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Abstract

The electromagnetic wave diffraction problem by the two-layer grat-
ing of thin conductive strips is reduced to an infinite set of linear alge-
braic equations for the coefficients of the decomposition of the desired
field by Floquet harmonics. The properties of quasi-periodic solutions
of Maxwell equations are investigated. Method of integral-summatorial
identities is used for the regularization of dual summatorial equations.
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1 Introduction

The diffraction problems of electromagnetic waves by gratings of thin conduc-
tive screens refer to the key problems of electrodynamics. In modern theory
of gratings these problems are formulated as boundary value problems for
Maxwell equations (see, for example, [21], [9], [22]). 2D and 3D infinite pe-
riodic gratings are suitable models for antenna gratings consisting of a large
number of duplicate items. The general principles of solving the scattering
problems of waves in periodic structures were discussed in [8] and [19]. The
numerical methods of research of scattering and diffraction processes of waves
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and design problems of periodic structures with given properties are considered
in the works of Asfar, Nayfeh, Bao, Bonnetie, Dobson, Elschner, Schmidt, and
several other authors [2], [3], [4], [5], [6], [7].

If the grating is periodic, then the solution of the diffraction problem can
be found as quasi-periodic solution of Maxwell equations or as Floquet wave.
From the boundary conditions on the screens and conjugation condition out-
side screens it is easy to get paired summatorial equations relative to Floquet
coefficients of the desired field. Such equations are ill-posed. An effective
method for their regularization is method of Riemann-Hilbert [20] (see also
[21], part 2). If paired equation is presented in the form of an equivalent inte-
gral equation, then the analytical regularization method is usually carried out
by semi-inversion method.

In this work method of integral-summatorial identities is used for regular-
ization of dual summatorial equations to which three-dimensional diffraction
problem for electromagnetic wave by the double-layer bi-periodical grating is
reduced. Integral-summatorial identities are necessary and sufficient condi-
tions for the solvability of the auxiliary over-determined problems for Maxwell
equations in half-spaces. These identities set dependencies between the traces
of tangential components of electric and magnetic vectors of field that satisfies
the radiation condition.

Solvability conditions for the over-determined problems for elliptic equa-
tions with partial derivatives were considered earlier in the works [10], [11].
The method of the over-determined boundary value problem was used by in-
vestigating the diffraction problem of electromagnetic waves by conductive
thin screens [12], [15], [16], and by investigating diffraction problems of elastic
waves by heterogeneities of different types [13], [14].

In the work of Anufrieva and Tumakov [1] method of the over-determined
boundary value problem was used to study problems on passage of elastic
wave through gradient transversely isotropic layer. Boundary value problems,
including the over-determined problems, for Maxwell equations in spherical
coordinates are considered in the work [18].

2 Problem statement

Let two-periodical grating consisting of perfectly conductive infinitely thin
plates (screens) be placed in parallel planes z = 0 and z = h (the Cartesian
coordinates are used). Space is filled with a linear homogeneous and isotropic
medium. An electromagnetic wave generated by infinitely far source extends
in the space. We should find the perturbation of the electromagnetic field by
the gratings.

Let the electromagnetic field components depend on time harmonically.
Let us seek in each of three domains z > h, 0 < z < h and z < 0 solutions
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E+, H+, E, H and E−, H− of Maxwell equations for complex amplitudes of
the electric and magnetic vectors

rot H = −iωε0εE, rot E = iωµ0µH. (1)

These vector complex-valued functions should satisfy the boundary conditions
and conjugation conditions for z = 0 and z = h together with given complex
amplitudes E0, H0 of waves from an external source, as well as conditions at
infinity (radiation conditions).

Tangential components of vectors E and H (relative to the planes z = 0
and z = h) we will denote as Eτ and Hτ . These two-dimensional vector
functions consist of x− and y-components of electric and magnetic vectors:
Eτ = (Ex, Ey), Hτ = (Hx, Hy). Boundary conditions and conjugation condi-
tions have the following form: on screens

E+
τ + E0

τ = 0, Eτ + E0
τ = 0 for z = h, (2)

Eτ + E0
τ = 0, E−τ + E0

τ = 0 for z = 0 (3)

and outside screens

E+
τ = Eτ , H+

τ = Hτ for z = h, (4)

Eτ = E−τ , Hτ = H−τ for z = 0. (5)

Here E0, H0 are given complex amplitudes of wave from an external source.
Radiation conditions for domains z > h and z < 0 let’s formulate pre-

liminary as follows: solutions of equations (1) can contain only elementary
harmonics, carrying out energy into infinity or damped in this direction.

