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Abstract

In this paper we consider controlled orbital motion in a neighbor-
hood of first collinear libration point L1 of Earth-Sun system. Cir-
cular restricted three-body problem is used as a mathematical model.
Also, we use nonlinear Hill’s equations and linearized equations for lo-
cal description of orbital motion in a neighborhood of L1. We consider
special formulation of controlled motion and we present family of con-
trols, which save hamiltonian form of equations of motion. With help
of Hamiltonian we give the estimation of controllability region and of
the charge of necessary control influence.

Keywords: restricted three-body problem, libration point, Hill’s problem,
Lyapunov stability, control, controllability

1 Introduction

We have considered in [1]-[9], controllable movement in a neighborhood of the
libration point L1 of the Earth-Sun system, described by the equations
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where x = (x1, x2, x3) – coordinates of position of space vehicle in rotate
geocentric system of coordinates; y = (y1, y2, y3) – impulses, u – control action
directed along the line Earth-Sun.

The distance from the center of the Earth to the L1 (nearly 0.01 astronom-
ical unit) is taken as the unit of distance, and time scales so that period of
revolution around the Sun (one year) is equal to 2π units of time. In this case,
the velocity unit is equal to 303, 14m

s , and the acceleration unit is equal to
5, 93 · 10−5 m

s2 [1], [6].
The uncontrollable system (u = 0) is in hamiltonian form with Hamiltonian

H(x, y) =
1

2
||y||2 − 3

||x||
− 3

2
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2
+ x2y1 − x1y2. (2)

In the rotate system the libration point L1 has coordinates

x∗ = (1, 0, 0), y∗ = (0, 1, 0). (3)

Early, we built control laws providing Lyapunov stable [4]-[5] and asymp-
totic stability with respect to part of the variables [2]. Then, we reviewed
the optimization problem, in particular, linear-quadratic optimization and its
standard methods for control [3], [6]-[7]. Original approach for decision of
problem of optimization in linear models is shown in [10], [11].

The special interest is the control of the form

u
∆
=u1(x1) = a(x1 − 1), a < −9,

which provides Lyapunov stability of the orbital motion in a neighborhood of
L1. The system (1) with the control u1(x1) remains in hamiltonian form with
the Hamiltonian:

H∗(x, y) =
1

2
||y||2 − 3

||x||
− 3

2
x2
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2
+ x2y1 − x1y2 −

a

2
(x1 − 1)2,

and if a < −9 then Hamiltonian is the Lyapunov function in a neighborhood of
the libration point [4]. Thus, control u1(x1) is stabilizing and ensures Lyapunov
stability of stationary solutions (3) of the system (1).

The Hamiltonian for the linearized system (1) with the control u1(x1) is of
the the form
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2 The region of controllability

We have shown, that the control law u1(x, y) = a(x1− 1) stabilizes the orbital
motion of a spacecraft in a some neighborhood of the libration point (x∗, y∗).
In other words, the stationary solution of the system of differential equations
(1), describing the controllable motion of a spacecraft is Lyapunov stable. That
means that there is a neighborhood of libration point in a phase space, which
is invariant with respect to the shifts along the trajectories of the controlled
system (1). i. e., if at a certain time the trajectory of a controllable motion was
at the considered neighborhood, then at any further moment this trajectory
will belong to this neighborhood.

A reasonable question that often arises in this situation: how wide is set
in the phase space, which has similar properties, i. e. how we can extend this
neighborhood, or how we can build the stabilization region.

In the description of this region two factors should be taken into account
that can interfere in motion stabilization. First, the controllable motion saves
the Hamiltonian form and belongs entirely to the constant-energy surface de-
fined by the energy integral

H∗(x, y) = h∗.

If the starting point of the trajectory is located close to the libration
point(x∗, y∗), that the value of the energy constant h∗ is close to the value
of the Hamiltonian

H∗(x, y) =
1

2
‖y‖2 − 3

‖x‖
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2
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2
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2
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in the libration point, i. e. when h∗ ≈ −4.5, and the corresponding energy sur-
face is limited, due to the positive definiteness of the quadratic form H∗lin(x, y),
a set belonging to the stabilization region. If we increase the energy constant
h∗, then for sufficiently large deviations from the values of -4.5 corresponding
constant-energy surface will no longer interfere with the exit of the trajectory
from the libration point (this can be seen from the graph).

Secondly, on the trajectories of the controllable motion the condition of the
allowable control must be satisfied
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|u| ≤ u0,

or for the selected control law u1(x, y) = a(x1 − 1)

|a(x1 − 1)| ≤ u0.

