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Abstract 
 

Our paper has two goals: 
i) We propose the combinatorial approach to facilitate the calculation of the 
number of spanning trees for five new classes of graphs. 
ii) We use a new powerful operation (subdivision) to get larger graphs from a 
given graph. 
In particular, we derive the explicit formulas for the subdivision of ladder, fan, 
triangular snake, double triangular snake and the total graph of path Pn.  
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1. Introduction 
 
 The number of spanning trees of G, also called, the complexity of the graph G, 
denoted by ( )Gτ , is the total number of distinct spanning subgraphs of G that are  
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trees. There are two approaches for counting the number of spanning trees in 
graphs, algebraic and combinatorial approaches. 

First, Algebraic graph theory is a branch of mathematics that studies 
graphs by using algebraic properties of associated matrices.   
In 1847, a classical result of Kirchhoff [1] can be used to determine the number of 
spanning trees for G = (V, E). Let V ={v1, v2,…,vn}, then the Kirchhoff matrix H 
defined as n×n characteristic matrix H = D-A, where D is the diagonal matrix of 
the degrees of G and A is the adjacency matrix of G, H = [hij] defined as follows:  
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H = h  = if v v E(G)
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All of co-factors of H are equal to ( )Gτ .  
There are other methods for calculating ( )Gτ . Let 1 2 ... nµ µ µ≥ ≥ ≥ denote the 
eigenvalues of H matrix of a n point graph. Then it is easily shown that 0nµ = . In 

1974, Kelmans and Chelnokov [2] shown that, 
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the number of spanning trees in a d-regular graph G can be expressed as 
1
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= −∏  where 0 1 2 1, ,..., nµ µ µ µ −= are the eigenvalues of the 

corresponding adjacency matrix of the graph. However, for a few special families 
of graphs there exist simple formulas that make it much easier to calculate and 
determine the number of corresponding spanning trees especially when these 
numbers are very large. One of the first such results is due to Cayley [3] who 
proved that complete graph on n vertices has nn-2 spanning trees. In 2003, Clark [4] 
proved that 1 1

,( ) q p
p qK p qτ − −= , , 1p q ≥ , where Kp,q is the complete bipartite 

graph with partite sets containing p and q vertices, respectively.  
Second, the basic combinatorial idea, Feussner’s recurrence formula [5], 

for counting ( )Gτ in a graph G is quite intuitive. The combinatorial approach was 
used because of, for a large graph, evaluating the relevant determinant is 
computationally intractable. Wherefore, many works derived formulas to calculate 
the complexity for some classes of graphs. Bogdanowicz [6] derived the explicit 
formula ( )nFτ ; the number of spanning trees in nF . Modabish and El Marraki 
investigated the number of spanning trees in the star flower planar graph [7]. Badr 
and Mohamed derived the explicit formulas for triangular snake ( k∆ -snake), 
double triangular snake (2 k∆ -snake) and the total graph of path Pn ( T(Pn) ) [8]. 

 
In this paper, we propose the combinatorial approach to facilitate the calculation 
of the number of spanning trees for five new classes of graphs. We also use a new 
powerful operation (subdivision) to get larger graphs from a given graph. In parti- 
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cular, we derive the explicit formulas for the subdivision of ladder, fan, triangular 
snake ( k∆ -snake), double triangular snake (2 k∆ -snake) and the total graph of 
path Pn ( T(Pn) ).  
 
2. Preliminary Notes 
 
The combinatorial approach involves the operation of contraction of an edge. An 
edge e of a graph G is said to be contracted if it is deleted and its ends are 
identified. The resulting graph is denoted by /G e . Also we denote by G − e the 
graph obtained from G by deleting the edge e. 
 