We say that the function f(x, y, z) is quasi-periodic by variables x and y,
if

f(x, y, z) = eiαx+iβy f0(x, y, z), (6)

where α β are some numbers, and f0(x, y, z) is the function, p-periodical by x
and q-periodical by y. We suppose that function f0(x, y, z) can be represented
as converging Fourier series by orthogonal in the rectangle of periods [0, p] ×
[0, q] set of exponents

f0(x, y, z) =
∑
m

∑
n

fm,n(z) em,n(x, y), em,n(x, y) = ei
2π
p
mx+i 2π

q
ny. (7)

Thus, the quasi-periodic function is represented in the form

f(x, y, z) =
∑
m

∑
n

fm,n(z) eipmx+iqny, pm = α +
2π

p
m, qn = β +

2π

q
n. (8)



7396 I.E. Pleshchinskaya and N.B. Pleshchinskii

Quasi-periodic solutions of Maxwell equations are called Floquet waves,
the numbers α and β are called Floquet parameters and functions fm,n(z) are
called Floquet coefficients.

Let both quasi-periodic gratings have the same periods p and q in directions
of x and y axes. If wave from an external source is Floquet wave with param-
eters α, β, p, q (in the particular case, it is a plane wave), the solution of the
diffraction problem can be only the Floquet wave with the same parameters.
Proof of this fact can be constructed by the same way that in [17].

So, let us seek quasi-periodic solutions of Maxwell equations (1) that satisfy
conditions (2), (3) for z = 0, conditions (4), (5) for z = h and the conditions
at infinity.

3 Quasi-periodic solutions

of Maxwell equations

Let us study the structure of quasi-periodic solutions of equations (1).
We write down Maxwell equations in coordinates and substitute in these

equations the expression of the form (8) for all desired functions. Then we get
that their Floquet coefficients, depending only on the variable z, should satisfy
the equations

Hz iqn −H ′y = −iωε0εEx, Ez iqn − E ′y = iωµ0µHx,

H ′x −Hz ipm = −iωε0εEy, E ′x − Ez ipm = iωµ0µHy, (9)

Hy ipm −Hx iqn = −iωε0εEz, Ey ipm − Ex iqn = iωµ0µHz.

Here and further if it does not cause misunderstandings, we will not specify
indexes m,n for Floquet coefficients. Moreover, the same designations are used
both for functions and for their coefficients of expansion in the series.

Let us exclude functions

Ez =
qn
ωε0ε

Hx −
pm
ωε0ε

Hy, Hz = − qn
ωµ0µ

Ex −
pm
ωµ0µ

Ey (10)

and come to a system of four equations for four functions Ex, Ey, Hx, Hy

H ′y =
i

ωµ0µ

[
(k2 − q2n)Ex + pmqnEy

]
,

H ′x =
i

ωµ0µ

[
−pmqnEx − (k2 − p2m)Ey

]
,

E ′y =
i

ωε0ε

[
−(k2 − q2n)Hx − pmqnHy

]
,

E ′x =
i

ωε0ε

[
pmqnHx + (k2 − p2m)Hy

]
.

(11)
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Each of the desired functions should satisfy the equation of the form u′′ +
γ2m,n u = 0, where γ2m,n = k2 − p2m − q2n, k2 = ω2µ0µε0ε. Fundamental system
of solutions of this equation contains two functions: eiγm,nz and e−iγm,nz. Let us
assume that γm,n are either real positive numbers, or are imaginary numbers
with positive imaginary part. Case γm,n = 0 is not considered here.

