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Abstract 

 

In this article we introduce the speed up of numerical calculations for the transport 

equations by the explicit finite difference scheme with the local Courant number. 

Approximate method for solving the problem is proposed. Verification of the 

proposed algorithm is performed by comparing the analytical and numerical 

solutions (in usual and speed up cases) for the plane-parallel filtration. The 

numerical results for the model problem are given together with their analysis. 
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Introduction 
 

Computer simulation is the one of the main step of the oilfield development 

optimization. There are lots of calculations need for setting the model and getting 

the optimal variants of oilfield management. Therefore, the problem of 

minimizing the computational time is a very urgent. 

Feature of problems of oilfield simulation in fluid mechanics is the presence 

of areas where are observed high velocities in near wells areas and low speed far 

from wells. The condition Courant could be very cumbersome due to large flows 

in the neighborhood of wells. This entails high costs in time calculations.  

In addition, the some necessary computational procedures (grinding nets, etc.) 

lead to even less time steps. In many cases, the calculations in areas near wells are 

held in a special way [15, 16]. As a rule, these areas have small sizes, while in 

most of the deposits is permissible to carry out calculations with large time steps.  
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Some scientists have investigated the possibility of settlement with different time 

steps in different subdomains.  

In this paper we generalize the idea of using the coefficient of grid refinement 

the time steps for certain filtration domains with the above features. 

 

1 Problem statement 
 

We present the model of isothermal two-phase filtration in the reservoir. The 

reservoir is made hole by the system of production and injection wells. For 

simplicity let’s view the model without the capillary forces and gravity. We 

suppose that the filtering fluid follows to the generalized linear Darcy’s law. The 

process is described by equations [1] 
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where s is the saturation, p is the pressure,   is the total compressibility of the 

medium, w
~

 is the effective compressibility of the system relating to the 

aqueous phase, k is the absolute permeability, *kk  is the total conductivity of the 

two-phase system, m  is the porosity, pkk  *
u  is the total fluid velocity, 

),( xsff   is Buckley-Leverett function or the water fraction in flow. 

Above type equations are widely used in practice in oilfield simulation (see, 

e.g., [12, 16]). At the same time a lot of different parameters affecting the process 

of adaptation, creates the necessity of the set calculations. The time frame for 

selecting a suitable model requires the speed up of computer calculations. In the 

case of IMPES technologies, the first step carried out with using the implicit 

scheme (for pressure and velocity fields), and an explicit scheme is used in the 

second step (for oil saturation calculation). This technology relatively is simple in 

realization and easily adapt to any hydrodynamic models. When using an explicit 

scheme, however, arises a restriction on the time step as the Courant condition 

(C<1) (see [1]). In many cases, in the neighborhood of wells the calculations 

should be carried out in a special way [15, 16]. 

The essence of the proposed method is to improve the algorithm computation 

by a the explicit scheme. In this paper we investigate the using different time steps 

in different domains. Firstly, time step should be big enough for decrease the 

calculation procedure; secondly, it has to satisfy the Courant condition for the 

respective cells. The similar approach was presented in research of P.P. Matus 

[13], where it was suggested to use a fined multiple time step in the domains with 

the high gradients. 

In [14] it was proposed to generalize this approach to the case of several 

interrelated areas, each of which requires its own refinement coefficient. The aim  
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of this work is to verify the algorithm for one-dimensional case and analysis of its 

effectiveness in the radial case.  

Note that the various issues of mathematical modeling of processes of 

filtration of high viscous fluids were considered in [2-9, 11]. 

 

2 The method for solving the problem 
 

The traditional approach in the case of explicit scheme assumes the choosing 

the time step equals to minimal time step among all steps for each cell. First, the 

Courant number [1] is initiated on the base of numerical analog of the second 

equation the system (1): 
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which is equal to )(/ iiiiii VmuFC  , where V, S are the volume and the lateral 

surface of the computational cell, F is multiplier of safety, which is equal to 

maximum of the )(sf  , index «i» is a cell number.  