Theorem 1.2 [9]  

Let G be a graph (multiple edges are allowed in here).Then for any edge e: 
/(G) = (G - e) + (G e)τ τ τ  

Definition 2.2 [10]: 
A k-triangular snake (or k∆ -snake) is a connected graph in which all blocks are 
triangles and the block-cut-point graph is a path, where k is the number of 
triangles.   
Definition 3.2: 
A double k- triangular snake is a graph formed by two triangular snakes having a 
common path. The double triangular snake is denoted by 2 k∆ - snake, where k is 
the number of double snakes.   
Definition 4.2 [11]: 
The total graph of a graph G is the graph whose vertex set is ( ) ( )V G E G∪  and 
two vertices are adjacent whenever they are either adjacent or incident in G. The 
total graph of G denoted by T(G). 
Definition 5.2: 
The subdivision of a graph G obtained by subdividing every edge of G exactly 
once. 
Definition 6.2: 
The ladder graph Ln is the Cartesian product of P1 and Pn and the fan graph Fn is 
the join P1 and Pn.  
 
3. The Main Results 
 
Theorem 3.1: The number of spanning trees of the subdivided ladder graph 
satisfies the following recurrence relation:  

n n-1 n-2(  S(L ) )= 8 (  S(L  )) - 4 (  S(L  ))τ τ τ  where 1 1(  S(L ) )τ =  and 2 8(  S(L ) )τ =   
Proof:  

( ( ) ) =nS Lτ (τ ) = (τ ) + 
 
 



7330                                       E. M. Badr and B. Mohamed 
 
 

(τ  ) =2 (τ ) + (τ
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) = 6 (τ
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) =  8 (τ
 

) - 4 (τ
 

)              ■ 
           

Corollary 3.2:  
The number of spanning trees of the graph is equal to: 

22 [(2 3) (2 3) ]
3

n
n n

−

+ − − , for any 1n ≥ . 

 
Theorem 3.3: The number of spanning trees of the subdivided fan graph satisfies 
the following recurrence relation: 1 2( S( ) )= 6 ( S(  ))-4 ( S(  ))n n nF F Fτ τ τ− − where

1( S( ) )=1Fτ  and 2( S( ) )=6Fτ . 
Proof:  
 

 
■ 

 

 



Enumeration of the number of spanning trees                         7331 
 
 
Corollary 3.4:  
The number of spanning trees of the graph ( )nS F  is equal to

1 [(3 5) (3 5) ]
2 5

n n+ − − , for any 1n ≥ . 

 
Observation 3.5  
 Let G1 and G2 be connected graphs. If G is a graph obtained from G1 and G2 by 
identifying one vertex of G1 with one vertex of G2, then 1 2( ) ( ) ( )G G Gτ τ τ= ⋅ . 

 
By observation 3.5  it is easy to determine the number of spanning trees of 

subdivided k∆ -snake and 2 k∆ -snake. 
 
Lemma 3.6  
The number of spanning trees of subdivided k∆ -snake satisfies the following 
recurrence relation:  1( ( )) 6. ( ( )).k ks snake S snakeτ τ −∆ − = ∆ −  
 
Proof:  
From Observation 3.5 it follows that 

1 1( ( )) ( ( )). ( ( )).k ks snake S snake S snakeτ τ τ −∆ − = ∆ − ∆ −  
So it is sufficient to show that 1( ( )) 6S snakeτ ∆ − = . Since the subdivided  

1 snake∆ −  is a cycle on six vertices it has 6 spanning trees. 
 
Corollary 3.7  
The number of spanning trees of subdivided k snakes∆ − is equal to 6k . 
 
Lemma 3.8 
 The number of spanning trees of subdivided 2 k snakes∆ −  satisfies  
The following recurrence relation : 

1( (2 )) 32. ( (2 )).K kS snake S snakeτ τ −∆ − = ∆ −  
Proof:  
Observation 3.5 implies that  

1 1( (2 )) ( (2 )). ( (2 )).k kS snake S snake S snakeτ τ τ −∆ − = ∆ − ∆ −  
So it is sufficient to show that 1( (2 )) 32.S snakeτ ∆ − =  
 

(τ )= (τ ) + (τ )=

(τ ) + (τ )2 = 4.4 2.8 32+ =

 
■ 
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Corollary 3.9  
The number of spanning trees of subdivided 2 k snakes∆ − is equal to 32k . 
 