Any two desired functions in the set of equations (11) can be selected as
basic functions. Let

Ey =
∑
m

∑
n

(k2 − q2n) [a+m,n e
iγm,nz + a−m,n e

−iγm,nz] eipmx+iqny,

Hy =
∑
m

∑
n

(k2 − q2n) [b+m,n e
iγm,nz + b−m,n e

−iγm,nz] eipmx+iqny
(12)

(multiplier k2 − q2n is used to simplify further formulas). Then

Ex =
∑
m

∑
n

[(−pmqn a+m,n + ωµ0µ γm,n b
+
m,n) eiγm,nz

−(pmqn a
−
m,n + ωµ0µ γm,n b

−
m,n) e−iγm,nz] eipmx+iqny,

Hx =
∑
m

∑
n

[(−ωε0ε γm,n a+m,n − pmqn b+m,n) eiγm,nz

+(ωε0ε γm,n a
−
m,n − pmqn b−m,n) e−iγm,nz] eipmx+iqny,

Ez =
∑
m

∑
n

[(−qnγm,n a+m,n − ωµ0µ pm b
+
m,n) eiγm,nz

+(qnγm,n a
−
m,n − ωµ0µ pm b

−
m,n) e−iγm,nz] eipmx+iqny,

Hz =
∑
m

∑
n

[(ωε0ε pm a
+
m,n − qnγm,n b+m,n) eiγm,nz

+(ωε0ε pm a
−
m,n + qnγm,n b

−
m,n) e−iγm,nz] eipmx+iqny.

In vector-matrix form we have

E(x, y, z) =
∑
m

∑
n

[c+
m,n A+

m,n e
iγm,nz + c−m,n A−m,n e

−iγm,nz] eipmx+iqny,

H(x, y, z) =
∑
m

∑
n

[c+
m,n B+

m,n e
iγm,nz + c−m,n B−m,n e

−iγm,nz] eipmx+iqny,

(13)

where vector-strings c±m,n = (a±m,n, b
±
m,n) and matrices

A±m,n =

 −pmqn k2 − q2n ∓qnγm,n

±ωµ0µ γm,n 0 −ωµ0µ pm

 ,

B±m,n =

 ∓ωε0ε γm,n 0 ωε0ε pm

−pmqn k2 − q2n ∓qnγm,n

 .
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Hence, Floquet wave in the general case is the sum of countable set of elemen-
tary Floquet harmonics with vector amplitudes c±m,n.

Let us calculate the flow of energy of Floquet wave through rectangle of
periods [0, p]× [0, q] on the plane z = 0

P =

p∫
0

q∫
0

Πz

∣∣∣
z=0

dy dx, Πz =
1

2
Re (ExH

∗
y − EyH∗x).

By orthogonality of functions em,n(x, y) after integrating we get

P =
pq

2
Re

∑
m

∑
n

(k2 − q2n)
[
ωε0ε γ

∗
m,n (|a+m,n|2 − 2i Im (a+m,n a

−∗
m,n)− |a−m,n|2)

+ωµ0µ γm,n (|b+m,n|2 + 2i Im (b+m,n b
−∗
m,n)− |b−m,n|2)

]
.

This sum contains only a finite number of terms, in which γm,n are real num-
bers. Such elementary harmonics are the plane waves. It is easy to see that in
this case the energy flow of the sum of Floquet harmonics is equal to the sum
of the energy flows of the individual components. By this the harmonics with
amplitudes c+

m,n transfer energy in the direction of the axis z and harmon-
ics with amplitudes c+

m,n transfer energy in the opposite direction. Individual
harmonics with imaginary propagation constants γm,n do not transfer energy.
They represent damped waves: waves marked with a plus sign transfer energy
in direction of axis z, and waves marked with a minus sign transfer energy in
the opposite direction. Imaginary addends in square brackets disappear if in
one of the two possible directions only waves carrying energy propagate.

4 Two gratings in parallel planes

We denote byM0 the part of rectangle of periods ithe plane z = 0, filled with
screens, and we denote the rest part of this rectangle by N0. Rectangle of
periods in the plane z = h also is divided into two parts: Mh and Nh.