The best variant is assignment its own time step for each cell, which would 

satisfy the Courant condition 1iC : )(/ iiiiii uFVmC . However, awarding 

time steps directly for each cell impossible, because of correlate calculation of the 

saturation field is necessary. Consequently, the method of using different time 

steps for different subdomains by choosing dynamically according to the filtration 

flow offered in this article. That way, there is for each cell the time step is selected 

according to the flow through the edge of the cell (see Figure 1): 

iiiiii FuuVm /),min( 2/12/1  . 
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Figure 1. Illustration of calculation process 

 

The algorithm consists of the following steps. 

1. A minimal time step is being counted in each cell: i
i
 minmin  ; 

2. For each cell an increase coefficient is being compiled:  

iiK  /min ;      (2) 

3. These coefficients for cells round down to the nearest whole number, which 

is the power of two (1, 2, 4, …). Effectively, the number of fine time steps are 

being counted, and then with using them the cell will be recalculated 
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iSN  ;      (3) 

4. In each cell its own time step is being counted: min1
~  ii SN ; 

5. The Buckley-Leverett function value on the each edge of the cell 2/1if  

recalculated one time during );(max 1ii SNSN  number of steps. 

The step 5 of the algorithm is explained by following. Firstly, the flow of the 

transferred quantity will be agreed upon, the condition conservative scheme is 

performed. Secondly, the stability condition will be fulfilled. 

We explain both statements by example. Let’s suppose, for example, 

min1 2~  i  and min1 8~  i , i.e. in min8  steps: 

a) the cell number i –1 will be recalculated 4 times (1 time in 2 steps) with 

a step min2 ; 

b) b) the cell number i will be recalculated 1 times with step min8 . 

Accordingly, from the cell number i –1 goes away to the right side the value 

42)( min2/1 iuf , and the value min2/1 8)( iuf  will go from the left side to the 

cell number i . Then the cell number i  will be recalculated. 

It remains to show that the recalculation time in 8 steps does not lead to loss of 

stability. This follows from the fact that the step min8  in the cell with the index i 

was selected as a minimum, including taking into account the flow from the cell 

with index i–1. 

We investigated also the possibility of choosing the different values of the 

function F in different cells. The result revealed that the choice of local values of 

F should be assessed in advance advancement of the front, but it is a rather 

difficult problem. Numerical experiments have shown that the determination of 

iF  for each cell does not make sense. Actual is just accounting the different flows 

and volumes of cells.  

A comparison of the above embodiment of a numerical calculation with the 

analytical solution for the plane case [10]. Results of calculations are in good 

agreement with the analytical results (Figure 2). 

The algorithm is also verified by the example of traffic saturation front in the 

radially symmetric case (see Figure 3). These graphs illustrate the coincidence of 

calculations without acceleration and with acceleration. It is also evident that the 

movement of the front is identical in both cases. 

The solid line shows the mathematical ideal, the dotted line means the ideal of 

realization produced according to the formulas (2) and (3) respectively. 

Let's show how the magnification ratio of time step looks in this example (see 

Figure 4.). 

Figure 5 shows the number of conversions decreased when the acceleration of 

the algorithm is used. The graph shows that the total number of calculations is less 

than about 4 times, i.e., it is possible to expect four times acceleration. 
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Figure 2 The result of the implementation of analytical and numerical solutions 

 

 

 
 

 

Figure 3. The movement of the saturation front at equal time steps in the radial 

case (solid line - the result with no acceleration, the dotted line - with an 

acceleration) 
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Figure 4. The magnification ratio of the time step depending on the step (solid line 

means a mathematical ideal, a dotted line means the ideal of realization) 

 

 
Figure 5. The number of calculations depends on the radius. Dashed line means 

the calculation without acceleration, solid line means the number of recalculations 

with acceleration. The dots show the mathematical ideal curve 

 

3 Conclusions 
 

The numerical calculations showed a decreasing of the real (physical) time 

calculation of oil saturation approximately 1.7 times. Difference between real time 

and predicted due to the fact that in the proposed realization of special procedures 

optimization algorithm is performed. It is natural to assume that this optimization 

will allow closer to expected acceleration. In addition, according to the 

preliminary estimates, the three-dimensional case to give an extra acceleration in 

time. 
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So, we have offered an algorithm that allows to reduce the time of calculation 

of oil saturation in the oil reservoir. The correctness of the algorithm was proved 

in the one-dimensional plane-parallel test and radially symmetric cases. The 

possibility of acceleration of 1.7 times, and potentially 4 times. 
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