Theorem 3.10 
The number of spanning trees of the subdivided total graph of Pn satisfies the 
following recurrence relation: 

1 2( S( ( ) ))= 28 ( S( ( )) )-16 ( S( ( ) ))n n nT P T P T Pτ τ τ− −  where 1(S(T(P )))=1τ  and 

2(S(T(P )))=6.τ  
 
Proof:  
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Corollary 3.11  
The number of spanning trees of the subdivided ( )nT P is equal to  

(1125 503 5).(14 6 5) (8 5 30).(14 6 5)
120.(7 3 5)

n n+ − − − +
+

   for any 1n ≥  

 
4. Conclusion 
 
In this paper, we proposed the combinatorial approach to facilitate the calculation 
of the number of spanning trees for five new classes of graphs. We also used a 
new powerful operation (subdivision) to get larger graphs from a given graph. In 
particular, we derived the explicit formulas for the subdivided ladder graphs, fan 
graphs, triangular snakes, double triangular snake and total graph of path Pn. .  
 
Acknowledgements. We would like to thank the referees of this paper for valuable 
comments and corrections. We would also like to thank Prof. Mohamed Amin for 
his comments.  
 
 
References 
 
[1] Kirchhoff, Uber die Auflosung der Gleichungen, auf welche man bei der  
Untersuchung der Linearen Verteilung galvanischer Strme gefhrt wird, Ann. Phys. 
Chem., 148 (1847), 497-508. http://dx.doi.org/10.1002/andp.18471481202  
 
[2] A.K. Kelmans, and V.M. Chelnokov, A certain polynomial of a graph and 
graphs with an extremal number of trees, J. Comb. Theory Series B, 16 (1974), 
197-214. http://dx.doi.org/10.1016/0095-8956(74)90065-3  
 
[3] G.A. Cayley, A theorm on trees, Quart. J. Math., 23 (1889), 276-378.  
 
[4] L. Clark, On the enumeration of the complete multipartite graph, Bull. Inst. 
Combin. Appl., 38 (2003), 50-60. 
 
[5] W. Feussner, Zur Berechnung der Stromstarke in netzformigen Letern, Ann.  
Phys., 320 (1904), 385-394. http://dx.doi.org/10.1002/andp.19043201208  
 
[6] Zbigniew R. Bogdanowicz, Formulas for the Number of Spanning Trees in a 
Fan, Applied Mathematical Sciences, 2 (2008), no. 16, 781-786. 
 
[7] A. Modabish, M. El Marraki, Counting the number of spanning trees in the 
star flower planar map, Applied Mathematical Sciences, 6 (2012), no. 49, 2411 - 
2418. 
 
[8] E. M. Badr and B. Mohamed, Generating Recurrence Formulas for the 

http://dx.doi.org/10.1002/andp.18471481202
http://dx.doi.org/10.1016/0095-8956%2874%2990065-3
http://dx.doi.org/10.1002/andp.19043201208


7334                                       E. M. Badr and B. Mohamed 
 
 
Number of Spanning Trees in Cyclic Snakes Networks, 4thInternational  
Conference on Mathematics & Information Science, Cairo, Egypt, 2015. 
 
[9] D. Cvetkovič, M. Doob and H. Sachs, Spectra of Graphs: Theory and    
Applications, Third Edition, Johann Ambrosius Barth, Heidelberg, 1995. 
 
[10] A. Rosa Cyclic Steiner Triple Systems and Labelings of Triangular Cacti, 
Scientia, 5 (1967), 87-95. 
 
[11] S.K. Vaidya and D. D. Bantva Radio Number for Total Graph of Paths, ISRN 
Combinatorics, 2013 (2013), 1-5. http://dx.doi.org/10.1155/2013/326038  
 
 
Received: July 1, 2015; Published: December 18, 2015 
 

http://dx.doi.org/10.1155/2013/326038