Let the complex amplitudes of vectors E and H from an external source
have the form

E0 = d0A0e(x, y)e−iγ(z−h), H0 = d0B0e(x, y)e−iγ(z−h),

where
A0 = A−0,0, B0 = B−0,0, e(x, y) = eiαx+iβy = e0,0(x, y),

γ =
√
k2 − α2 − β2 = γ0,0.

The values of real positive constants α, β, γ determine the direction of motion
of the plane wave.
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We will seek going up Floquet wave for z > h in the form

E+ =
∑
m

∑
n

c+
m,nA

+
m,nem,n(x, y)eiγm,n(z−h),

H+ =
∑
m

∑
n

c+
m,nB

+
m,nem,n(x, y)eiγm,n(z−h),

going down Floquet wave for z < 0

E− =
∑
m

∑
n

d−m,nA
−
m,nem,n(x, y)e−iγm,nz,

H− =
∑
m

∑
n

d−m,nB
−
m,nem,n(x, y)e−iγm,nz

and not-oriented Floquet wave in the layer between gratings for 0 < z < h

E =
∑
m

∑
n

[cm,nA
+
m,ne

iγm,nz + dm,nA
−
m,ne

−iγm,n(z−h)]em,n(x, y),

H =
∑
m

∑
n

[cm,nB
+
m,ne

iγm,nz + dm,nB
−
m,ne

−iγm,n(z−h)]em,n(x, y).

Shift on h by z is used to prevent the appearing too large multipliers when
z = 0 and z = h in the case, when the values of γm,n are imaginary.

Tangential components of Eτ and Hτ of vectors E and H are calculated by
the same formulas, but in matrices A and B only the first two columns should
be remained. We will denote these truncated matrices as (A)τ and (B)τ .

When z = 0 it follows from condition Eτ = E−τ on M0 and N0 that

cm,n(A+
m,n)τ + dm,n(A−m,n)τe

iγm,nh = d−m,n(A−m,n)τ .

Then on M0 the condition Eτ = −E0
τ gives∑

m

∑
n

[cm,n(A+
m,n)τ + dm,n(A−m,n)τe

iγm,nh]em,n(x, y) = −d0(A0)τe0,0(x, y)eiγh

and on N0 it follows from condition Hτ = H−τ that∑
m

∑
n

[cm,n(B+
m,n)τ + dm,n(B−m,n)τe

iγm,nh]em,n(x, y)

=
∑
m

∑
n

d−m,n(B−m,n)τem,n(x, y).

So as d−m,n = cm,n(A+
m,n)τ (A

−
m,n)−1τ + dm,ne

iγm,nh, then

∑
m

∑
n

cm,n[(B+
m,n)τ − (A+

m,n)τ (A
−
m,n)−1τ (B−m,n)τ ]em,n(x, y) = 0.
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But (A+
m,n)τ (A

−
m,n)−1τ (B−m,n)τ = −(B+

m,n)τ . By this finally on N0∑
m

∑
n

cm,n(B+
m,n)τem,n(x, y) = 0.

We will execute similar actions for z = h. By condition E+
τ = Eτ on Mh

and on Nh it follows

c+
m,n(A+

m,n)τ = cm,n(A+
m,n)τe

iγm,nh + dm,n(A−m,n)τ .

Then on Mh the condition Eτ = −E0
τ gives∑

m

∑
n

[cm,n(A+
m,n)τe

iγm,nh + dm,n(A−m,n)τ ]em,n(x, y)

= −d0(A0)τe0,0(x, y).

And on Nh by condition H+
τ = Hτ it follows∑

m

∑
n

c+
m,n(B+

m,n)τem,n(x, y)

=
∑
m

∑
n

[cm,n(B+
m,n)τe

iγm,nh + dm,n(B−m,n)τ ]em,n(x, y).

So as c+
m,n = cm,ne

iγm,nh + dm,n(A−m,n)τ (A
+
m,n)−1τ , then∑

m

∑
n

dm,n[(B−m,n)τ − (A−m,n)τ (A
+
m,n)−1τ (B+

m,n)τ ]em,n(x, y) = 0.

But (A−m,n)τ (A
+
m,n)−1τ (B+

m,n)τ = −(B−m,n)τ . Then finally on Nh∑
m

∑
n

dm,n(B−m,n)τem,n(x, y) = 0.