Therefore, for sufficiently large values of deviations of x1 from 1 the control
ceases to be allowable. Taking into account both of these factors leads us to
the problem of determining a constant h+, that region

H∗(x, y) < h+,

is an region of stabilization. This in turn raises the question of the relationship
between the parameters a, that defines the control law u1(x, y) = a(x1 − 1),
the limiting value of the control u0, and the sizes of the stabilization, which
can be characterized by the energy constant h+, or, for example, as an interval
of possible values of the coordinates x1.

Suppose, for example, is required to determine what values of u0 a set
of values that takes coordinate x1 on allowable trajectories described by the
inequality

|x1 − 1| ≤ c1.

It is clear that between the values of the parameters a and u0 is the relation

|ac1| ≤ uo.

We use this inequality for finding the minimum value of parameter u0 required
for the stabilization of a spacecraft motion. We fix a and see what set on the
real axis coordinate x1 fills in different trajectories with the constant energy
h+. For this purpose we introduce the function hmin defined by the formula

hmin(x1)
∆
= min

x2,x3,y1,y2,y3
H∗(x, y). (4)

It is easy to see that minimum in the right side of (4) is reached at

x2 = 0, x3 = 0, y1 = 0, y2 = 1, y3 = 0, (5)

thus

hmin(x1) = − 3

x1

− 3

2
x2

1 −
9

2
(x1 − 1)2, x1 > 0.

It is clear that on the trajectories with constant energy h is right the inequality

hmin ≤ h.
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Behavior of the function hmin when a < −9 on the interval (0,∞) is easily
studied on the basis of the following properties of this function:

hmin(x1)→ −∞, x1 → 0;

hmin(x1)→∞, x1 →∞.

The function hminat the point x1 = 1 has a local minimum. On the interval
(0, 1) the function hmin has a local maximum. Thus, the graph of function hmin

with a < −9 has the form

Fig. 1

As can be seen in Figure 1 (a = −18), hkr is indicated by the value of the
function hmin at a local minimum. Relationship between the values xkr, hkr
and a is obtained from the extremum condition

h′min(x1) = 0.

And after dividing (hmin(x1))′ = 3
x2
1
− 3x1 − a(x1 − 1) on multiplier 1− x1 we

have

3− 3x3
1 + ax2

1(1− x1)

x2
1(1− x1)

=
3(1 + x1 + x2

1) + ax2
1

x2
1

,

3(1 + xkr + x2
kr) + ax2

kr = 0. (6)

It is seen from (6) that a depends monotonically from xkr on the interval (0, 1).
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The following conclusions can be made from Figure 1: when h < hkr the
coordinate value of x1 on a control trajectory is in the interval [x−1 , x

+
1 ] and

xkr < x−1 < 1, 1 < x+
1 , because the controllable motion, which satisfying the

integral

H = h,

will be in a limited region of phase space with libration point. If the energy
constant h such that

h > hkr.

then approve that the ratio

H∗ = h,

holds a controllable trajectory in a neighborhood of the libration point is im-
possible. Moreover, there is a curve in the phase space (x, y), which is lying
on the constant-energy surface and it is starting at the point with coordinate
x1 = 1, and ends at the point with the coordinate x1 = ε ≥ 0, where ε is
arbitrarily small.

3 Example of controllability region

Suppose, for example, it is required that the region of stabilization included the
segment [0.9, 1] by axis x1, i.e. deviation from the libration points on x1 must
be equals 0,1. What is the smallest value u0, when such the stabilization region
is realized by allowable control? The minimum value amin of the parameter a
is determined from

|x1 − 1| ≤ c1,

here

xkr = 1− c1, a = −3(1 + xkr + x2
kr)

x2
kr

where we put xkr = 0.9

amin =
3(1 + 0.9 + (0.9)2)

0.92
∼= 10.037 .

Because the largest deviation on coordinate x1 equals 1− xkr = 0.1, then the
minimum value of parameter u0 is determined by the formula

umin
0 = |amin(1− xkr)| ∼= 1.0037.
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Control u has the dimensions of acceleration, we recall that, according to the
accepted system of units [1], [6], a unit of acceleration equals to

(2π)2 · 0.01A.U.

(1 year)2
∼= 59.3 · 10−6 m

s2
.

which is about 0.01 of the average acceleration of the heliocentric orbit. The
realization of such acceleration is quite possible with the help of light pressure
forces.
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