the reasoning of the first case in the proof of The-
orem 3.4. Note that the function Ψx is additionally injective only if x ∈ S,
therefore, λ = µΛ(x) ∈ [0, 1] is unique. This is because µB(x) = µA∩B(x) <
µA∪B(x) = µA(x) and µA(x) − µB(x) > 0. If x /∈ S then µB(x) = µA∩B(x) =
µA∪B(x) = µA(x) and µA(x)− µB(x) = 0, therefore, Ψx is not injective. Anal-
ogous comments apply for the second case in the proof of Theorem 3.4.

4 Some Examples

Example 4.1 Suppose that X = {0, 1, 2, 3, 4, 5, 6}, and the MFs of A, B
and C are given in Table 1. Note that A ∩ B ⊆ C ⊆ A ∪ B. The fuzzy set Λ
generates C in the form µC(x) = µB(x) +µΛ(x)(µA(x)−µB(x)) for all x ∈ X,
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Table 1: Convex combination on fuzzy sets (see text for more details)
x 0 1 2 3 4 5 6

µA(x) 0.3 0.3 0.7 1 0.1 0.8 0.9
µB(x) 0.1 0.4 0.7 1 0.4 0.2 0
µC(x) 0.15 0.32 0.7 1 0.25 0.2 0.9
µA∩B(x) 0.1 0.3 0.7 1 0.1 0.2 0
µA∪B(x) 0.3 0.4 0.7 1 0.4 0.8 0.9
µΛ(x) 0.25 0.8 ∗ ∗ 0.5 0 1
∗ Any value in [0, 1]

Table 2: Convex combination on fuzzy sets (see text for more details)
x x1 x2 x3 x4

µA(x) 0.8 0.3 0.8 0.9
µB(x) 1 0.1 1 0.5
µC(x) 0.95 0.15 0.8 0.8
µA∩B(x) 0.8 0.1 0.8 0.5
µA∪B(x) 1 0.3 1 0.9
µΛ(x) 0.25 0.25 1 0.75

i.e.,

µC(0) = µB(0) + µΛ(0)(µA(0)− µB(0)) = 0.1 + 0.25(0.3− 0.1) = 0.15,

µC(1) = µB(1) + µΛ(1)(µA(1)− µB(1)) = 0.4 + 0.8(0.3− 0.4) = 0.32,

µC(2) = µB(2) + µΛ(2)(µA(2)− µB(2)) = 0.7 + µΛ(2)(0.7− 0.7) = 0.7,

µC(3) = µB(3) + µΛ(3)(µA(3)− µB(3)) = 1 + µΛ(3)(1− 1) = 1,

µC(4) = µB(4) + µΛ(4)(µA(4)− µB(4)) = 0.4 + 0.5(0.1− 0.4) = 0.25,

µC(5) = µB(5) + µΛ(5)(µA(5)− µB(5)) = 0.2 + 0(0.8− 0.2) = 0.2,

µC(6) = µB(6) + µΛ(6)(µA(6)− µB(6)) = 0 + 1(0.9− 0) = 0.9.

Note that, for x = 2 and x = 3, µΛ(2) and µΛ(3) could be any value in [0, 1],
since µA∩B(2) = µA∪B(2) and µA∩B(3) = µA∪B(3). Then, µΛ(x) is unique for
each x ∈ S only, where S = {x ∈ X | µA∩B(x) < µA∪B(x)} = {0, 1, 4, 5, 6}.

Example 4.2 Suppose that X = {x1, x2, x3, x4}, and the MFs of A, B and
C are given in Table 2. Note that A ∩ B ⊆ C ⊆ A ∪ B. The fuzzy set Λ
generates C in the form µC(x) = µB(x) +µΛ(x)(µA(x)−µB(x)) for all x ∈ X,
i.e.,

µC(x1) = µB(x1) + µΛ(x1)(µA(x1)− µB(x1)) = 1 + 0.25(0.8− 1) = 0.95,

µC(x2) = µB(x2) + µΛ(x2)(µA(x2)− µB(x2)) = 0.1 + 0.25(0.3− 0.1) = 0.15,

µC(x3) = µB(x3) + µΛ(x3)(µA(x3)− µB(x3)) = 1 + 1(0.8− 1) = 0.8,

µC(x4) = µB(x4) + µΛ(x4)(µA(x4)− µB(x4)) = 0.5 + 0.75(0.9− 0.5) = 0.8.

Note that S = {x ∈ X | µA∩B(x) < µA∪B(x)} = X. Then, µΛ(x) is unique for
each x ∈ X.
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5 Conclusion

This paper proved that given three fuzzy sets A, B, and C defined over a
nonempty universal set X, then A ∩ B ⊆ C ⊆ A ∪ B if and only if there
exists at least one fuzzy set Λ such that C = 〈A,B; Λ〉. The membership
degree µΛ(x) exists for each x ∈ X always, but its uniqueness is guaranteed
for each x ∈ S only, where S = {x ∈ X | µA∩B(x) < µA∪B(x)}. Our theory
was presented with no assumption about the nature of X. We showed some
properties of the convex combination operation and some examples in order
to illustrate our ideas.
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