Thus we obtained two pair summatorial functional equations when z =
0 and when z = h. If we project these equations on orthogonal functions
system ej,k(x, y), then we get the infinite set of linear equations to determine
the coefficients cm,n and dm,n. But the computational experiment shows that
reduction method cannot be used for approximate solution of such infinite set
of linear equations. The sequence of solutions of finite set of linear equations
does not converge by increasing the number of unknowns and of equations.
Therefore, it is advisable to apply regularization method by using integral-
summatorial identities.

It is easy to verify that the equality

∑
m

∑
n

cm,n (A+
m,n)τ em,n(x, y) =

p∫
0

q∫
0

(∑
m

∑
n

cm,n (B+
m,n)τ em,n(x′, y′)

)
×
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×
( 1

pq

∑
m′

∑
n′

(B+
m′,n′)−1τ (A+

m′,n′)τem′,n′(x− x′, y − y′)
)
dx′ dy′.

is valid.
It follows that on N0∑

m

∑
n

cm,n (A+
m,n)τ em,n(x, y) =

=
1

pq

∑
m

∑
n

cm,n (B+
m,n)τ

∑
m′

∑
n′

(B+
m′,n′)−1τ (A+

m′,n′)τ em′,n′(x, y) I0m−m′,n−n′ ,

where
I0m,n =

∫ ∫
M0

em,n(x′, y′) dx′ dy′.

After multiplying by e−j,−k(x, y) and integrating we get the infinite set of linear
equations

pq cj,k (A+
j,k)τ = −d0 (A0)τ e

iγ0,0h I0−j,−k −
∑
m

∑
n

dm,n (A−m,n)τ e
iγm,nh I0m−j,n−k+

+
1

pq

∑
m

∑
n

cm,n (B+
m,n)τ

∑
m′

∑
n′

(B+
m′,n′)−1τ (A+

m′,n′)τI
0
m−m′,n−n′ J0

m′−j,n′−k,

j, k = 0,±1, . . . ,

where
J0
m,n =

∫ ∫
N0

em,n(x′, y′) dx′ dy′.

The second pair equation similarly is converted into infinite set of linear
equations by using the identity

∑
m

∑
n

dm,n (A−m,n)τ em,n(x, y) =

p∫
0

q∫
0

(∑
m

∑
n

dm,n (B−m,n)τ em,n(x′, y′)
)
×

×
( 1

pq

∑
m′

∑
n′

(B−m′,n′)−1τ (A−m′,n′)τ
)
em′,n′(x− x′, y − y′) dx′ dy′.

It follows that on Nh ∑
m

∑
n

dm,n (A−m,n)τ em,n(x, y) =

=
1

pq

∑
m

∑
n

dm,n (B−m,n)τ
∑
m′

∑
n′

(B−m′,n′)−1τ (A−m′,n′)τ em′,n′(x, y) Ihm−m′,n−n′ ,

where
Ihm,n =

∫ ∫
Mh

em,n(x′, y′) dx′ dy′.
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After multiplying by e−j,−k(x, y) and integrating we get infinite set of linear
equations

pq dj,k (A−j,k)τ = −d0 (A0)τ I
h
−j,−k −

∑
m

∑
n

cm,n (A+
m,n)τ I

h
m−j,n−k+

+
1

pq

∑
m

∑
n

dm,n (B−m,n)τ
∑
m′

∑
n′

(B−m′,n′)−1τ (A−m′,n′)τI
h
m−m′,n−n′ Jhm′−j,n′−k,

j, k = 0,±1, . . . ,

where
Jhm,n =

∫ ∫
Nh

em,n(x′, y′) dx′ dy′.

5 Conclusion

Thus, the diffraction problem of electromagnetic wave is reduced to an infinite
set of linear algebraic equations, in which the unknowns are vectors, and the
coefficients are square matrices. This set of equations consists of two blocks.
An approximate solution can be found by the reduction method. In some par-
ticular cases the values of integrals I and J can be obtained analytically. The
numerical algorithm can be efficiently implemented on multiprocessor com-
puter complex, because the bulk of the execution time is generated by the
calculation of the coefficients in the linear equations.
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